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The eigenfunction method is used to calculate the transformation coefficients ({*|[v] sy s
from the Yamanouchi basis of the permutation group S;. , ., tothe Sy, , . DS, ®S, irreducible
basis. A program in FORTRAN is written, and tables of the transformation coefficients for the
permutation group S, up to f = 6 are given. Possible applications of the transformation

coefficients are sketched.

PACS numbers: 02.20.Qs, 03.65.Fd

I. INTRODUCTION

The transformation coefficients (or transformation ma-
trix) of the permutation group (abbreviated as TC) were first
introduced by Jahn' and Kaplan? in constructing orbital wa-
vefunctions for a multishell configuration. These coefficients
play an important role in nuclear structure calculations and
molecular and atomic calculations, and have been studied
extensively by Jahn,' Kaplan,” Horie,> Kramer,** and
Sarma.®

In Refs. 7 and 8 it was shown that the calculation of
many particle FPC (fractional parentage coefficients) for the
group Chains SU(mn) D SU(m) X SU(n) and SU(m + n)
DSU(m) ® SU(n) needs the TC. Kramer*” and Kramer and
Seligman® showed that the Racah coefficients and 9v coeffi-
cients of the unitary group, SU(n), can be expressed in terms
of the TC. Therefore, if one has a simple algorithm to calcu-
late these transformation coefficients, one would be able to
calculate the Racah and 9v coefficient of SU(n) with arbi-
trary n. Unfortunately, such an algorithm did not exist up to
now. Kaplan® used the projection operator method to calcu-
late the transformation coefficients. As pointed out by Ku-
kulin, Smirnov, and Majling,'® such a calculation is very
cumbersome for a large number of particles. Sarma® suggest-
ed an algorithm for TC; however, it is still not convenient for
computer calculation.

Based on a new approach to group representation the-
ory,''™"* a powerful and versatile technique, the eigenfunc-
tion method, has been developed. This method is easily im-
plemented on computers. Three programs are available for
evaluating the CG (Clebsch-Gordan) coefficients and ORC
(outer-product reduction) coefficients'* of the permutation
group and the single-particle FPC for the group chain
SU(mn) DSU(m) x SU(n)." In this paper we will describe the
calculation of the TC by the eigenfunction method. An effi-
cient program has been written and systematic tables of the
TC have been obtained. The next paper will be devoted to the
calculation of the Racah coefficients of SU(n) for arbitrary .
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Il. TRANSFORMATION COEFFICIENTS OF
PERMUTATION GROUPS

Let

T[V,][V2]> : =12, ,,.,{Vlyzv], (1)

m,m;,

‘[V],

be the S, D5, ®S, irreducible basis which belongs to the
irrep (irreducible representation [v] of S, with f= f, + £,
and at the same time the Yamanouchi basis [v,]m, of Sy,
=S8.(1,2, ... fi)and [v;]m, of S, =S, (f, + L, ... f), where
m, and m, enumerate the Yamanouchi vectors of the irreps
[v:] and [v,] of the groups S, and S, respectively, 7is a
multiplicity label, {v,v,v] is the number of times that the
representation ([v,],[v,]) of S, and S, occurs in the irrep [v]
of S, and the m; can be regarded either as Yamanouchi
symbols or the indices for the basis vectors of the irrep [v; ]
in the so-called decreasing page order for the Yamanouchi
symbols.'® It was shown'? that the f — 1 two-cycle class op-
erators C(f), C{f— 1), ... ,C(2) of the permutation groups
S:S; 1, ... »5; constitute the so-called second kind of com-
plete set of commuting operators (CSCO-II) of S/, and their
simultaneous eigenvectors constitute the Yamanouchi basis
of §;. Consequently, [ v, |m; can also be viewed as the eigen-
values of the CSCO-II of S, namely,

(vi,m) = (/lfl ”1f1 e Ao

(2)
(vam,) = (/1f2 »/lfz s e ),

where 4, is the eigenvalue of C (i},v, = 4,,v, =4, and m,
and m, symbolize the rest of the respective sets of eigenval-
ues.

The S,DS,, ®.5,, irreducible basis can be expanded in

terms of the Yamanouchi basis |{}') of S,:
r[vi1[v.] _ (vI\ /[v]
] [v1. > =2 m > < m

mm, m
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7'[1’1] [V2]
" )0
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The TC
<[v] [v],
m

satisfy the unitarity conditions

3 (Dt

[v],
VT

:(Smm,

z<[1']
s()

=8 6 5.

According to Theorem 4 in Ref. 13, the S, DS,I ® sz irredu-
cible basis must satisfy the following eigenequations:

T[v1][v2]>

mym,

T[V.][vz]>

mym,

[v],

(4)

e

7 10%) <[v1

mm, m

[V]’T[:;:][Vz]> _5,

|y
T’[vl][v§]>

mym}

[v],

C(f)
C(f)
c(s,) ’[ ]Tlvl ;1[,V2]>
C'(f) ?
C'(S,)
v
_ |[ ]’ V]L[}"z])) (5)
Vs, 2
o)

where C( f) is the CSCO-I of S, which in the most useful
cases consists of the two-cycle and three-cycle class opera-
tors of S, while (C(f}), C(S,)) and (C'{ f), C'(S,)) are the
CSCO-II of Sy, and S, , respectively:

(CLALCES) = (CALCS = 1), C2)),

(CALCS) = (CALC(f — 1),..,C(2)),
(6)
cty= 3 @
o
ciy= % ()
isj=f+1

where (ij) is the transposition operator. Since the Yamanou-
chi basis of S is necessarily a Yamanouchi basis of Sy , the
last f; — 1 eigenvalues in the eigenvalue set

(vim) = (A4, 15sAy sedy) of the CSCO-II of S, are just

the eigenvalues (v,,m,) of the CSCO-I1 of S, i.e.,

(vym) = (Af"'/lf, 4 VI 7
Therefore, the TC
<[1/] I [v] T[V;][Vz])

mym,
is zero unless (7) is satisfied. The summing index m in (3) is
restricted to the quantum numbers A,_ -4, | ;. Further-
more, according to the Schur lemma, the TC is independent
of m,. Thus the label m, in the TC is redundant in the sense
that the TC differing only in m | have identical values. How-
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ever, it is better to retain this redundant label so that the
summing index m in (3) can again be viewed as free.

As we said, each term on the rhs of (3) is already an
irreducible basis of S, and S, ; consequently, to find the TC,
we merely need to diagonalize the CSCO-II of S, in the
Yamanouchi basis |') with fixed [v,]m,.

sl el o) =G

Zl\m lcs)
(1] 7l g

1

For fixed [v] and [v,]m, there are 4, /h, different Yaman-
ouchi basis vectors |[}'), 4, and A, being the dimensions of
the irreps [v] and [v,]. Thus the index m' in (8) only takes
h,/h,, possible values. In practical calculation, m, can be
chosen arbitrarily, for example, m, = 1 (the first compo-
nent).

In Ref. 13 it was pointed out that, for computer calcula-
tion, it is more convenient to choose a single operator

vl (8)

A
M= kC'i) 9)
i=2
as the CSCO-I1 of S, where the &, are coefficients appro-
priately chosen. For example, we may choose kX, =i + 7.
The eigenvalues A of M and (v,,m,) have a one-to-one corre-
spondence for §,-S;:

A= i+ Doty (10

i=2
The set of eigenequations (8) can be replaced by a single ei-
genequation,
[VJ>

5|
o (e

The matrix elements of M can be calculated easily by using
the Yamanouchi irreducible matrix elements.'® In solving
the eigenequation, if the eigenvalue A [or, correspondingly,
(v,,m,)] has d-fold degeneracy, then {v,v,v} = d. For this
eigenvalue A we have d linearly independent eigenvectors
which can be chosen orthogonal with respect to the multi-
plicity labels 7 as shown in (4).
In order that the basis vectors

) g

m,m,

(11)

m[v] [Vz]>

'[V],
m,m,

with different m, have the correct, i.e., the Yamanouchi,
relative phases, we use the technique given in Ref. 13. Equa-
tion (59b) in Ref. 13 now takes the following form:

’ [V],T[;lln[:z]>
1 v 11v,]
= [T, =D (T , ,
RN e )
” (12)
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where

T3 = (i + 1S, (f + 1--f),

Ty = (i — ful —f, + DS, (12 ). (13)
From (13) we have

<[v] T[V1][V2]>
m'

mlmé

[V],

[v] D[VZ T25mm'
Dm(mzw (T3) = Dt (T |

X([’:] [v], [vll[vzl>‘ (14)

m,m,
Therefore, for any irrep [v,] one only needs to find {v,v,v}
orthogonal eigenvectors of (8) or (11) corresponding to a par-

Ti27T
U (V1V2VV3»V12V23)7—;17'

-y (W

mmym

T[V12][V3]><[V12]

my,ms my,

[ ]1 [Vl2]’

T(vi1 v,
mym,

]><[VJ

ticular m,. By choosing appropriate adjacent permutation
(i,i + 1),"3 from (14) we can get all the other components m;
successively. We remove all sign arbitrariness by requiring
the absolute phase convention that the first nonvanishing
coefficient of a nonstandard basis vector (3) (where the Ya-
manouchi basis vectors are enumerated in decreasing page
order'®} with m, = 1 be positive.

lil. APPLICATION OF THE TRANSFORMATION
COEFFICIENT

A. Calculation of Racah coefficients and 9v coefficients
of SU(n)

Kramer’® showed that the Racah coefficients of the
group SU(zn) can be expressed in terms of the TC

7'23["2][1/3]>_

mym;

T[V1][v23]> <[V23]

m,m;; My

v, [vas], (15)

The sum is carried out with fixed m,, m,, and m,. In practical calculation we may set m, = m, = m, = 1. Similarly, the

9v coefficient of SU,, can be expressed as
Vi vy v\

Vi V4 Vi

Vizs Vg V¥

,
TyaT2aT

[v] T{v12][v34]
— D [v] R
”'12;34”‘ - )< a myms, )
<[ Vi) [v 12]’712:1’]'1[V2]> <[’:’134] [V34]’734’[:3r]n["4]
m, 1Mz 34 3My
X<[ 13] [Vls]yTIS[Vl][V3]> <[V24] [v24],7'24[1’2][1’4]
my3 mym; may mym,

where the sum is carried out under fixed m,, m,, m;, and m,,
and the permutation P is

_ (fl + 1’fl + 2:---’f12’f12 + 1;-~:le3)
iz + Lfiz+ 2 frzan i+ Lo i)
and f; is the number of boxes in the Young diagram [v, ],
Si2 =11 + 15 and fi3 = £, + f5. Since the TC of permuta-
tion groups are independent of n, the Racah coefficients and
9v coefficients of SU(n) do not depend on » explicitly. From
the TC we can calculate these coefficients for arbitrary SU(n)
once and for all.

(17)

B. Calculation of the outer-product reduction
coefficients

Suppose there are two subsystems with particles
(@}) = (1,2,..., fi) and (@3) = (f, + L., f; + /> = f). Sup-
pose ;! (@)and ¥, (@3 are two wavefunctions of these two
subsystems in some coordmate space, say x, which are the
Yamanouchi bases of the permutation groups S, and S,
respectively. Using the so-called outer-product reduction
coeficients (ORC)> CLlrm  =Cl¥»m of the per-

mutation group S, the wavefunction ¥ [*)7 of the total sys-
group o y
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&
)
). (16)

7' [vi5] [Vz4]>

mymyy

[v],

r
tem with a definite symmetry [v]m with respect to S, and be
constructed as

¥ 0¥ D w,), (18a)

VR, Vg, n)

WE:]‘F(Q)O) — Z C [v)T.m
where 7 = 1,2,...,{v,,v,v] is the multiplicity label, with the
multiplicity {v,v,v} determined by the Littlewood rule,
(@% = (1,2,..., ), and (0) = (@,,0,), ®; being the normal or-
der sequences

(@) = (alaz"'af, b (@)= (af, L 1dg)s

(18b)

a,(a,(-(ay, as, 41 ag, 2 (- (ay,
a, representing any one of the numbers 1,2,....,f. The ORC are
also the coefficients for coupling the irreducible basis of
SU(m} and SU(n) into the SU(m + n) DSU{m) ® SU(n) irre-
ducible basis.'? In Ref. 12 a method is given for calculating
the ORC and systematic tables of ORC for S,-S; are given.
Using the TC, we now can find a much simpler way to calcu-
late the ORC.

Using the left coset decomposition with respect to the
subgroup S; ® S, the permutation operator R of S, can be
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written as

R= ()PP,_ Q,P.P,, (19)

where P\€S},, P,€S,, and Q,, = (;°) is a permutation opera-
tor which brings the natural order sequence (»°) = (1,2,..., f)

_J

. , , h \2 [v]
[vlir[vi]mi[vy]m3 v
pytmamie] =(7) Q;P<m Q.P\Py| [v],

it is easy to show that
h

i-"["]"'["ll'"i["zl’"iz( v )1/2(f1!f2!>l/2 z <[V]
b mh, ) 1) &

Q.

(v,

into the normal order sequence (0) = (@,,).
Introducing the projection operators

p [vi]m! h 1721 Vi
Fm = (fv) = (e m 2
T[v ]l
Mo, pp, @)
Tlv 1][V2]> le",r[n"ll’";i)’[n"zl’"i' (22)

m,

Applying (21) to an f-particle product state |®,) = |i,i,i,) with f different single particle states i,i,--i, yields

q/[v]‘r' — i) (vIir[vi]mi{v,)m; ' ¢O>

(i) (R 20

Similar expressions were given by Kaplan® and Kramer.*
The label 7' in the lhs of (23) is used to distinguish the differ-
ent linearly independent functions resulting from using dif-
ferent superscripts in the projection operator (21). We can
choose 7' = 7, since 7’ and 7 have the same range and the
choice of the additional label 7' is arbitrary. Comparing (23)
with (18a), we get a new expression for the ORC,

Q. |[v],

1

C[V]Tm

() () et
(24a)

() @ e

B

With the known TC and the Yamanouchi matrix element
D itis easy to calculate the ORC from (24b).

Settmg Q. = e (identity, we have
([V]

) () ()

v

[vlir,m
vim,v,m,e’ °

(25)

C. Calculation of the transformation coefficients from
the SU(m + n) Gel'fand basis to the
SU(m + n)DSU(m) ® SU(n) irreducible basis

The transformation coefficients between the Gel’fand
basis |') of SU(m + n) and the SU(m + n)DSU(m) & SU(n)
irreducible basis
7[vi] [V2]>

(v, W,
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r[v1][v2]>
mym

i) el w,). (23)

|
are defined by the following expansion:

T TI]) ) (1)

w\w, ¥
where W,, W,, and W are the Weyl tableaux corresponding
to the groups SU(m), SU(n), and SU{m + n), respectively,
and 7 is the multiplicity label. In Ref. 11(c) it was shown that
the coefficients

7{v] [v2]>,

[v1, W,

(26)

(v] 7[vi1[v.]
< wl Y >
are related to the TC of the permutation group:
[v] 7[vi1v2]
(wlor )
' R [V]m('a—)) [v] v 1v,]
= ) , (27
; R [V‘]m‘(E,)R ["21'"2(52) < m [v] m,m, > 27)

where R are normalization factors,

R Mm(w (< ZD [v] (p)p 5))1/2 ,
29
RUG) = (3| 5.0 Lh e 5))/ i=12

and |@), |@,), and |@,) are the -, f;-, and f)-particle product
states, respectively, for example [@) = |i i,-i;). The D are
the Yamanouchi matrix elements of the permutation group.
The prime in the summation symbol means that the sum
over m is under the restriction that when the number
., fin the Young tableaux Y |*! are replaced by the

single particle state labels 7,5, ... ,i;, the Young tableaux
Y |*I must go over to the Weyl tableaux W.

Using (27), it is easy to calculate the transformation co-
efficients of unitary groups, which also do not depend on m
and n explicitly.

Chen, Collinson, and Gao 2698



We know that the unitary group approach pioneered by
Moshinsky'” for the nuclear many-body problem turns out
to be very powerful for the many-electron problem, as devel-
oped mainly by Paldus'® and Matsen ez al.'® in the so-called
spin-free quantum chemistry. A considerable progress has
been made in both the development and actual implementa-
tion of the unitary group approach to the large scale ab initio

TABLE I.1. The phase factors A4 ;,,.*

and semiempirical configuration interaction calculation of
correlated electronic wavefunctions of molecules.?’ How-
ever, in the Matsen or Paldus approach, the point-group
symmetry of the molecule has not been incorporated. In Ref.
21 many-electron states with definite spin and point-group
symmetry are constructed. The transformation coefficients
from this symmetry-adapted basis to the Gel’fand basis can

S, S, S, Se
[21] [31] [22] [211]  [41] [32] 311] [221] [21% [217]
51
12 123 12 1231234 12345 123456 12345 1234 12345
+ - -+t — -t + -+ + -4+ - -+ +—— =+ - + -+ -+
Ss
[42] [411] [33] [321]
123456789 123456718910 12345 123456 78910111213141516
+ -+ -+ -+ + - -+t —+—F++ -+ F—Ft— -+t —F - — - -+ -+
S,
317] 2] 2°17] [211
12345678910 12345 123456789 12345
+ -+ + -+ -+ -+ + - =+ - + - =+ -+ -+ - + -+ -+
*We use decreasing page order for the Yamanouchi symbols (r,r,_, - - - r,ry).
TABLE 1.2. The ordering of the irreps.
S, S, M S
12 123 12345 1234567
] [2][11] BIR107] [410311022}{211](1%] [s11411[32][3111[221]{21°][1°]
S,
1234567891011
] (6](511[42][411][33][321][31°][2°][2°1°][21*][1)
TABLE 1.3. The phase &(v,v,v).
[vllvl[v] € [vllvallv] € (vl € (villvliv] €
(1}[3]1031] + (1516511 + [2(22])[42] + [jpie] —
(1021 + (1][41] + [3]03] + [31(21] -
{1J4]141] - {2][4] - B31(21] - BI7 +
(161 + [2][31] + [21]13] + [21](3] +
{21031 + (31131 + [21][21] + [21][21] +
(2][21] + (31{21] + [1]{41]{411] — [11[32][33] +
(1][31](32] + (1]{41][42) - {1][311] + [2][31] -
(1]22] + [1]032] + [2]31] + [21]121] +
(213} + [2][4] + [2][221] +
[2]21] - [2]031] + (11][4] +
2699 J. Math. Phys., Vol. 24, No. 12, December 1983 Chen, Collinson, and Gao 2699



be easily evaluated from the Clebsch~Gordan coefficients of
the point group and the transformation coefficients of uni-
tary groups. Therefore, the transformation coefficients from
the SU(m + n) D SU(m) ® SU(#n) basis to the SU(m + n) Gel-
*fand basis may have important application in quantum
chemistry.

Other applications of the TC of the permutation group
can be found in Refs. 2 and 4-9.

The TC for £, = 2 can be calculated by a simple formula'-
and therefore are left out of the tables. Due to the symmetry

of the TC under conjugation*?2
v} .. 7lv v
<[~] (], [~|]~[ 2])
m 7,
= criazanaz (W, ) oy
Am mm,

when [v,],[v,], and [v] are not simultaneously self-conjugate,

IV. THE TABLES OF THE TC [¥]# is the conjugate tableau of [v]m, A ’s are phases'® which
The TC for f, = 1 are trivial: we tabulate in Table 1.1, and €{v,v,v, = €isa phase. Accord-
[v] v ][1] ing to the absolute phase convention, we have
v v, .
< [v] > =1 if mlv,]m, v Tvi}v
m m _ e=sgn(A,",,A,V,,'lAZi<[ ] (v, [vill 21)) . (29b)
=0 otherwise. 2\ m mm, m = max
TABLEIL.1. Group S,, irrep [31], f, = 1, f; = 3. TABLE 11.4. Group S, irrep [41], f, = 2, /; = 3.
Standard basis vectors 1 2 3 Standard basis vectors 1 2 3 4
v, m, v, my, T Com. den. v, m, v, my, T Com. den.
1 1 1 1 1 9 1 2 6 1 1 1 1 1 18 3 10 0
1 1 2 1 1 36 32 -1 =3 1 1 2 1 1 18 15 -1 -2 0
1 1 2 2 1 4 0 3 —1 1 1 2 2 1 3 0 —1 0
2 1 1 1 1 1 0 o] 0 1
TABLE IL.5. Group S5, irrep [32], f, = 1, f, = 4.
TABLEI1.2. Group S, irrep [22], /; = 1, f, = 3. Standard basis vectors 1 2 3 4 5
Standard basis vectors H 2 v, m, v, m, T Com. den.
v, m, v, m, T Com. den. 1 1 2 1 1 9 1 2 6 0 0
1 1 2 2 1 144 32 -1 -3 27 81
1 1 2 1 1 4 1 3 1 1 2 3 1 16 0 3 -1 9 -3
1 1 2 2 1 4 3 -1 1 1 3 1 1 43 2 -1 -3 -3 -9
1 1 3 2 1 16 0 9 -3 -3 1
TABLE 11.6. Group S, irrep [32], f, =2, f, = 3.
TABLE IL.3. Group S, irrep [41), /, = 1, , = 4.
Standard basis vectors 1 2 3 4 5
Standard basis vectors 1 2 3 4
v, m; v, my T Com. den.
v, m, v, m, T Com. den.
1 1 1 1 1 9 1 2 0 6 0
I 1 1 1 1 48 3 5 10 30 1 1 2 1 1 9 2 4 0 -3 0
1 1 2 1 1 144 135 -1 -2 -6 1 1 2 2 1 3 2 —1 0 0 0
1 1 2 2 1 36 0 32 -1 -3 2 1 2 1 1 1 0 0 1 0 0
i 1 2 3 1 4 0 g8 3 -1 2 1 2 2 1 1 0 0 0 0 1
TABLE I1.7. Group S, irrep [311], f;, = 1, f; = 4.
Standard basis vectors 1 2 3 4 5 6
v, m, v, m, T Com. den.
1 1 2 1 1 9 1 2 6 0 0 0
1 1 2 2 1 576 —-32 i 3 135 405 0
1 1 2 3 1 192 0 -9 3 — 15 5 160
1 1 4 1 1 192 160 -5 - 15 3 9 0
1 1 4 2 1 576 0 405 — 135 -3 i 32
1 1 4 3 1 9 0 0 0 6 -2 1
2700 J. Math. Phys., Vol. 24, No. 12, December 1983 Chen, Collinson, and Gao 2700



TABLE IL8. Group S;, irrep [311], f, = 2, /, = 3.

Standard basis vectors 1 2 3 4 5 6
v, m, v, m, T Com. den.
1 1 2 1 1 3 1 2 0 0 0 0
1 1 2 2 1 18 -2 1 0 15 0 0
1 1 3 1 1 18 10 -5 0 3 0 0
2 1 1 1 1 18 0 0 3 0 5 10
2 1 2 1 1 18 0 0 15 0 -1 -2
2 1 2 2 1 3 0 0 0 0 2 —1

TABLE IL9. Group S, irrep [51], fi =1,/ = 5.

Standard basis vectors 1 2 3 4 5
v, m, v, m, T Com. den.
1 1 1 1 1 50 2 3 S 10 30
1 1 2 1 1 1200 1152 -3 -5 - 10 — 30
1 1 2 2 1 144 0 135 —1 -2 —6
1 1 2 3 1 36 0 0 32 —1 -3
1 1 2 4 1 4 0 0 0 3 —1

TABLE I1.10. Group S, irrep [S1], /; =2, f, = 4.

Standard basis vectors 1 2 3 4 5
v, m, v, m, T Com. den.
1 1 1 1 1 20 2 3 5 10 0
1 1 2 1 1 180 162 -3 -5 —10 0
1 1 2 2 1 18 0 15 -1 -2 0
1 1 2 3 1 3 0 0 2 -1 0
2 1 1 1 1 1 0 0 0 0 1

TABLE IL11. Group S,, irrep [51}, f, = 3, £, = 3.

Standard basis vectors 1 2 3 4
v, m, v, m, T Com. den.
1 1 1 1 1 10 2 3 5 0
1 1 2 1 1 40 32 -3 -5 0
1 1 2 2 1 8 0 5 —3 0
2 1 1 1 1 1 0 0 0 1
2701 J. Math. Phys., Vol. 24, No. 12, December 1983 Chen, Collinson, and Gao 2701



TABLE I1.12. Group S,, irrep {42], /i = 1, /= 5.

Standard basis vectors 1 2 3 4 5 6 7 8 9

v, m, v, m, T Com. den.

1 1 2 1 1 48 3 S 10 30 0 0 0 0 0
1 1 2 2 1 1296 135 —1 -2 —6 128 256 768 0 0
1 1 2 3 1 324 0 32 —1 -3 64 -2 —6 54 162
1 1 2 4 1 36 0 0 3 —1 0 6 -2 18 —6
1 1 3 1 1 162 135 —1 -2 —6 -2 —4 —12 0 0
1 1 3 2 1 1296 0 1024 —32 —96 -32 1 3 =27 — 81
1 1 3 3 1 144 0 0 96 — 32 0 -3 1 —9 3
1 1 3 4 1 48 0 0 0 0 32 —1 -3 -3 -9
1 1 3 5 1 16 0 0 0 0 0 9 -3 -3 1

TABLE I1.13. Group S, irrep [42), f, =2, /, = 4.

Standard basis vectors 1 2 3 4 5 6 7 8 9
v, m, v, m, T Com. den.
1 1 1 1 1 108 3 5 10 0 10 20 0 60 0
1 1 2 1 1 108 15 25 50 0 -2 —4 0 — 12 0
1 1 2 2 1 54 15 -1 -2 0 8 16 0 —-12 0
1 1 2 3 1 9 0 2 —1 0 4 -2 0 0 0
1 1 3 1 1 27 15 —1 -2 0 -2 —4 0 3 0
1 1 3 2 1 9 0 4 -2 0 -2 1 0 0 0
1 1 2 1 1 1 0 0 0 1 0 0 0 0 0
2 1 2 2 1 1 0 0 0 0 0 0 1 0 0
2 1 2 3 1 1 0 0 0 0 0 0 0 0 1

TABLE I1.14. Group S,, irrep [42], fi = 3, /= 3.

Standard basis vectors 1 2 3 5 6 8
v, m, v, m, T Com. den.
1 1 1 1 1 18 3 5 0 10 0 0
1 1 2 1 1 72 15 25 0 —32 0 0
1 1 2 2 1 8 5 -3 0 0 0 0
2 1 1 1 1 9 0 0 1 0 2 6
2 1 2 1 1 36 0 0 32 0 -1 -3
2 1 2 2 1 4 0 0 0 0 3 -1

TABLE I1.15. Group S, irrep [411], f, = 1, f, = 5.

Standard basis vectors 1 2 3 4 5 6 7 8 9 10
v, m, v, m, T Com. den.
1 1 2 1 1 48 3 S 10 30 0 0 0 0 0 0
1 1 2 2 1 3600 - 135 1 2 6 384 768 2304 0 0 0
1 1 2 3 1 1800 0 — 64 2 6 —96 3 9 405 1215 0
1 1 2 4 1 200 0 0 —6 2 0 -9 3 —15 5 160
1 1 4 1 1 450 405 -3 —6 —18 2 4 12 0 0 0
1 1 4 2 1 14400 0 12288 — 384 — 1152 —32 1 3 135 405 0
1 1 4 3 1 4800 0 0 3456 — 1152 0 -9 3 —15 5 160
1 1 4 4 1 192 0 0 0 0 160 —5 — 15 3 9 0
1 1 4 5 1 576 0 0 0 0 0 405 —135 -3 1 32
1 1 4 6 1 9 0 0 0 0 0 0 0 6 -2 1
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TABLE I1.16. Group S, irrep [411), f, =2, /, = 4.

10

Standard basis vectors

Com. den.

m, V2 m;

i

10

18
180

108

54

15

45

28

15

108 —54

0

180

10

18

10
- 10

20
180

162

15

18

TABLE I1.17. Group S, irrep [411), f, = 3, f, = 3.

10

Standard basis vectors

Com. den.

m, v, m,

vy

32

10
10

32

TABLE I1.20. Group S, irrep [33], f, = 3, f, = 3.

TABLE IL18. Group S, irrep [33}, f; = 1, f, = 5.

Standard basis vectors

Standard basis vectors

Com. den.

m, v, m, T

Vi

Com. den.

ny L2} m, T

Vi

27 81

-3

32 -1

144

16
48

-3 -3 -9

32 -1

16

TABLE I1.19. Group S, irrep [33], f; = 2, /, = 4.

Standard basis vectors

Com. den.

m v, m, T

Vi

(=28~ )

OO -
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TABLE I1.23. Group S, irrep [321], f, = 3, f, = 3.

Standard basis vectors 1 2 4 6 7 9 11 12 14 16
12 m, v, m, T Com. den.
1 1 2 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 2 2 1 1 0 0 0 1 0 0 0 0 0 0
2 1 1 1 1 32 0 1 3 0 3 5 0 5 15 0
2 1 2 1 1 24 0 4 12 0 -3 -5 0 0 0 0
2 1 2 1 2 96 0 5 15 0 15 25 0 -9 —27 0
2 1 2 2 1 24 0 -3 1 0 0 0 0 15 -5 0
2 1 2 2 2 96 0 15 -5 0 45 27 0 3 -1 0
2 i 3 1 1 32 0 15 -5 0 -5 3 0 3 —1 0
3 1 2 1 1 1 0 0 0 0 0 0 1 0 0 0
3 1 2 2 1 1 0 0 0 0 0 0 0 0 0 1

The phases € are given in Table 1.3.

Owing to (29a), we only tabulate the TC’s for partitions
whose row lengths are larger than or equal to their column
lengths. Furthermore, since the TC’s do not vary with m,,
that is, are identical for different values of the m, index if all
other indices are the same, we omit all TC’s other than those
for which m, = 1.

The TC’s given in Table II are displayed as rows, each
with a common denominator entry followed by the numera-
tors. Each entry is understood to be under a square root sign,
and if the TC is negative, the minus sign is given explicitly.
The ordering of the irreps is given in Table 1.2.
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Unitary representations of the (4 + 1)-de Sitter group on irreducible
representation spaces of the Poincaré group

P. Moylan
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The construction of the principal continuous series of unitary representations of the simply-
connected covering group of the (4 + 1)-de Sitter group on unitary irreducible representation
spaces of the Poincaré group is presented. A unitary irreducible representation space of this
covering group of the de Sitter group is realized as the direct sum of two irreducible representation
spaces of the Poincaré group. Possible physical implications are indicated. In particular, an
interpretation of the instantaneous velocity operator in the Dirac theory as the spin part of the de
Sitter boosts is given. We obtain a simple method of computing the matrix elements of the
generators of the de Sitter group in an SO(4) basis using the matrix elements of the generators of
the four-dimensional Euclidean group. Also we obtain explicit expressions for certain matrix
elements between the spinor and SO(4) basis of the representation space as functions on the coset

space SO(4)/S0(3).
PACS numbers: 02.20.Qs, 11.10.Qr, 11.30.Cp

I. INTRODUCTION

The importance of representation theory to wave equa-
tions has long been known. Its role in the solutions of partial
differential equations is well known and has been discussed
in many books. For example, in his book, The Theory of
Spinors, Cartan discusses the relationship between groups
and wave equations. He must have realized very early in the
development of the quantum theory the connection of repre-
sentations with quantum mechanical equations. In his book,
Linear Representations of the Lorentz Group, Naimark de-
termined all the Lorentz invariant equations which are lin-
ear in the momentum, including Dirac’s new relativistic
wave equation.! Poincaré-invariant finite-dimensional
spinor wave equations were discussed by Bargmann and
Wigner?; they showed that to certain irreducible representa-
tion spaces of the Poincaré group corresponds the space of
solutions of a certain wave equation, which therefore de-
scribes a particle of a definite mass and spin. The results of
this paper provide further elucidation of this relationship
between representation theory and wave equations. In parti-
cular, the larger SO(4,1) symmetry of the Dirac equation is
constructed and should be compared with the usual Poin-
caré symmetry of the theory.

In the following, we will be concerned with two differ-
ent symmetry groups of the quantum mechanical wave equa-
tion for a positive mass particle with arbitrary integer or
half-integer spin: the restricted Poincaré group & and the
identity component of the (4 + 1)-de Sitter group, SOy(4,1).
The Poincaré group will be realized in the usual way as de-
scribed in Ref. 13, the generators of & being represented as
essentially self-adjoint operators defined on an invariant
dense domain contained in 5 (m,s, + ), the positive mass
unitary irreducible representation space (UIR) of & (s de-
notes the integer of half-integer spin and + means positive
energy). The generators, in a UIR of SO(4, 1), will be realized
as essentially self-adjoint operators defined on an invariant
dense domain contained in ¥ (m.,s, + )® #(m,s, + ). [Of
course, by irreducible unitary representations we always
mean single-valued representations of the simply connected
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covering groups associated with these groups, which we de-
note by 7 and SO(4,1).] The groups Z and SO(4,1) are
realized on 7 (m,s, + ) and H\m,s, + ) ® 5 (m,s, + ), re-
spectively. This result, combined with the fact that

#(m,s, + ) has the following decomposition into irreducible
representation spaces of its noncompact subgroup SQO(3,1),
formally written as®

(2771.4)2 Z J:O %(IU»V)(I()Z + VZ) dv

I()

Hm,s, + )=

gives, in the case of the principal series, the decomposition
formula for a UIR of SO,(4,1) with respect to UIR’s of
SO4(3,1), first obtained by Strém using the quaternion ma-
trix description of SO,(4,1).* Our method is, in contrast to
Strom’s, based on the description of O(4,1) by projective
transformations of 7,° (T denotes the mass hyperboloid of
the momentum space of Minkowski spacetime, i.e.,
T, = { p,| p.p"* = m}). Since we realize the principal series

UIR’s of SO,(4,1) in terms of the standard UIR’s of 7 used
to describe elementary particles, this makes the physical
content immediate. In fact, this realization of SO(4,1)
serves as the basis for a description of the relativistic rotator
model,® which has been most extensively developed by
Bohm.” In that model the invariant operator, being m” in a
UIR, is replaced by the first-order Casimir operator of
SO, (4,1) in the above realization—A is the contraction pa-
rameter used in the contraction of SO,(4,1) into 2.*

We have organized the material in this paper in the
following way. In Sec. II we present a brief résumé of the
groups SOy(4,1), 2, SO(3,1), and their simply connected
covering groups and summarize their pertinent irreducible
unitary representations. Section III describes the realization
of SO,(4,1) on the momentum space of Minkowski space-
time. Section IV is devoted to description of the orbital part
of the SO,(4,1) principal series representation constructed
here. In Sec. V we realize the principal series representations
of SO,(4,1) on #m,s, + )@ F (m,s, + ). A lengthy appen-
dix is devoted to the proof of the irreducibility of these repre-
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sentations. Explicit expressions for the SO,(4) basis vectors
of the representation together with the matrix elements of
the generators in this basis are obtained.

Notation: Lower case Roman indices, in general, range
from 1,2,30r0, 1,2, 3, 5, 6 and Greek ones from 0, 1, 2, 3.
7,, =diag (1, — 1, — 1, — 1) denotes the metric tensor of
Minkowski space, M, ,, and g, = diag (1, — 1, — 1, — 1,

— 1, + 1)is the metric tensor of a (4 + 2)-dimensional pseu-
do-Euclidean space, M, ,. 17,, = diag(l, — 1, — 1, — 1,

— 1) will be used to denote the metric tensor of a (4 + 1)-
dimensional Minkowski space M, , . The translation genera-
tors are denoted by a contravariant 4-vector operator P*

= {E °, P°?} and the contravariant 4-momentum vector is,
likewise, p* = (E,p). The position operator in the momen-
tum representation is given by Q# = —id/dp, = — (id/
JdE, (1/i) V,) and transforms as a contravariant 4-vector. It
follows that

[P1Q*] =i (1
are the relativistic Heisenberg canonical commutation rela-
tions. Throughout, both # and ¢ are set equal to 1. When we
mean a contraction of two vectors in Euclidean or pseudo-
Euclidean space, we denote it by £, 7" (summation conven-
tion). Finally, T denotes the complex conjugate transpose
and * signifies the complex conjugate.

Il. RESUME OF SOq(4,1), 7 AND SO,(3,1) AND THE
PERTINENT UNITARY IRREDUCIBLE
REPRESENTATIONS OF THEIR SIMPLY CONNECTED
COVERING GROUPS

We denote by Of p,q) the group of all homogeneous lin-
ear transformations of real  p + ¢)-dimensional space which
leave invariant the quadratic form

_Xf—Xﬁ—---—Xf,+X§+l+---+Xf,+,,. (2)
By SO,( p,q) we denote the component of O p,g) connected
to the identity transformation. The Lie algebra of SO p,g) is
written as so{ p,g).

The isomorphism B, ~ C,’ entails the local isomor-
phism SO,(4,1)~Sp(1,1).'° Since Sp(1,1) = U(2,2)nSp(4,C )'°
is simply connected, this Lie algebra isomorphism permits a
description of SO(4,1) by 2 X 2 quaternion matrices, used in
Ref. 4. The Hermitian generators A4, of the Lie algebra
so(n,1) obey the commutation relations

[Aab’ Acd] = - i(nacAbd + nbdAac - ”bcAad - nadAbc) (3)
(@,b = 0,1,2,3,5).
[For SO{n + 1) replace 77, by — 6,.; we need this result in

the Appendix.] 4,,, generate the homogeneous Lorentz
group SOg(3,1) whose commutation relations are

[Apv’ Apa] = - i(nppAvo + vvaA,up - ”VpA[JD' - yip.aAvp )9
(4)
and 4, form a Lorentz vector operator
[A;tv’ ASP] = i(nva5v - nypASV)’ (5)
satisfying
[AS;L’ASV] ziA‘tV' {6)

We call 45, the generators of the de Sitter boosts."'
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The covering group of the Lorentz subgroup SO,(3,1) is
isomorphic to the set of all unimodular complex matrices in
two dimensions: SL(2,C). The restricted Poincaré group &
is the semidirect product of SO,(3,1) with the four-dimen-
sional translation group T,: & = SO,(3,1)&7,. Using the
well-known isomorphism of SOy(3,1) with SL{2,C)'? and the
characterization of four-dimensional vectors by Hermitian
matrices in two dimensions gives the isomorphism
2 ~SL(2,C)AT,." The Hermitian generators of 7 are P,
and L, with the commutation relations

[£usP,] =0, (7)

[Lyv’Pp] = i(nvap - nngv)9 (8)
the commutation relations of the generators L,,, of SO,(3,1)
being the same as in (4).

SO,(4,1) has two independent Casimir operators for
which we take

Q= —14,4° (abecde=0,1235), (9)

Or= — W, W', W, =} €gpoged A% (10)
The two independent Casimir operators of the Lorentz sub-
group will be denoted by Q3! and Q30! Q3°% " is the
same as its counterpart, Eq. (9) above, except Roman indices

are replaced by Latin ones, and Q 3°*" = w. Invariant op-
erators of & are P, P* and W = —w, w*, w,

— 1 vf po

= ielwp(,P L,

For SOy(3,1) and SO,(4,1), the values of the two inde-
pendent Casimir operators can serve to label the UIR’s.?
Besides the values of the two above invariant operators, an
additional label is necessary to describe the UIR’s of 2,
namely the sign of the energy, p,. The UIR’s of the Lorentz
group are labeled by the numbers (kq,¢) with k, a nonnegative
integer or semi-integer and ¢ purely imaginary,c = — ip
(the principal series) or k, = 0, 0<c<1 (the supplementary
series).'* The relation between c, k, and the two Casimir

operators of SOy(3,1) is in an irreducible representation:
QI = (1 — ¢ — k), Q" =2ikel. (1)
The finite-dimensional spinor representations of SO(3,1)
have ¢ real with ¢* = (k, + n)* and have dimensions ¢* — & §.
The UIR’s of % were found by Wigner.'® The ones relevant
to our discussion are
m*>0, p,20, s=0,1- (12)
In a UIR the invariant operators are

mi:

P, P*=m’l, W=ms+ 1)L (13)
The UIR’s of SO(4,1) were first determined by Thomas'’
based on the infinitesimal method. The classification was
completed by Newton and Dixmier.'® We are only con-
cerned with the principal series representations (UIR’s)

(p,r): p2>0, r= 0,%,1""7 (14)
for which the Casimir operators take the following values'”:
Qi =p’+5—rir+1), (15)
Q@ =rr+1)(p*> +1). (16)

In the following we denote the various UIR’s by the corre-
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sponding set of numbers labeling them, e.g., (m,s, + ) for 7
or { p,r} for SOy(4,1).

ill. A REALIZATION OF SOq(4,1) AS PROJECTIVE
TRANSFORMATIONS OF THE MASS HYPERBOLOID OF
THE MOMENTUM SPACE TO MINKOWSKI SPACE-TIME

In this section we give the geometrical description of
SO,(4,1), which we used to obtain our construction of the
principal series irreducible representations. First we present
the Klein description of the conformal group O(4,2).'%°
Imbed M, , into M, as the hyperplane £ = O (see Fig. 1).
Consider the paraboloid

E= 4ET V- (17)
Introducehomogeneouscoordinates (£ %,& 1,2, £3,£°,£ )by

EP=£7/6° E*=¢£"/6° (L=0123). (18)
Then (17) becomes

E%0= 467 £V —£7 ¢ (19)
Since

EEC=YE +ET —4E €, (20)

we have that (19) becomes

RE)=4E+EP 46— £ -
+E¥HEY =0,

The linear transformations of M, , which leave invariant the

above form is O(4,2).

The general transformation of the £#’s (u = 0,1,2,3)
induced by BeSO(4,2) is

§02+§12

b“V§v+b" §2+b"
§H = 6 £u b65 2 b66 (§2=§“§u)’ (21)
b ,u§ + 5§ + 6
where
b% bS5 b° b4 b bC
b56 b55 bsl b52 b53 b50
1 1 1 1 1 1
B___b6 b's by b, b b°e0(4,2).

b% b% b7 b b b
b3 b3 b3 b, b b7
b% b% b 0% b% b
It is easy to show that every transformation of the form (21)
can be obtained as a product of an inversion, £’ = £#/|£ |7,
a scale transformation, §#’ = A£*#, and a Minkowskian mo-
tion, £#" = 0% £ + a*, from which it follows by an exten-
sion of Liouville’s theorem to M, that O(4,2) corresponds
to the conformal transformations on M, .*°

£° Mg,
£%8,8"0
\ (€°,8"
el‘-
M3,

FIG. 1. Projection of paraboloid in M, ; onto M, ,.
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Next we describe a subgroup of O(4,2) which leaves in-
variant the hyperboloid 7% = {£#e M, |€,£# = 1].

We determine it as follows:

T invariant means £ /,£*" = £, £* and because

£° = £, £# we demand that § - 6remam invariant. Since
0(4,2) leaves invariant

UETHEP —YE £V -7+ +E7 +67
we see that the subgroup of the conformal transformations
which leaves 7' invariant is the group of linear transforma-
tions of M, |, which preserves

DE)=YEHEP £ +ET+ET+ET (2
The component of this group which is connected to the iden-
tity is SO,(4,1).

Now let 4 be an element of this SO,(4,1). Referred to the
coordinates 4(&° + £°), }(£° — £9), £#, its matrix is given by
as a® a°% a% af
a'c d', ad', a5 d
A= |a’, & da*, a*, d%|, (23)
@, @ o, o
a a d’ a5 a°
and its action on the coordinates is

— 3

E =" +E)=a% Y7+ £+ Y o

v=0

€7 =& =§§5—§6) (24)

M =d"e 467 +£°) + 2 a*§"

Thuson V5, (the E*space), the transformation induced by 4
is

_ #e

AFFE =

G NE £ H3E o0 €
%(a o — 1)§° +§(a o+ 1)E°+ 2a® &

a6 )€ + 1) + Za" €
Ya% — UE? + Ja% + 1) + 2a°, &~

For £ “eT ' (that is to say, £ * a point on the hyperboloid) we
have

AF-FE

=@+ Y a*.E")/la% + Sa*.&")
(25)
The Jacobian of this transformation (restricted to 7 is'®

JEr 1
g |a% + 2a°,£ 7|
The denominator of this expression may vanish for certain
transformations. This means that in order to consider the
action of SO(4,1) on T we must first compactify it by the
adjunction of a surface at infinity. The measure on T'{ trans-
forms in the following way under 4 *':

1
o sas e e
Ia 6+ 2a vg l

dnTSO] = (27)
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provided, of course, that t_he denorrlinator does not vanish.
Therefore, we have for f(£ ') and g(£ ‘) L ? functions on '

|| TEwE

=f /_{(/_1(3)1 §(Z(E)l o
T [a66+2‘16v§v]3/2 [a65+205V§v]3/2 Ty

(28)

with 4 (£ ) given by (25). Here df2 =96 (€? — 1) d *¢ means

A, 0=08E"~10(E°)d"E

an o = z s F
" {dﬂn'm:a@z—n[l—e(é")ld“é,

£°50,
£°<0
(29)

[T ;+ denotes the upper sheet (£° > >0) of the hyperboloid, T,
and T ;~ denotes the lower sheet (£ ° <0).]

IV. THE CONSTRUCTION OF THE ORBITAL PART OF
THE PRINCIPAL SERIES REPRESENTATIONS OF

S0o(4,1) on 77 (m,s, + o H#(m,s, +)

After this geometric groundwork we turn to the con-
struction of the ( p,s) of SO,(4,1) on unitary irreducible repre-
sentation spaces of 7.

First we describe a continuous representation of ( p,0)
on .£}T9). Given AeSO,(4,1) and fe.Z(T9), let

(T2f)E)=—— = TR
¢ |a%(A =) + 3,a°, (4 ~NE#2 TP

(1) The Lorentz rotations:
i, 0 e —1 0---
Ji— : : ’ :
1 - 0 :
- 1

with

@A Y+ 3,0, (4 E
a4 ="+ 3,a% (4 ~YEY

A Tey = (31)

extended to include points at infinity.
The representation property

YAy ey el (32)

is satisfied because of the multiplicative property of Jaco-
bians'® and unitarity is assured because of (28).

To obtain representation of SO,(4,1) which acts on
Z*T;) we introduce a constant m (which we identify with
the mass in a UIR of Z), and define new variables p # by
&# =p#/m.Then (30) and (31) define a unitary representa-
tion of SO,(4,1) on .L*T;), where T = { p* | p, p* = m?},
by replacing £ in these equations everywhere by p # /m and
then redefining f as the original fcomposed with the func-
tion which corresponds to multiplication by m, i.e., f~f%i,,,
where /,, is the function of multiplication by m.

The proof of the irreducibility of this representation,
which is based on the proof presented in Refs. 18 and 19, is
given in Appendix A.

It is instructive at this point to compute the action of the
infinitesimal generators of SOy(4,1) on .#’*(T;). We take the
following expressions for the matrices of the generators of
the rotations in the various planes of projective space:

(4,j = 1,2,3 and in I  the 1 is in the ith row, jth column, and the — 1 is in the jth row, ith column with i < j).

(2) The de Sitter boosts:

0 . —1 e 0 0
IP=]1 « 0 , I1¥= —

0 0 1

Let us define the linear operator U°%4 ) in .£*(T) by
[¥)=U%)[¥),
(35)
¥(p)=(pl¥') = (pIU4)|¥) = (T ;¥) p),
where U4 ) has matrix elements
(PIU°A)| p) = (T3P p)
1 _
= _ ’ 53 A =l
WA | p516°%A4 ~'p —p)
[|(4, p)|>”** * is the multiplier in (30)]. For an infinitesimal
rotation

A=I+aol®
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1
: (33)
0
1
(34)
0
[
in the a—b plane of projective space, U %4 ) can be written as:
U4)=1— iwM*". (36)

Using this equation along with (30) and (35), we explicitly
obtain, by expanding (T4)( p) in a Taylor series in & and
keeping only terms of order w, the following expressions for
the infinitesimal generators M 9 :
Mﬁ)i)f = (Qva - Qva)'Iz M,uv'IY
(37)
1 1

1
o (P M) + 28
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1
1=(0 (1)) {4,B} =AB + BA,

where 5 is defined in Eq. (24) and I comes from the following:
LAUAT)=SLHT ;) e LT ;) as Hilbert spaces, and a vec-
tor |¢)e.Z*(T,) may be written as

it

with

[0)eLHT5), [¢)e LTy ).
The infinitesimal operators M, may be formally written as
the direct sum of the operators Q, P, — @, P, and —(1/
A)B ﬁ”, where each of operators acts on dense subspaces of
LT, ) and LT ;) in the usual way. We can verify that
expressions (37) satisfy (4), (5), and (6), and so they are restric-
tions of essentially self-adjoint generators of the representa-
tion. The general form of the U %4 ) is

Uod)=e M2,

V. THE CONSTRUCTION OF THE PRINCIPAL SERIES
REPRESENTATION (J/m?/42,5) OF SO4(4,1) ON
Hm,s, + Yo (m,s, +)

In order to proceed with the construction, we find it
necessary to describe a well-known realization of the UIR’s
of Z in terms of wavefunctions D66, ) withp e Ty and
which are totally symmetric in their 2s four-valued variables
&y, 2 Firstlet L(Th) @ Cfy, @ Cfy @ @ Cly, be the
tensor product of Hilbert spaces, where C ;‘i, is the ith copy of
C*, afour-dimensional vector space over C. Next, introduce
the generalized basis | p) ® ¢, ® e, ® - ®e, . The compon-
ents of a vector ¢ with respect to this basis are denoted by
¥( p; £,--&,,). Let ' denote the space of all such 3 which
are symmetric in their 2s variables £,---£,,. Now for every
k = 1,...,2s define a set of four matrices 7}, ,, being four of the
4 X 4 matrices* of the generators of the Clifford algebra S,
which satisfy

{71‘;)’7(111) j = 277(\;'?)61(1 . (38)
[The 7{,’s act on the space C{, in the usual way, so that

W prbirba) = 3 (W) ) o W SE 1 b 3,)]

¥
Next introduce the matrices®*
2s 1 2s
=3 Iy== 3% ¥ (39)
k=1 2 k=1
These lead to the generalized Dirac equation®*
(C#P, — smy = 0. (40)

Consider the set of all " which satisfy the Bargmann—
Wigner equations

Vi p. —mip=0 (k=1,.,2) (41)

Denote the space of all these ¢ by “#”. We can define in
“Z'" the following inner product: for every ye*“#" >

W) =L S g ehu| do “2)

3
[the inner product is obtained from this norm by polariza-

tion; we denote it also by ( , ],
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where 1* is the Hermitian conjugate of the vector ¢. Let %
be the Hilbert space completion of the set of all &% ”* for
which the inner product defined by (42) is finite. As shown in
Ref. 2, #\, for every s, is the carrier space of a unitary
representation of the restricted Poincaré group # with in-
variant inner product defined via (42) and which has the
following decomposition into irreducible representations:

R = m,s, + ) o Hm,s, —). (43)

A basis in which this decomposition is accomplished is the
unitary canonical basis of vectors | ps;e) [e€ = sgn( po)].">

The relation of the Bargmann—Wigner wavefunctions
¥( p;& ) to the canonical basic vectors is obtained through the
spinor form of the representation of Z. Introduce the non-
orthogonal spinor basis defined by*

(=115, ~Fie) = p i€} = T | 1L )

and J

(—1F 4| p, —di€) = | p, A€} = 3 | ps;€) DL, (eL ~'(p)
(A =s,5 — 1— 5)

(P Aelg 1 = (6| pAie)ild | p. A€} = [ p Aield)*, (44

where & (L ( p)) is the representation of the inverse boost
L ( p), taking p,, to rest, in the (25 + 1)-dimensional irreduci-

ble representation space of SOg(3,1) (see Ref. 13).
The transformation law for the components of a vector
¢ in the canonical basis is?

(p|UlAa)p) =" 3 D} (R(A, A 'pA ~'pisi |8 ),

where U (A,a) is the unitary operator corresponding to the
Poincaré transformation p’* = A “p* + a*, and R (A,

A 7'p)= L (p)AL (A ~'p)isthe Wigner rotation. We have
for the transformation law of the components of ¢ in the
spinor basis®*:

{ p. 45| U(A,a)p) = ™" D5(A ){A ~'p,Bield),
(45)

(7. Aie|U(Aa)) = ™" D[4 ){A ~'p.Bield).
We state the following momentum representation form of
the Bargmann—Wigner equations in spinor notation®>2¢:
{ p.dield) = Dis( P.Bield );{ p.Bield) = B2 [ pAield ) (46)
with

Pz = Z sl po + pro}). (47)

Up to a possible unitary transformation of the Hilbert space
which does not affect the p variable, the components of the

vector geZ" in the spinor basis,

L ({ b, f‘_‘;€|¢ )) 25

V2 \{ p.Bielg) /)’

can be identified with the Bargmann-Wigner function

& (p;€,....&,;). They have the same transformation laws (45).
Also, the infinitesimal generators of the representation of &
acting on the Bargmann-Wigner ¢ ( p,£,...,£,,) are’
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d ——pvi)‘f'syv

v "

with S, defined by

Z uvk) =

= N Vi )
(48)
These relations are simple consequences of the transforma-
tion law of the components of ¢ in the spinor basis [see Eq.
(45)].
In the realization of the representation of 2 on
#{m,s, + ), the norm (42) corresponds to the following:

; [V, ] Vi,

[

(@.9) Z dﬂn (¢ | pss.€)( psaeld)

ze_z J:lpf: (@ | pase}epis pBield ). (49)

We readily verify, using (38), (39), and (48), that the I,
and S, satisfy the commutation relations of the generators
for a representation of SQO(3,2) S With the replacement
I',— — il in (39), we obtain a representation of

SO,(4,1) _ TS0 which is, in general, defined in
ZHT)eCleChe-eCh,.

Now we define a mapping U from SOgy(4,1) into the set

of all linear operators on .2 %(T3)® C ) @ -+ ® C, by

Y(p& € s)
= [UAWUPE | ~E5)
=(pE £ D) U4 )|y

4

-3

exp[ - i{%a)’”(S#v) + iwp(rp)}é‘;gl]

51 52 =1
X(T(p:)¢)(P'§1"‘§23
= - ; gmg 51(‘4 )‘@mg 56 (4)- @(2-‘)55551;(14 )
X(Tf g N ps1wbss)  (0° = 0™), (50)
where
1ps)¢)(P§l §2v

_ 1 _ ‘
- |#(Z;P/m)|3/2*-v+ip YimA ~ 'p/m;EE5),

(luldp/m)| = |a%(d ~) + 3 a®, (4 ~p"/m]), (51)

@(%}5,-(/‘ )= exp[ — i Sy + 07T ), ]

We see from (50) that every permutation of the indices

&1 -& 5, may be obtained by the same permutation of the

factors 9(% 4 )""’@12-‘)5 ., [4) of (50) and the indices

§r&a In Y p;§ -6y, ). Therefore, if Y( p;§ £, ) is symmet-
ric under the interchange of the £,’s then sois ¢'( p;& | -+& 5, ).
Thus the representation can be considered as a representa-
tion in %,
On #'"? the following operator identity is valid®’:
ir, = —(1/2m){P*,S,,} + (i/2m)P,.
Using (41), together with (39) and (48), we can obtain a gener-
alization on %"
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il, = —(1/2m){P*,8,,} +i[(2s)/2m]P,
= —(1/A)BY + i[(25)/2m]P,. (52)
(40) is an immediate consequence of (52). We will use this
result shortly.
Now we determine the form of an SO,(4,1) transforma-

tion which leaves (41) invariant: for Ae SO,(4,1) let U(4 ) be
the operator defined by

U)W p:&) = S(p, A)T 0¥ B 1), (53)
where S{ p, A ) affects only the &; variables, but may depend
upon p, and T'{,  ¥( p,£ ;) is defined by (51).

For A a de Sitter transformation we have

£ ).

with 4 as in (31). The invariance of the Bargmann-Wigner
equations means*®

Py pE)=my'(pE) (55)
with
Y(p€) = U W p:E) (56)

as in (53). Using (54) and (56), we see that (55) is true if §
satisfies

mS (5. A A~ (E)) 10,8 70 A) =y 157

For A an element of the Lorentz subgroup, the deter-
mination of the .S (A ) which satisfy (57) is obtained by first
noting that a solution of {57) for transformations involving
only the p, £, variables (k fixed) is achieved by the usual
choice of the spin-} Dirac theory case:

Ui (AW P& 1€ --62)

ZZCXP[ N (S ik ggk]'//(A_Pgl £ k6 3)
; (58)
so that if we let U (A ) be the operator (50) with
LS, 1),

then invariance of each of the equations of (41) is assured.
Using (50) and the fact that the S,, ;s for different k ’s com-
mute with each other, we can rewrite (50) for this A as

UA Y p;&1+65s)
= Z exp( — 3i{

§i=1

gu’) (A ) = exp(

S, ) A TIDE L),

(59)

Now consider an infinitesimal de Sitter boost S (4 ) in the
5-iplane. Let S5; denote the infinitesimal generator S (4 ), so
that S (4 )=1 — iw>’S5;. Using this along with (31), we obtain
from (57)

[P#V(k)“’SSi] = _i[(l/m)PiV(ﬁy,Pu _mqu),]' (60)

Because of (52) a solution to this equation is provided by

+ il; restricted to %%, In a similar manner we may estab-
lish for an infinitesimal de Sitter boost in the 5-0 plane that
Sso = + i, on " is a sufficient condition for invariance
of (41). Using (50) and this result, we see that a sufficient
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condition for the invariance of the Bargmann—-Wigner equa-
tion (41) under infinitesimal de Sitter boosts is

UlA W pi61++62)

4

= 2

£ =1

expl — @+ i1}, Tl (B 16 3,)
(61)

with w# = @*. By addition and compounding of transfor-
mations, we may establish that the desired form of the
SO,(4,1) transformation on %" is identical to the operator

(50) in the space .

Next we make the following definition®®:

Definition: A unitary irreducible representation U of a
Lie group & on a Hilbert space £ is the range of a function U
from & into the space of all bounded linear operators on §
satisfying

(i) Toevery Ae® corresponds a unitary operator U (4 )on
9;

(ii) for any two elements A, 4,€®,
Uld)U(4,) = Uld,A,);

(iii) if the sequence 4, €® converges to 4, then U {4, )¢
—U{4 )¢ for every ye;

(iv) no proper closed linear subspace of § is invariant
with respect to all the U (4 )’s (irreducibility).

With this definition we can prove that {50) defines an irredu-
cible unitary representation of SO,(4,1) on %#“). The linear-
ity of U (4 ) is obvious from (50). The homomorphism condi-
tion (ii) follows from the multiplication property of the
multipliers

s 5 ol A T 'p) = pl( A7) p) (62)
so that from (50) and this equation

(U (AN (A )N pi&-Ea)
= D, MrA)T 5P 1 E3)
&

= U4, AW p;§ €2, (63)
using the representation property of the S (4 )’s. Continuity
[(iii)] is verified by checking that (iii) is satisfied for arbitrary
matrix elements*': 4, —A implies (¢, U4, )¥)—(#, U (4 }¢) as
complex numbers for any ¢, ye%#". Using the definition (42)
of the inner product, we see that this ‘‘matrix element” con-
vergence is clear from the form (50) of the representation

along with the fact that 2 (4, p), (T, ,¥) ( p,£ ) is a contin-
uous function of the group parameters, w,, (recall that T'¢,
is a continuous representation). We consider the notion of
the convergence of sequences in SO(4,1) associated with
the topology on this group which is obtained by viewing
SO,(4,1) as a surface embedded in R ", for the conver-
gence of sequences in C we mean with respect to its usual
topology.
We now compute the infinitesimal generators of the re-

presentation. Observe that because of (43) 1 can be written as

v=(5) (64

with ¥,€#(m,s, + ) and ¢,e#7(m,s, — ). We have
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('ﬁ"ﬁ) = (¢1,¢1)+ + (¢2,¢2)—’

where ( , ), and { , )_ are the inner product on #* re-
stricted to #(m,s, + ) and #m,s, — ), respectively. A gen-
eralized basis for 77(m,s, + ) consists of the vectors | ps; + );
and | ps; — ) is a generalized orthonormal basis for

Z\m,s, — ), where the | ps; + ) are the canonical basis vec-
tors. Elements of 7#(m,s, — ) in %" correspond to vectors
with ¢, = 0 and elements of #7(m,s, — ) in #* are vectors 1
with ¢, = 0. Let 4 be an infinitesimal transformation; then,
using (50),

Ud)=1—io"L,,,

with
L,=M,1+S, (65)
and
1 . . (2s)
Lgy = _IB;?].I+1F” —IEP#
1 ’ 1
= _I(B/(?"I"'BL)): _IB”'I (66)

being the generators of the representation.
Next we claim

(Lav®¥) = (#:Los ¥) (67)
for any ¢ in the domain of L, . The polarization identity (42)
and the unitarity of T;:’ as defined in (30) and (52) show that
(67) amounts to verifying
(1 + ieS,, (1 + i€S,,, )¥) = W) + O (€%,
(14 ie(1/2)B )14,(1 + ie(1/4)BJ)) = ($,9) + O (€).
The first equation can be checked by observing that if both
a,b =123, then S,w 1s a Hermitian matrix and commutes
with IT12_ | 9°. Ifeither g or bis 0 and the other 1, 2, 3, S, isa
skew Hermitian, but it anticommutes with I1*_,9°. These
same arguments together with the Hermiticity of P, suffice
to prove the second equation.

Now we show the U (4 )’s are bounded operators on %",
This is easiest to see by introducing the following inner pro--
duct on #", which is equivalent to (42)*:

(¢,¢)=f A0y, \m/po® S NG0P g =76 1.
T3 I3 (69)

Any A can always be written as the product of rotations in
the various a—b planes of projective space.*® Therefore, it
suffices to prove boundedness for the operators of rotations
in the a—b planes. For @, b = 0,1,2,3 the proof is immediate,
since they are just representatives of Lorentz rotations which
are even unitary. For a de Sitter boost in any of the 5—
planes we have according to (69) and (50)

104 i <{max 2 a0} 17791

(68)

[l = ()]
(70)

since & ,,(4 ) is just a finite-dimensional matrix. Therefore,
we must show || T'(,  ¥|| <k ||| for any ye#". This i‘s done
in Appendix B. Thus the operators of the representation are
bounded ones. Since the representation U consists of bound-

ed operators, we know that
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D= n__D(U*g))

8€80,(4,1)
isdensein #". [U *g) = — lw*’L,, and D(4 ) stands for the
domain of an operator 4.] Therefore, all of the operators of
the Lie algebra U *(g) are symmetric operators in Z*, and we
have a symmetric representation of the Lie algebra of
SO,(4,1) on the Garding subspace of D.**

We will now show that the representation of the one-
parameter groups of rotations in the a-b planes of projective
space are uniformly bounded. 4 family of operators U (¢ ), teR,
is said to be uniformly bounded on a Hilbert space 9 if there
exists a constant x > 0, independent of t, such that
U (2 )¢||<«||#|| for all tcR. 1t is clear that the unitary one-
parameter generators of the Lorentz rotations are uniformly
bounded. For boosts in the 5-i planes of projective space we
know that the & (4 )’s are all products of matrices having sine
and cosine or hyperbolic sine and cosine functions as entries
and their arguments are restricted to finite intervals. There-
fore, all of the max,, |Z (4 )| are bounded by some real
positive number. Combining this with (70) and (B1) shows
that each one-parameter family of boosts in the 5-/ plane of
projective space is uniformly bounded. For the one-param-
eter family of boosts in the 5-0 plane of projective space,

each Z(4) = e~ ' satisfies
max |Z (4 )| <e™.
a,b

[Use (39) and—for simplicity—choose a representation in
which I, is diagonal.] Using (70), (B2), and this result, we
obtain

1T (A )l <e”e ™ |[¢ll = [|#]]
for all ¢. Thus each of the one-parameter groups is represent-
ed by a uniformly bounded family of operators.

We have the following theorem whose proof is similar
to the proof of Stone’s theorem?>:

Theorem: Let U (¢ ) be a strongly continuous, uniformly
bounded one-parameter group of linear transformations on
a Hilbert space 9 such that the infinitesimal generator 4 of
U (t)isasymmetric operator on . Then U (t )isa one-param-
eter group of unitary transformations on 9.

Proof: First, A is defined as that operator such that

for ¢ € DA), idg = lim %’é

In order to establish the theorem, we use the basic criterion
for self-adjointness, namely, that 4 *¢ = + i1 can have no
solutions in §.%> Suppose there is a ¢y € D(4 *) so that

A ¢ = ixp. Then, for each ¢ € D(4),

;‘j;(U(z .0) = (AU (1)6,4)

= —iU(t)p, 4 "¢)
— (U (t)p,ig)
= (Ult)g,9h).
The complex-valued function f(t) = (U{t)$,¥) satisfiesthe

ordinary differential equation f’ = f. Its solution is
Sf(t) = f(0)e"SinceU (¢ )isuniformlybounded, ||U (¢ )¢ || < k,s0

| () <)\ U () || ||| <xll¥|| (by Schwartz’s inequality), which
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implies that £(0) = (¢,%) = 0. Because D(4 ) is dense in §,
¥ = 0. Likewise we may show A "¢ = — iy has no solutions
in 9. Therefore, A4 is essentially self-adjoint on D(4 ). But then
by the converse of Stone’s theorem,> for each teR,
U (f) = e™is a strongly continuous unitary operator (A is the
self-adjointclosureof4 ). Since U (t Jand U (t)agreeonadense
domain and are both bounded, they must be equal. QED
For each one-parameter group of rotations in the a-b
plane, let U, (¢ ) denote the representative determined by (51).
It satisfies the hypotheses of the theorem, so it is a one-pa-
rameter unitary group. Any U (4 ) can be written as a product
of the U, {t)’s, and the reader can easily convince himself that
the product of unitary operators is unitary. This proves con-
dition (i). Irreducibility can be proven by demonstrating the
unitary equivalence of this representation with another one
which is shown to be irreducible. We do this in Appendix A.
If we choose

p=\m*/A? (71)
in (37), we obtain for the (1/4) B,,’s in (66)
(1/A)B, =(1/4 )[P# +{A /2m){PP,Lp#]]. (72)

From this we conclude that the infinitesimal generators act-
ing on an arbitrary vector ¢ = (ﬁ;) in %%, which is in their
common invariant domain, may be written as the matrix
operators
L, X1,
—(1/4)B, X1,
where L,,, and B, are given by (65) and (72), respectively.
From (73) it seems that the subspaces 57 (m,s, + ) and

#\m,s, — ) are invariant under the entire group (exponen-
tiate). This is not so! We show in the appendix that the

e 08 i fact, do not leave #(m,s, + )and 7 (m,s, — )

(73)

invariant.3®

Finally we shall carry this representation of SO,(4,1)
over into Z = % (m,s, + ) ® Hm,s, + ). For this purpose
we introduce the linear operator 8:%—2" defined by its
action on the canonical basis:

lpss =)/ \| —psy+)
This mapping is readilX demonstrated to be unitary as an
operator from Z" to 2" From (74) it follows that

2)9—'=(§” O_P#). (75)

The form of the generators of the Lorentz subgroup acting
on wave functions ¢ ( ps;; + ) = ( psy; + |¢ ) are given by*’

(P
Fu=0 (o#

. a a
L, = _I(I)ja_p:_Pk :?;)"i“‘s}ky

J

Ly =N, = — ,-poai — [(PXS),/P° + em]

(S; = €5Su)-

From these equations and (74) it follows that

— L 0 L 0

Lo=o(" 3 Jo=(0 7 ). s
=0 L. 0 L. 76)
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Using (72),

1 - 1 (B, O 1 (B, O
E=ogle 5)o =zl La)m
A" " 1\0 B, i\ -8B, 77)

Because of the unitarity of 8, the representation U (4 ) of
SOy(4,1)on ¥ and U(4 ) = OU (4 )0 ~' on #" are
equivalent.

Using (76) and (77) for L,,, and B, we will find the
following expressions for the Casimir operators (9) and (10)
of SO,(4,1) on Z#":

A2Q = {m>+ 312 — A%(s + 1)}, (78)
A2Q, = {(m® + A )s(s + 1)}1. (79)

A comparison of these equations with (15) and (16) shows
that the irreducible representation which we have construct-
ed is

Wm?/A2, s).

We have thus succeeded in proving the integrability of the

representation of the Lie algebra of SO(4,1) defined on a
dense subspace 2 of %" and which is generated by (76) and
(77) with L,,, and B, given by (65) and (72), a result first
conjectured by Bohm.*

VI. CONCLUSIONS

We have constructed on %"
= H(m,s, + )& H(m,s, + ) the principal series UIR

(WmA2, s)

of SO,(4,1); the advantage of using %" instead of % is that
negative energy states are avoided.

Besides providing a very simple derivation of the princi-
pal series UIR’s of SO(4,1), the advantage of our method is
that, at every stage in the construction, the geometrical and
physical meaning is brought out. For example, (52) gives the
following interpretation to the Dirac matrices, I',,: im[l,
equals }iP, minus the “internal” or “spin” part, (1/4 B, of
the generators of the de Sitter boosts, on any physical system
whose states are described by solutions of the Dirac equa-

tion. It also reveals an interesting but little-known SO,(4,1)
symmetry of the Dirac equation. The possibility of such a
symmetry could have been seen from the fact that the S,,,

and — il ’sform an SO(4,1) _ TS, Supposing this to be
the spin part of the symmetry group, the only possible choice
for the oribtal part of the generators which are linear differ-
ential operators on momentum space are the M f}, and

M 4s( p = 0) up to addition of quantities which commute
with the Dirac equation. The fulfiliment of the conditions for
a principal series UIR (ym?/4 72, s), as given in the definition,
force us to (50) as the only possibility. The physical meaning
of the de Sitter boosts is still unclear.

An interesting question is whether or not our method
generalizes to an explicit construction for certain UIR’s of
SO,(n,1) and SO( p,q). The generalization to SOy(n,1) would
consist in replacing 7, by T,, _; and using higher dimension-
al spin structures. The generalization to SO p,q) would be
in replacing T, by a hyperboloid H, _,, inM,_,,:
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H,_,=p.|Z}_, (P — Efi;(Pi)2}s and again using a
different spin structure, that associated with the Clifford al-
gebras,inM, .2 Also how would our construction com-
pare to other methods of constructing representations of
SOy p,q), such as those which consider the decomposition of
the regular representation acting on . *(SO,( p,q)/
SOy(p,g — 1))?**

Finally we comment on a possible physical conse-
quence of the doubling of states. We may consider a physical
system, the relativistic rotator model,® which consists in re-
placing (P, P*)"/*by (4 °Q,)"/? as the relativistic Hamiltonian
of an elementary particle, with mass m and spin s. A possible
complete set of (esa) commuting operators™ for this system

1S
(A%Q))"/%, W, L + B, LB, B,, L..

The space on which these operators act irreducibly cannot be
Hm,s, + ) or F(m,s, — ) because B, is not essentially self-
adjoint on these spaces. From the results of the preceding
sections, we see that the Hilbert space can be chosen to be
K = F ms, + )& H|m,s, + ). As another complete set of
commuting observables we may take

P,P*, W, W, P,, 5

which correspond to the usual observables of an elementary
particle, together with an operator 3 which distinguishes
between the two #(m,s, + )’s. The symmetry group or

“dynamical group” of this model is SOg(4,1). It is possible,
at least for baryons, to identify 3 with the operator of electric
charge.’

The question of the observability of B, is similar to the
question of whether a precise description of the zitterbewe-
gung in the Dirac theory of the electron in terms of “micro-
scopic” dynamical variables is possible. The general view-
point is that such an attempt is somewhat irrelevant. For
when the Dirac equation is being interpreted at the one-par-
ticle level, the only Hermitian operators which can represent
observable quantities are those which leave invariant the
spaces of positive and negative energy solutions of the equa-
tion.*® The position operator x; and the B;’s do not satisfy
this criterion, and so it would seem, according to the general
view, they are only unobservable mathematical curiosities.
However, at least for x,, it can be argued that there are obser-
vable effects associated with it.** For example, it is 4, (x) that
appears in the formula of minimal substitution when electro-
magnetic interactions are brought in. Also it is x, together
with ¢ which form a 4-vector, a fact of great importance in
any attempt at a completely relativistic theory.*! Perhaps the
B, ’s are quantities associated with a new *“‘microscopic” ge-
ometry of the Dirac theory and can be related to some obser-
vable effect.
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APPENDIX A: PROOF OF IRREDUCIBILITY OF THE
REPRESENTATION OF SO(4,1) on #©

First we construct a representation of SO,(4,1) in the
Hilbert space of .#">-functions on the unit sphere:
S, = {feR*|ia, =03 + 47 + 45 + 23 =1} in R*
Analogous to the discussion in Sec. II1, we may describe the
projective transformations of R, which leave invariant S, it
is again an O(4,1).'® The formula of the projective transfor-
mation is the same as in (25) except that the indefinite metric
is no longer used. The representation on .%*(S;) is defined
just as in (30) and (31) (with & replaced by ), except this time
the Jacobian of the transformation (26) never vanishes. In-
troducing ¥ = mii, the generators of roiations in the various
planes of projective space can be calculated similarly as in
(36) and (37), but now contraction of two operators is with
respect to the four-dimensional Euclidean metric and Q,,
= id/du,, . (Note that all of the de Sitter boosts are hyperbo-
lic for this case.) We denote the generators by the same sym-
bols as in (36) and (37) except with carets placed over them.
Next we define a representation of SO,(4,1) on
ZL(8;)eCi 8 CH &-&Ch,. Weintroduce the quantities
yu(k, which satisfy
{7/(7(),7’(7) } =267 64, (38)
i.e., the generators of the Clifford algebra corresponding to
the Riemannian space, R*.” We define T as in (39) except
the ¥, s in these equations are replaced by 7/# k) S- The F s
and

i » "
S, = — —Z; [ Ve Ve, ]

can all be chosen Hermitian (consider the representation
7/0 = Yo 1/, =q;). The .. satisfy the commutation relations

of the Lie algebra of 500(4)§m and the :S\'W along with — if‘;
give an 500(4,1)5,“,, i, We have

(1/2)BY = (1/2m){P*S,,} = i, — i[(25)/2m]P,

(52)

ou

as the analog of (52). It is needed in order to prove invariance
of the representation defined below.

Now we consider the Hilbert space completion of the
set [inner product is given by (42')] of all completely symmet-
ric wavefunctions (£ ,---&,,) §k €C(,,) which satisfy the
Bargmann-Wigner equations (y(k Py —mip =0
k=1, 2s) Denote this space by 2. Define the repre-
sentation U of S0O,(4,1) by (50) except replace everywhere p
by u and £ by £,
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(U (@)t | C 3)
= Sexp[ - 468, +i6°T,),,. ]

XTA s)¢u§1 £2s) (6‘“:/\5}‘)' (A1)
We verify, in the same way as for %", that 2" is invariant
under the action of this representation. Since, for this case,
the multiplier is a continuous never-vanishing function on

the compact set S,,'® it obtains a nonzero minimum and the
representation is easily shown to be bounded with respect to

the inner product

(b0} = f (z s*v)aa,. 42)

Unitarity is proved by using the theorem and also Eq. (52').
We can easily verify the U (4 )’s satisfy the homomorphism
property of a /r\epresentation. Therefore, this defines a repre-
sentation on %" which satisfies conditions (i)—(iii) of the de-
finition.

At this point we must construct the positive mass UIR’s
of the four-dimensional Euclidean group (actually its cover-
ing group), E(4), analogous to Wigner’s construction of the
UIR’s of Z by Frobenius’ method of induced representa-
tions. We introduce the canonical basis of vectors |u, s, 5)
defined as"’

435y = U =L (u))]m.O)sss)
= UL w)l|m,0) ®1s:5)),

where L- '(u) is the compact analog of the Lorentz boost,
i.e., L 7 '(u):(m,00—(uym)e S,. Proceeding as in Ref. 13, we
obtain the desired form of the representation of E(4): Let
(A a) € E(4); then

/(}(//f,&)[us3s) = ¢4 > ((Zu)sgs)u@x,m(‘f ),

53

where

P =LAWAL “'(u) = R (A,u)
is a rotation in the three-dimensional spaces of u, = const
and

/m (R)_exp[ —17w’fs,j) ]

w,; being the parameters of the rotation 2. This defines a
unitary representation on -#"(m,s), the Hilbert space comple-
tion of the set of all vectors, ¢, in the linear span of the
|us,s)’s whose components with respect to this generalized
basis satisfy

W) =3 [ der vt otus) < o

[( , ) denotes the inner product on # (m,s) which makes
the |us,s)’s “orthonormal.”] The method of proof used in
Ref. 22 to demonstrate the equivalence of the representa-
tions of Z on H(m,s, + ) ® ¥ (m,s, — ) and #" can be ap-
plied in essentially the same way to demonstrate the unitary
equivalence of this representation of E(4) on 2 (m,s) and the
one defined on #" as follows:
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U (A8t )

E=- iud ; exp[ ha %l‘(a\)‘lv@uv )g H3 ] ¢(2 B lu;é—i)’

where " are the parameters of the SO,(4) transformation
A.

Next we prove irreducibility of the representation of
SO,(4,1) on #(m,s). For this we must know the UIR’s of
SO,(4); they are characterized by two numbers + j, (j, > 0)

and ¢, where j, = 1, 3, or, 0, 1, 2,-- and ¢ = j, + n,

n = 1,2,....* We denote the characters of the UIR’s by
X 1= 101 3 We can introduce a basis in a2 UIR space

H + jorc) of SO4(4) which diagonalizes SO,(3); it is de-
noted by

Ly —Js =Jorjo+ Lywse — 1.
(A2)

| J3Jsl £ Jose))s Js=JJj—

The values of the Casimir operators in 77 + j,,c) are
PO S £ ee)) = (5 + ¢ = D] A5 £ jc)), (A3)
3N sl o)) = il Jsdi o)) {A4)

To prove irreducibility, we will show that the Lie algebra of

U(SOq(4,1)) satisfies the following conditions:

(i) There exists a dense subspace & (m,s) of 7(m,s)
which is invariant with respect to the Lie algebra of

U ( SOo(4,1}); and, furthermore, all of the generators B,,, L ,,

along with the Nelson operator

R= ZBaBp + % EL#VLFW
] pyo
are essentially self-adjoint on & (m,s).

(ii) Every irreducible representation F#7{ 4 j,,c) with
Jo=3,5— 1,-~>0ands + 1<cof the Lie algebra of SO(4,1)
lies completely in & (m,s).

(i11) Every irreducible representation space H +joch if
it occurs in & (m,s), occurs at most once.

(iv) The vectors | jis;( % jo,c)) form a complete orthon-
ormal basis in #(m,s).

(v) The generators L,,, acting on the basis vectors
| iyl £jorc)) are given by

ATNIET )
= — [+ DI 5| s + @) s + 4 £iorc),
iN, ] J3 i £ joe)
=[G+ 1 =AU+ 1P = A1Z +3) + 1)
XgjiplVi+ Va+ @ js+a,j+ Ll tjoco

+ i{ joo/Lij + VN2V (g jsl Vi js + @)1 Js + g, Ji £ oc)

- [ =W =V — 117

X (g js|Vj— Vs + @) js + @ Ji( £Jo))
[g=0 tlwithTo=LT, = +(1/2) Ly, +iLy)
and Ny = L3, N, = F(1/V2) (Lo % iL5o)}; and the gener-
ators B, acting on these basis vectors are given as in Table I1
of Ref. 8. ({|gjjs| | jij + ¢) etc. are Clebsch~Gordan or vec-

tor coupling coefficients as given in Edmonds.>!
That these conditions determine the UIR
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Wm?/A%,s)

of SOy(4,1) can be seen from the decomposition of this UIR

into UIR’s of its maximal compact subgroup SO(4) written
formally as

FNm*/A7, 5)
=X S 8+ juc) ® F( — joc)), (AS)
e>5+1 j,=01,-
Jo=1/23/2,---

which we infer from the results of Ref. 8 or 16. Conditions

(ii}~(iv) show that Z* and S(m%/A %, 5) are equivalent as

Hilbert spaces, and (i) and (v) show that the representation of
SO(4) on Zis in completely reduced form with the

expression for the generators of SO,(4,1) being the same as
in a UIR (cf. Ref. 8). Therefore, they determine equivalent
representations.

Condition (i) is true because of Nelson’s theorem.** In
order to prove (ii)-(iv) we describe the E(4) analog of Joos’
results on the decomposition of a UIR of Z with respect to

SO,(3,1),* i.e., the decomposition of a positive mass UIR of
E(4) with respect to SO,(4).
We consider the set of vectors | /s, ji( + jo,¢),77) which

reduce SO(4}):
| j37j;( ijo’c):77>

= 2 J af? [u,s35(M.s)) (u,55,(M.s)| s, Ji( £ JosCh)

T (A6)
(7 is a parameter labeling the possible multiplicity).

For s = 0, (A3) and (A4) give the following simulta-
neous eigenvalue equations for the transformation coeffi-
cients in (A6) (j, = 0)*°:

Jolu | j3!j;(0,c)’7]> =j3<u | js’j;(o’c)’n)’ (AT7a)

Il j5 50,00m) =7+ Du| j» j50.chm), (A7)

Q?O(4)<u|j3’j;(orc)’77> = (C2 - 1)(u|j3,j;(0,c),77), (A7C)
where Q304 =72 4 N2, R

Normalized solutions in .£%(S,) ( = #'%) of these equa-
tions are the foutdimensional spherical harmonics,

(u| j3 j;(0,¢)) = Y' , given by’

T = Yol = 575 [(CC(_C 3 i);}!]]/z (ﬁ) :

X Y% (L) P12 ( |4o] ) ,
J lul 172 M

1’ j3 = _j’ _]+ ls--'aj’ (AS)

¢ = 1,2,"‘, _] = O,l,-..,C -

with M ? = u,, + u? the four-dimensional sphere, S;,

Y j’(u/ |u|) denoting the three-dimensional spherical har-

monic, and P~ 1, "?(x) being a Legendre function having

real parameters ¢ — } and — (j + 1).*® The normalization

factor, necessary to ensure orthonormality of the Y ; ’s,
Nic,)) = [clc +/M¥ec — 1—jI""?,

follows from the orthonormality properties of the three-di-
mensional spherical harmonics and the Legendre functions.
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The general case (s#0) is considerably more complicat-
ed. From the definition of the spinor base of E(4) [replace p
by u in (44) and neglect the factor of €], we obtain the follow-
ing transformation coefficients on which we base our discus-
sion*®:

{u’ 4;(M,S)|j3,j;( ijo:c)ﬂ?)
= Z "@Ass(L TN w))535(M3)| s i FosC)) s

EU,B;(M,S)I_]:;,];( ijO’diﬂ)

= Z 9:,3 (L () Cu,555(M,3)| 3, Ji( £ JosC)s), (A9)

[(u,4}* ={u,4|¢) and DI (A)
= D},,(A ") for A€ SO4)].
In order to determine the coefficients
{u, 4;(M.3)| 3, Ji( £ Jorc)m),
we seek the matrix which reduces the Kronecker product of

two UIR’s of SO(4), i.e., the product of a self-conjugate one
and X [+

X[E— 1,0] ®X[s,:]. (Alo)
The result obtained by Biedenharn is*
| 35 il £ Josc))
= Z_YE.r,m, ® |5, A)l(c +jolle Fjol2r + 1)(2s + 1))/
:;,r,c
s Me—1) Yetjo—1)
X (sdrm, |srjj3) X104 —1) e Fjo— )¢,
s r J
(A11)

where {---} represents Wigner’s (9-j} coefficients—or Fano’s
X coefficient™ —, Y, ,, is the vector in .£"*(S}) correspond-
ing to the spherical harmonic, Y7,,, (1), and [s, 4 ) represents
the standard basis vectors in the (25 + 1)- -dimensional UIR
of SO,(4), X ©**). We have no degeneracy and the multiplic-
ity parameter 77 has been dropped. {u, 4;(M,s)|

= (u| ® (s, 4 |,*’ sothat using (A 11), we obtain for the trans-
formation coefficients

{u’ 1‘_1;(M,S)|j3,j;( ijmc))

= > lle tiole Foll2r + N2 + 1)1 Yy, (1)

s fe—1) Yexjo—1)
X (sdrm, |srjjs) e—1) YeFjo—1)1.(AL2)
s r J

[In commuting this we have used
Yom, 815,4) = [ d025, Yoy, W)} o154
S5

together with [u', 4;(M,s)} = |u') ® |s4 ) and also {u, 4';
(M,s)|u', A;(M.s)} = s, (uu') ‘54 ‘A >

Next, from the defining properties of the | j;, /;( + jo,¢))
and the spinor basis we obtain the following equations:
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— L+ D13 q il Ui s + @)ful js+ ¢.0),
(Al3a)

Joluljsj) =

iN, (4] 3. J)
={[+ 1P =R+ 1P =12+ 3+ 1}
Xgjjlij+ 1+ @ fuljs+q.j+1)
+ if joe/Ljlj + V1'*K1q ) js| Vi js+ @) ul js+ ¢, 1)

— [P =AU = A2~ 1)j]'?
X 1g i3l — 1js + @) {uljs + ¢, /), (A13b)
(N2 + Tl jn ) = (€ + 22 — V{u| js ) (A13c)
JNf{u| j5, /) = + Golul jzr 1) (A13d)

J- day (u' u 4 |j3,j§( ijoc))*@wfu»l_? |]§’-]”( ij"C»

- 6}3138”‘6 +Jjor :tjéaccy ! (A13e)
(For simplicity we have omitted the fixed parameters M, s, c,
Jo and 4, s5,, except where necessary.)

From (A 13c) and (A13d) and (A 12) we obtain with

T=3,+S N=N,+SorT=J,+ 8, N=N, -8
[+ N3 + 32 £ 287 + 83y + SN} fua] sl + o)

=(* +jo — D{ul js il £ joc)),
+ (82 + 8T, + SNo){ul o il +joc)

= & ol ulJs Jil L joc))
(the + sign comes from N= 1/\\10 + Sandthe — sign comes
from N = N, — S). Using these equations with (A7) gives

e= + (e Fo) (A14)

(Since ¢ =, + 77 and ¢ must be positive, the solution with the

minus sign has to be discarded.) Substitution of (A 14} into
(A12) gives®®

{u, 4;(M.S)| j3, Ji( £JosC))

=(= 12 (e tjol2r + 1)]'2Y, 1 m (4)

X (s, Arm, |srifs) [.S /2 "] (A15)
- Y ] F

withj, =lc+jo—1),jo= — Y Ljo—c+1),and {--}is

the 6-j symbol as defined in Edmonds.*! The triple s, j,, j,

must satisfy the triangle inequality>®:
s —jal<ji<s+j, and s+j,+j, an integer,

from which we obtain the desired restrictions on j, and ¢:

(A16)

To demonstrate the completeness condition, we first
observe, on the basis of unitarity of the representation
(A ), the validity of the following equation’”:

s+ 1<c and jy<s.

> {ud | ja s Lo {6, 4] s J;

i3

+]0,C))

=3 Dol )L 7 0B | o il £ o))
s

X{(M,0).B"| js. ji( +joc))* Dt (L, ), (A17)
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where L 7 ! is the inverse boost taking #' to rest. We have®®

LY =0" and (L79=a, (A18)
and we observe that™
(_M_)‘/zpj - m)(lué!)
|u' c— 172 M
2~ ir+ 1172 ’ r/2 ’
~ h_(_(), 1) for 2l 1 (Al
i \M M
so that, using (A15), (A8), (A18), and (A19), we obtain
Z z {u, B | i £Joc )><(M0 B | 30 Jil £ Joe))*
& Jo Ix
2s . .
_ ~1/2 £ Jolle FJo)
— 2r+ 1 1/ ( (C 0
,;0( ) (‘,;jn VarM'?
X[ (C q:.]O)(C 'T_j() + r)! ]1/2 (1 . a )—1/4
e Fjo—1—1) ’
P J2Ji| |8 J2
<P i+ 0 ) [ 20)
X (sBrm,|srsB"YY ™({L ;= 'u},)
Eo (F (s,rsfio)){sBrm, |srsB"YY ™{L - v Ul
- (A20)

where . (s,r;11,) is the quantity in the parentheses. Substitut-
ing for the Legendre polynomial the following,*

27T V2 e Fjo—r— 1

e 1205
Pv?;},*—— 12 l#g) =

\/;(C Fio+ 1)
X{1 — uo)]M * ’”CZ LJ‘ _ i),
where C1} | (#,) is a Gegenbauer polynomial, we ob-

tain for the “‘radial part”

A2, + 172

Ja \/_2_7;77'M 3

2, —rt 17 O
X[TzfjilT)rF (1 —w3)C3 (@)

Fs,riiy) =

, Jadar S/
X;(J'f‘ )(2r + 1) ssidliso

b
Z nC,, _ ()8, -
\[2—7T7TM n—1

Using this result, (A20) becomes equal to the sum
l x
nCl (),
2 M n2‘ 1 (i)
Wthh must be interpreted in the sense of a distribution on
?(\

(A21)

Denote spherical polar coordinates on S, by y, 6, ¢ with
uy, =M cosy, u; = M sin y sin 6 cos ¢, u, = M sin y sin 9
sin @, uy = M sin y cos @ and df2g = M *sin’ y
X sin w dydfd¢. Let N = (1,0,0,0) be the north pole on S;.
We wish to show (A21) is equal to &5 (u,NV ), where 8¢ (u,u,)
is the & function on S; defined by
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L A0, P16 trits) = Plund).

Let ¢ y,n,¢;) [n = (6, ¢ }] be an element of 2. We have

Ldos} né) st 3 ecl

c=1

fy duoj a2, T= 3 YiionlIC! (i)

(A22)

277' cwl

Now let .#2 ([ — 1,1}) denote the space of all complex-val-
ued functions, f(iZ,), on the interval [ — 1,1] such that

i
f_ |f(u0)| (1— l/2a’fl<)< .

The Gegenbauer polynomials C!_, (@,) are complete in
7% [ — 1,1]), and we have the following expansion®': For

fxeZs ([—1,1])

fx)=¥ 5,Clx) (423)
with
b= f CIC R — X d (A24)
mJ -1
Also®?
Cliy=1I+1. (A25)

For fixed nand &, ¢(x,n,8,) = ¢, . (U)e-2;, [ — 1,1], s0
using (A24), (A25), and then (A23), we see that (A22)is
Y(N,¢,) [which stands for ¢{N,n,£,), n arbitrary—the value
#(N,n,g;)being the same for all (n)]. Thus (A21) is, in fact,
equal to &5 (u,N ). On the grounds of rotational invariance

[Eq. (A17)] we infer for arbitrary u’ with > = M ? the de-
sired completeness relation
Z Z (ud | o, il £joch {u's 4" j5 i £ j1e) ™
o 2 T
=8, (u,u')0 44 (A26)
since
4B(L ) BA (L ) - AA

~

because of the unitarity of the & (4 )'s for A an element of the
SO,(4) subgroup.

Finally, in order to establish irreducibility of @(‘), con-
dition (v) needs to be verified. The expressions for the genera-
tors J, and ¥, in (A13) are the same as in condition (v). To
compute matrlx elements of the generators B of the repre-
sentation %" in the | Jy Jas(c, £ jo)) basis, we may use the
commutation relations directly as is done in Ref. 15 or calcu-
late first the matrix elements of P inthe | j, j5;(c, + jo)) basis
and then determine the matrlx Elements of the B s, using
the matrix elements of P and L,,, and the equatlon“ 64

=(1/4)B,
= (1/2)(P,

/LS

= Jfm/pF].

For example, using Eq. (A7c¢) and this equation along with
the P, of Ref. 64, we obtain the following upon replacing the

+ (iA 72m)[ M,Q‘f’o“”] b}
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Ain Eq. (2.19) of Ref. 64 by + ic and choosing the phases in

their paper to be ¢ = arctan [(c + 1)/ip] and ¢ ' = arctan

{ — [(Jo — 3V/ip]:

0'])]3» (o)

= 1a( £ joc) [(j + ¢+ Ve =21, jas{ £ joc + 1))
+ 16 L o) [ FJollJ tdo + V1 Jo sl £Jo + Lie))
— el £ o) LG £ Joi Fdo+ V121 j sl o — L))
+3d (£)oc) le + e —j — DI j, js( £joe — 1),

where

a( £ jos)

—i[ fs4+3P — e+ 32} —
(Jo* — )0 —

o e ]
—(c+17]
b(_‘tjo,C)

= 41

[ (s +1° = (£jo+ V(Lo + 1 + 97} ]‘/2’
(€ =j)c® = (jo+ 1]

d( ijo»c) = - a( ijoyc - 1)’

o +joc) = b+ jo — L)

Similarly, we may write down the matrix elements of B by
the use of the above expression for B and also Eq_. (2.20) of
Ref. 64, which determines the matrix elements of P in the
SO,(4) basis.
The remainder of the Appendix will be devoted to the
proof of the unitary equivalence of 2" and #%. For this
purpose we define a transformation 7 which maps 7; into S5:

ue S;—p = ruely:p = [mug ' — mu;/uy)],
(A27)
PETy—u =77 'pe Syu = [m’py \( — mp,/po)]-
Let u—u' = Au be a conformal transformation of .S;:
40(4,1) and
uy = (@oottp + Zagu; + ag)/(a,otto + 2a,u; + a,),
(A28)
u! = (apty + 2ayu; +a,)/a, g uo + au; + a,),
with

atl atv

N

(A29)

a a

ut Hv
Under the mapping 7, we find that the corresponding point
on T35 undergoes the following transformation:

Po = aupo — Za,;p; + a,0)/(aoLo — Zao;p; + Aoo),s

(A30)

Pi =(—aupo+ 2a;p; — ap)/(ao.Lo — 2ag;p; — ago)-
J
[, U(A W] (p€) = exp[ — ip"8,, —id°T,)]
—1_—1
x ¢(A T 'p/m)

We can write this projection as A—4 with

. a, - arj a0
Z=AOZAO—1= —a; a; —dp |,
Ao, — Gy 290
(A31)
1 0 0
Ag=10 0 —1,
0 1 0
We see that A, is itself an element of SOy(4,1).%°
If peru, using (A27), we find
dds, = |m/po|* df2 . (A32)
An alternative form for (42) is given by Eq. (69):
b= [ 1m/nl S (6007 de,, (A3
T3 3

Hence, if i< P
J S [ do2s,
S; ¢

= | Im/pol¥lpo/m|* > 3 |9tr p)|? d2, . (A34)
T3 3

(for simplicity we assume the labels § and £ refer to identical

bases in their respective internal spaces, and we will use these

labels interchangeably.) Usmg this equation, we define a uni-

tary mapping /7, ,, from P9 to BV by

lpo/ml3/2~s+ip

P9

RIS Yu,E )T, )D€ )

H

(A35)
¢ (rug) E.@"’.
' O/ml3/2—s+ip
Next we choose the F ’s in terms of the I',;’s
fox =I°, fix) 7’0('«) = s (A36)

(other possible choices for the FH s would be connected to
this choice by a similarity transformation of the internal
spaces of the {’s and £’s). We have then

RIS (pg )T 56 )ul) =

S,=5, and S, =il (A37)
We now prove that
1,,0d)=uvi,, (A38)
First, because of (A31)
Uld) = UlA)U(d)U(4o)~" (A39)

Since all operators in (A38) and (A39) are unitary, substitu-
tion of (A39) into (A38) reveals that (A38) is a statement of
unitary equivalence. To prove (A38), we consider

(A40)

[a"(z_l)po/m - zan‘(A *l)pi/m +a;o(j~l)]3/2_s+ip ‘
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We also have

(UM, ¥](p.5) = exp| — i}?”'S,, — iw”T,)]

¢(T_12 ~p/m)

X 4 g —_—
[ao:(A _l)po/m — anj(A —l)pj/m + aOO(A —1)]3/245+ip
a0 ~"loo/m — Saq{d "y /m + anld )|+

a,(d ~"\po/m — Za,(d ~"p,/m + a,o(d ")

By the definjtion of the automorphism 7,

77'4 7' = 4 777!, sothat Eq. (A38) will be established pro-
vided we can show

exp[ — i(%&\)"@w - lﬁ”IA“p)]

= exp[ — ilo*’S,, —iw?T,)] . (A42)

To prove Eq. (A42), it suffices to show that it is true for
any one-parameter group of rotations in the a-b planes of
projective space. First consider a rotation in the i~ plane.
We must show

S(e") = S (e,
From (A31), ® = , and, using (50) and (A1), we obtain
S ) =

where the last equality follows from (A37). For a rotation in
the 5—i plane of projective space we have

S(e(’[)l5’) :e"?‘\’gm
by (A1), and
S(e“’IS'v) =S(e“7”5i) —et ol —ir')

using (A31) and (50) [0’ (il";) = 0*' Ss; s0 S5; = il"; and S
= —il"]. By (A37), we conclude from these two equations

~i
— inSY
s

S i _ sy
e iwS , S(ewl )Ze iwS —e

S(e) = S (e,

For a rotation in the 0/ plane of projective space,

§(e«"1°‘) — o ilB+ fralY
using (A1) and
S(eml"') —e 7a(s"’)(.

By (A36), i = S, so
§e") =S (")

Finally, for a rotation in the 5-0 plane of projective space

§(e’:"50) e- a3 _ e_zga( — i) _ e—i{c?;(fil'o)} _ S(e“”m

)

using (A31), (50), (A1), and (A36), which completes the
proof.

Now we can understand why the exp[ — iw(1/4 )B,’s]
defined in (50) do not leave J#°(m,s, + ) and #°(m,s, — ) in-
variant. Consider U (exp(4s;)), the transformation in %%
corresponding to a rotation in the i—5 plane of the projective
space defined in Sec. III. Comparing (A28) and (A30) we see
this is just an ordinary rotation of S; in the /~0 plane of u-
space. But depending upon o, points in the upper hemi-
sphere may move to points in the lower hemisphere and the

2720 J. Math. Phys., Vol. 24, No. 12, December 1983

(A41)

other way around. With the aid of the transformation 7, the
claim follows from this remark.%

APPENDIX B: PROOF OF || T2 _ 4| <l|¢/| FOR A A DE
SITTER BOOST

For a de Sitter boost in the 5-i (i = 1,2,3) plane:

1T G 9I” = (T T )
=S [ der, im/pol” (T3, 01*pE)TE 0¥} )
3

and

s f Ay, |m/pol [T 0] pi& ) [T 0] ( piE)

_ f S d02, |m/pol®
3

Y pE i p'E) f_g -
wd ~ p/m)P > ' P

’ | 2s

= [ s e mp |2
3 Po

X\~ p/m)| By (phE W psE) by (27)]

= [, I ) = I B
3

[In the second to last step we used (27) and in the last step we
used (31).
For A a de Sitter boost in the 5-0 plane, we have

2s

006(;1-“') + aoo(z o
Po

m
’

I3 0l = fdn A
Do

m2s

x gwm W p'sE)

fan |2
Po

X 252 YHpE W pE)

bPo

(since pg #0). Let ug = m/p,, then — 1 <u,<1and

[@ostol’<@os” = agp” — 1.

Hence we have |@g, + @ostlo| <|doo| + (@00’ — 1)"> ="

since |ago| = |cosh( — t)[; so
1T 7P <e > 19" (B2)

(ps3)

The proof follows from (B1) and (B2).
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In many branches of physics, it is important to know the decomposition of a product
representation p ® p ® - ® p (n times) of identical representations p of a simple Lie algebra into
irreducible components with a given Young tableau symmetry. We show that the notion of
representation indices introduced elsewhere is a very useful tool in dealing with this problem, We
calculate explicit formula for general pth order indices D ”' ( p) for all classical simple Lie
algebras. Sixth-order indices for exceptional Lie algebras are also discussed.

PACS numbers: 02.20.Sv

1. INTRODUCTION

Let ¥ be a one-particle wave function in any quantum-
mechanical system. The wave function corresponding to n
identical particles in the same state i will be described in
terms of the tensor product

¢ ® ¢ R ® 1,[;
Because of the Pauli principle, we have to symmetrize or
antisymmetrize these wave functions. In reality, the situa-
tion is more complicated in view of many internal degrees of
freedom associated with some symmetry group inherent to
the system. Let L be a Lie algebra and let p be a representa-
tion of L, which is not necessarily irreducible. We often en-
counter the following problem in many branches of physics.
We consider the nth tensor power

pPOP®--®p (ntimes) (1.1)
of a representation p, which will be simply denoted hereafter
as p". Then we first decompose p" into a sum of representa-

tions p"(I" ) possessing general permutation symmetry asso-
ciated with Young tableau’ I". We write this fact as

pr=ep"l) (1.2)

Itis also convenient to denote the representation p by a single
box 0. Then, for case n = 2 and 3, Eq. (1.2) is graphically
depicted as

{n times).

De0= Do {H,

D@D@D:@@F@BH@EED.

However, since this procedure is well known,” we will not
dwell upon it. Moreover, if the Lie algebra Lis of type 4,
corresponding to the SU(N ) group and if the representation p
is the N-dimensional defining {or basic} representation of

Ay _, then p"(I") is irreducible.’ Nevertheless, this is not
generally true if L is not of type A, _ , and/or if p is not the
defining representation of Ay _ ;. For example, let us consid-
er the case of L = D; corresponding to the SO(10) group and
of p being the 16-dimensional spinor representation with
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highest weight A. Then, we find

O = {345} @ (A, + 45, (1.3a)
816 = 672 4 144,

Q A LA (1.3b)
560 = 560,

H = (A, 4+ As) @ (A, + As) @ {A,], (1.3¢)

1360 = 1200 + 144 + 16,

where { A | stands for the irreducible representation of L
with the highest weight A and where the dimension is shown
under each representation. Hereafter we adopt the number-
ing of simple roots of L as in Ref. 3. Let us point out that we
have chosen the example L = D, because of its relevance to
the grand unified models based on the SO(10) group.* We
return to this probiem in Sec. 3.

The decomposition of p"(I” ) becomes rapidly more com-
plicated if the rank of L gets larger and/or if the dimension of
pislarger. In special cases efficient particular decomposition
prescriptions can be found such as generating functions (cf.
for instance Ref. 5). However, for a general L and p there are
no efficient general methods. An ideal method would have to
be general as to the type of the Lie algebra L, its representa-
tion p, and the symmetry I". Let us recall the known methods
to the problem which has some degree of generality at least
in one of the three quantities L, p, and /" involved.

The method of Ref. S provides the decomposition of
p"() for all I" and G compatible with the requirement that
dim p<5. In each particular case the decomposition is given
by the coefficient of the corresponding term in the power
series expansion of a generating function.

The method of Ref. 6 is general as to the choice of p and
relatively easily extendable by recursion calculations to any
I of interest. However, the Lie algebra L is only that of
SU(2). It appears that it can be extended to other L only with
extreme efforts.

In Ref. 7, besides computations of some particular cases
motivated by physics, one finds decompositions of p"(I") for
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a few lowest choices of p and I', and for the Lie algebras of
type A, with a general N.

In the absence of an ideal method, it is important to
develop methods which would allow finding the decomposi-
tion of p"(I" ) at least in most cases of interest. The only meth-
od of this kind which is general as to the choice of L, p, and
recursively extendable to rather large 7, was invented in Ref.
8 and further extended in Refs. 7 and 9. For each decomposi-
tion it provides equalities similar to the equality of dimen-
sions of representations. A decomposition is then found by a
systematic (computer) search through all possible candidates
for the decompositions which would satisfy those equalities
with the hope that the solution will be unique. It often turns
out to be the case as demonstrated in Refs. 7 and 9 on rather
large examples. The role of the dimension of representations
of L is played in these equalities by a more general (integer-
valued) quantities: anomaly numbers® and indices of repre-
sentations, '°

The recent generalization'' of the indices and anomaly
numbers allows writing even more such independent equali-
ties and thus providing a more powerful method, i.e., more
restrictions on the possible candidates for the decomposi-
tion. However, in order to make use of it, the results of Refs.
8 and 9 have to be rederived for the new indices of Ref. 11.
That is the first of the three aims in this paper. The second is
a derivation of a closed algebraic expression for the new pth-
order index for all classical simple Lie algebras. Correspond-
ing expressions for the five exceptional simple Lie algebras
cannot be obtained the same way because some auxiliary
information for that is not available in a suitable form.
Therefore as the last result of the paper we find explicit ex-
pressions for the sixth-order index for G,, F,, E,, and E,.
This index is trivial for Eq. Asinl, let D ") = Tr’J, be the
pth-order fundamental indices for a generic finite-dimen-
sional representation @ which may not necessarily be irredu-
cible. Here, J, is the pth-order fundamental Casimir invar-
iant of L [see Eq. (1.8)].

If a given representation p”(I") for a given Young tab-
leau I" is written as a direct sum of irreducible representa-
tions p; of L as

pr)y=Y ep, : (1.4)
7
then we can easily show the validity of
D“”(F):ZD“”(pj), (1.5)

7
where we have written for simplicity
D'PI'=D"7[ p"(T")] (L6)

with I"=p"(I" ) hereafter.

Note that the validity of Eq. (1.5) is nontrivial for all
values of integers p such that the pth-order fundamental Ca-
simir invariants J, exist nontrivially, as we see from the re-
sult of I. Since the value of D 7 p,) can be readily calculated,
Eq. (1.6) would furnish a strong check for the correct decom-
position equation (1.4), provided the numerical value of
D 'P(I")is calculable. We give an explicit formula for D ((I")
in Sec. 2. A formula for D 7 p) is given in Sec. 4 for any
classical simple L and its irreducible representation p. Also,
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1,(I" ) has been computed in Sec. 2 for any simple Lie algebra.
Moreover, some practical illustrative examples such as the
decompositions (1.3) are shown in Sec. 3.

For later use, we recapitulate here the definition'' of the
pth-order index D ‘7 p). Let L be a simple Lie algebra with
basis ¢,, t,,...,t;. The Lie multiplication table is written then
as

[2.:0,] = Canta, (1.7)

where the usual summation convention on the repeated in-
dex is understood. If the rank of L is r, then L has'? precisely
r fundamental Casimir invariants. We construct their basis
J, for a pth-order Casimir invariant according to the pre-
scription given in I. Writing J,, as

J, =¢""", 1, (1.8)

#p

for some totally symmetric coefficients g“'"*, they satisfy

orthogonality conditions such as
87,85 =0 (p=4),
88,18 =0 (p=5),
88, 81085 = 8 Buria8y

zg#wulﬂyg,uwigaﬂy = 0 (p = 6)
(1.9¢)

Here, we lowered suffixes by means of the Killing metric
tensor g, defined by

8y, =cTrladz, adr,), c#0 (1.10)

for unspecified normalization constant c. The explicit forms
of J, for p<5 are found in L. Let p be a representation of L,
which is not necessarily irreducible. Then, the pth-order in-
dex D '?Y p) is now defined by

D'P(p)=TrJ, =g" " Tr(X, X, ~X, ) (1.11)

where X, is the representation matrix of 7, in the representa-
tion p. When p is irreducible, then we have

D'?(p)=1J,(p)p), (1.12)
where d ( p) is the dimension of p and J, ( p) is the eigenvalue

of J, inp. If p is reducible and is decomposed as a direct sum
of irreducible components p; by

(1.9a)
(1.9b)

p=2%p,
J

then we have

D(P’(p) = ZD(p)(pj)_

The explicit formula for J,( p) ( p being irreducible) is com-
puted in Ref. 13 for cases p<4 and in I for p = 5. More gen-
eral formulas for D '# p) will be presented in Sec. 4, and the
case of p = 6 for exceptional Lie algebras is also dicussed in
Sec. S.

Also, for many practical problems, the second- and
fourth-order indices /,( p) and I, p) of Ref. 9 are very useful
in view of extensive tabulation® of their numerical values,
which are defined by

(1.13)

Lyl p)= S(M, My = Tr (g'H,H,y (1.14)
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for nonnegative integer values of p. Here, H; (j = 1, 2,...,7)
refer to the Cartan subalgebra elements of L, and the sum-
mation extends over all weights M of p. Actually, /,( p) is
simply proportional to D *( p), i.e.,

Lip) = coD ®(p) (1.15)

for some constant ¢,. Since the presence of the normalization
constant ¢, is often irrelevant, we may identify /,( p) with

D @ p). The relation between /,( p) and D ¥ p} is more com-
plicated and is discussed in Ref. 13.

Finally we simply remark that D '?( p) are also useful"
for finding the Clebsch~Gordan decomposition of the pro-
duct of two irreducible representations as well as for the
branching rules.

2. EVALUATION OF D'/(I)

Let L be a simple Lie algebra and let p be a representa-
tion of L, which is not necessarily irreducible. Any generic
element ¢ of L is written as

t=E&*t,, 2.1)
where 1,, t,,...,t; is a basis of L and where £ ', £7,....,£ 9 are
some real or complex numbers. Then, the matrix X repre-
senting ¢ in the representation p is given by

X=¢§"X, =plt). (2.2)
Here X, ( = p(t,)) is the representation matrix of 7. Let G be
a connected component of the Lie group generated by the
Lie algebra L. Then, any geG can be written as

g=¢ (2.3)

for some teL. Correspondingly, its representation ma-
trix U is expressed as

U=plg) = ¢* = expl§"X,,). (2.4
Since we have

TrX=0 (2.5)
for any semisimple Lie algebra, we find

det U= 1. (2.6)

Moreover, assuming L to be a compact Lie algebra, Uis a
unitary matrix, i.e.,

U'U=E, 2.7
where E is the identity matrix in p.

If ¢ is a vector in the representation space of p, then by
action of geG, ¥ will transform into

g
Yt = Uy, 2.8)
Let d ( p) be the dimension of p and set for simplicity
N=d(p) (2.9)

Then, in view of Egs. (2.6) and (2.7), we may regard N XN
matrix U to be an element of the defining (or basic) represen-
tation of the unitary unimodular group SU(N ). Let I"be a

given Young tableau with k rows specified by Young’s sym-

bol ( f}, fo,---of% ) satisfying
fizfazfiz 2/ 20. (2.10)
If f, = 0, then we may simply omit it and replace k by k — 1.
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Correspondingly, we often write

= (fo for-ofi)- (2.11)
We emphasize the fact that the notion of this Young tableau
is independent of any specific Lie algebra L or of the SU(V )
group under consideration. Next, consider the tensor pro-
ducty” = ¥ ® ¢ ® - ® 3 (n times) and construct the irreduci-
ble representation space ¢"(I") of the SU(V ) group with a
given permutation symmetry associated with the tableau I
out of ¢". Under the transformation equation (2.8), we will
then have

WALy M) = U ") (2.12)

for some matrix U "(I"), whose trace defines the character
xr(U)by
yrU)=Tr UNI). (2.13)

Note that the total number of boxes in the tableau I is given
by

n=fi+f++fi (2.14)

Next, we restrict SU(V ) to its subgroup G. Then, its restrict-
ed representation p”(I") will generally be reducible under G.
Our task is to compute D '? [p"(I")]. As we will see below,
this can be readily accomplished once the explicit formula
for the character y - (U) of the SU(/V ) is known. However,
since its derivation is a little complicated, we will explain it
first by a simpler example of n = 3with "= [T 11 .Inthat
case, the character is easily computed to be
(U)= L {(TrUP +2Tr(U?) +3Tr UTr(U?)],
(2.15)
where Tr U' (I = 1, 2, 3) refer to the trace with respect to the

N-dimensional space. Similarly, for the antisymmetric re-
presentation, we have

Y. (U)={(TrUP+2Tr(U% —3Tr UTr(U?)}.

XL__ED

(2.16)
Since U is defined by Eq. (2.4), the right side of Eq. {2.15) can
be evaluated as
(U)
= LN+ D)N+2)+ AN+ 2N + ITrx?
+ L (V+3)N+6TrX*+ LN+ MYTr XY
+ LIN?+ 1IN+ 54]Tr X + -, (2.17)

'YL_ELT

where - in Eq. (2.17) implies terms involving traces of higher
powers of X such as Tr X °, Tr X > Tr X7, etc.

Let X be the representation matrix of ¢ in the general
representation p"(I" ) of L. Then,

| -
U)=Tr'"exp X = — Tr(Xx )"
xrlU) P HZO ol X)
—d(l) + % Tr (X2 + %Tr‘r’(i’ P,
' ’ (2.18)

where d (I") is the dimension of p"(I") and Tr' ! indicates the
trace in the representation space p"(I" ). Now we specialize I

S. Okubo and J. Patera 2724



to correspond to the tableau [T11 and note
X=£"X,, X=¢"X,. (2.19)
Since £ *’s are arbitrary real or complex numbers, we com-

pare coefficients of &£ #:...£*7 of both sides of Egs. (2.17)
and (2.18). In this way, we find

d(I')= IN(N + 1)(N+2), (2.20a)

_1_ Ny ¥ \y— l i
5 ST = = (V4 2+ 3) 5 FTXX.),

(2.20b)
L STr(X, X, X,)
K
= % (N +3)(N +6) % STr(X, X, X,), (2.20c)
P
for p =0, 2, and 3, and
1 ~ e o~ o~
o ;:Tr‘”(xﬂx‘,xaxﬁ)
_ L 1
= S W+ 1IN+ 541 4 E};Tr(X”XVXaXﬁ)
3N+ 4) - STHE, X TAX X, ), 2.21)
PP

for p = 4. Here, the summation over P stands for p! permuta-
tions of indices u, v, @, B, etc. Multiplying g“* and g*** to
both sides of Egs. (2.20b) and (2.20c), respectively, and not-
ing Eq. (1.11), we find

D T ) = 4{N+ 2N + 3)D?(0), (2.22a)

DY I )= 4N + 3)N + 6)D(0), (2.22b)
where we identified p with the single box [ and set

D'"(Q)=D""( p). (2.23)

For p = 4, the situation is slightly more complicated. We
first note
D (2)“:')

dipg
where p, refers hereafter to the adjoint representation of L.
Multiplying g“*** to both sides of Eq. (2.21) and noting the
orthogonality relation g“”“’ggyvgaﬁ = 0 [see Eq. (1.9a)], we
find then

DY oM )=4N?+ 17N + 54D“(0O). (2.25)

We remark that if we had started from the antisymmetric

Tr(X, X,) =

, (2.24)

representation I = E [as in Eq. (2.16)], all these formulas

for D'P(I") and d (I") will remain the same if we make the
formal change N— — N. As we shall prove shortly, this
property is always valid for any tableau /" and its conjugate
tableau I *, except for the sign change factor ( — 1)* '
where 7 is defined by Eq. (2.14), i.e., n is the total number of
boxes contained in I

If we multiply g“*g* to both sides of Eq. (2.21), then we
will obtain a formula for the fourth-orderindex'! D “Y(I" ) cor-
responding to the Casimir invariant {Z,)*. This will be dis-
cussed later. However, we will consider here the index /,(I").
We restrict Greek indices u, v, a, £ in Eq. (2.21) to Cartan
subalgebra indices /, J, k, / with X, =H,X,=H,X,
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= H,, and X, = H,, and multiply g’g"'. Then, we obtain
1T ) = 4N + 17N + 54)1,0)
+ ((r + 2/7)(N + 40,

where ris the rank of L. Note that the extra term in the right-
hand side of Eq. (2.26) comes from the second contribution
on Eq. (2.21), which gives however no contribution to
D 11).

The procedure explained above is applicable to general
cases, once the character formula is given. First let

h{f)=x,U) (2.27)
be the character of the SU(N ) group corresponding to a com-
pletely symmetric representation corresponding to
I'= [T 13 (fboxes). Ifzis an arbitrary real or complex
variable, then the generating function for y (U is well
known' and is shown as

S Ay AU) =
/=0

(2.26)

1 _ &z ;
det(E — zU) ”CXP<,; ;Y ))'
(2.28)

For a later purpose we introduce a,(U ) which is the charac-
ter of the completely antisymmetric representation of the
SU(N ) group with f'boxes in the single column. Then, we
have analogously

i (— 1ZaU) = det(E — zU) = exp( -3 ZTITr(U’)).

f=0 =1
(2.29)
Now, the general character y (U ) for a given Young tableau

I with I = ( f, f5,-.-f%) is determined from the Weyl!’s for-
mula' to be

Yr(U)=deta,, (2.30)
where kK X k matrix a;; (i,j = 1, 2, ...,k ) is defined by
a; =h(f,+i—)) (2.31)

with the understanding that 4 (0) = 1and 4 (/) = O for / < 0.
Next, we restrict SU(V ) to its subgroup G and we insert

U =exp X [see Eq. (2.4)] into the right side of (2.30). How-
ever, for the purpose of calculating D (P(I" ) ( p>2), only terms
containing Tr X ” in the expansion are relevant by the ortho-
gonality conditions, Eqgs. {1.9), just as the second term in Eq.
(2.21) did not contribute to the evaluation of D ( (T3 }in
Eq. (2.25). Thus, we expand for p>2,

_ NS T L .
h(f)= IV 1) +p!B (ATrX? 4 . (2.32)
Here, we have set
(P — z (N+l_1)! _ —1
B'7(f) ;0 TN 1) (f—1F 1, (2.33)

and other terms in the right side of Eq. (2.32) are either those
involving traces of different powers of X suchas Tr X7+ ' or
terms involving products of traces such as Tr X2 Tr X7~ 2,
etc. As we shall see shortly, all these neglected terms are not
necessary for our consideration. Now, we insert Eq. (2.32)
into Eq. (2.30). The left side of y ~(U) is again expanded by
Eq. (2.18). Comparing both sides of coefficients of
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é—#.é— ﬂz_,_é- l‘p, we find
1 ~ o~ ~
_’E ;Tr(r)(X#.X#: '"X#,,)

1
=0, F ;Tr(XHIX#: X, )+ (2.34)

where the second term of the right side of Eq. (2.34) contains
products of traces such as

Tr(XHI X#I )Tr(X”‘ -'-XHP )s
etc. Multiplying g to both sides of Eq. (2.34) and noting
the orthogonality condition, Egs. (1.9), together with the rea-

soning explained in I, only the first term in the right side on
Eq. (2.34) survives, and we obtain

D'\ = Q,(I'\D'7(). (2.35)

The coefficient Q,,(7") can be readily computed as follows.
We first define & X k& matrix 4 by

Wi f _<N+i_j+j5—1)
N —WWi—j+f) N-1 ‘

(2.36)

Let B, be the (i, j) cofactor of the matrix 4 so that the k Xk
matrix B is given by

B=(4")""det 4, (2.37)

where 4 " is the transpose matrix of 4. Then, Q,(I") is now
calculated by the formula

k
QM) = 3 B'f +i—)B,
=
where B'7)( f) is defined by Eq. (2.33) with 87 f)=0 for
f<0. We also note that the dimension d (") is given by

d(I") = det 4. (2.39)

When the Young tableau I"is fixed, then Q, (/") as a function
of N is easily seen from Egs. {2.33)—(2.38) to be a polynomial
of N of degree n — 1 with n being given by Eq. (2.14). We also
remark that we have D'?(I") = D ‘P p"(I")) = 0 identically
whenever D 7 p) = 0. Of course, this fact is trivially satis-
fied, if L does not possess pth-order fundamental Casimir
invariant J,. At any rate, we rewrite often Eq. (2.35) simply
as

(2.38)

Q,(r'y=D'""(I"')/D'"(O) (2.40)
without cautioning that Eq. (2.40) is really meaningless when
we have D) =0

Next, let I * be the Young tableau conjugate to I, i.e.,
the tableau which can be obtained from /" by its mirror re-
flection with respect to its diagonal blocks. Then, by Jacobi-
Trudi, as well as Naegelsbach—Kostka identities,'* we can
rewrite the character y ., (U) of I"* in Eq. (2.30) to be

Xr«(U)=deta,, (2.41)
where k X k matrix &, is defined by
a;=alfi+i—j), alf)=a/U) (2.42)

in terms of (U ) defined by Eq. (2.29). Then, repeating the
same procedure as before, we calculate

(P % ko o~
o, r+ =215 _ s 55y, (2.4
DP(O) =t
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d(I*) = det 4. (2.44)
Here, k& X k matrix A is defined by

~ N! N

4 = — Ty ( I, )

(f; =+ N —f+j =i \f—J+i
(2.45)

and E,-j is (i, j) cofactor of the matrix 4. Finally,

BY =B'7(f +i— ') (2.46a)

B f)= — Z l,(N l), (— 1Y~ '(f—1p"(2.46b)
Comparing Eqgs. (2.38) and (2.43) and noting

— N+1-—1

() =-w(M )
we obtain an identity

Q,(F*N)=(—1)"""Qp(l, = N), (2.47a)

dr*N)=(-1d(l,—N), (2.47b)

where n is again given by Eq. (2.14) and we wrote Q, (I"), etc.
as Q, (I, N)in order to emphasize its N dependence for a
given Young tableau I". The validity of Eq. (2.47a) for the
case of p = 2 and 3 has been noted in Refs. 5 and 7. These are
also consistent with a theorem of Cvitanovi¢ and Kennedy. '

The advantage of using D '”(I") instead of /,(I") is that
its calculation is simpler. However, since an extensive table
of ,( p) and I,( p) is available,” we have computed also the
expression for /,(I") to be

L) = QyN)(0) + ((r + 2/NRACNLO),  (2.48)
where Q,(I") is defined by Eq. (2.38) for p = 4, and R (") is

given by
K (N+fti—j+ 1)
R“(F)_,-z'l( N+3 B;
n ]‘z (N +f}| + i, _jl)(N "'f;-2 + i —jz)
Py N+1 N+1
S #i
XB; i (2.49)

Note that in order to derive this formula, we had to include
terms proportional to Tr(X, X, ) Tr (X, X;) which gives no
contribution to D '?(I"). Here, B, , ; , is cofactor of the ma-
trix A corresponding to two elements 4, ;, and 4,

(£, 1, J1772), and we have set

O—ﬂlﬂ

for simplicity. As a function of N for a given I, Q,(I") and
R,(I") are readily seen to be polynomials of ;¥ of degree, re-
spectively, of » — 1 and n — 2 in agreement with the conclu-
sion of Refs. 6-9. Writing R,(I") as R (I, N ), we find also
RAC*N)=(—1)'R (I, —N) (2.50)

as an analog of Eq. (2.47). If we decompose p™(I" ) as a direct
sum of irreducible components p; as in Eq. (1.4), then /,(I")
satisfies

IWr)= 214( pj)!

which can be used as a check of Eq. (1.4).

(2.51)
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_InI wehave introduced another fourth-order index
D“(p) by

5 (4)( p) — b‘uVGBTr(XﬂXVXaXB j’ (2523)
buef = | (g™ + &g + 87g). (2.52b)

If I is a direct sum of irreducible components p; as I’
= @ p;, then we have
j

1 D%py)
6 dipo) |}
(2.53)

D)= YD p))
_ Zl_) (4)( ,0,-)’

where D I} is calculated similarly also as

D)= QPO+ LI pyrp i)y
po (2.54)

Concluding this section, we may note the following. We
have already remarked that we have D '#(I"} = O identically
for any I'if D P p) = D '?(0) = 0. This statement holds val-
id even if p ( = O) is reducible. For p = 3, this fact may have
the following physical implication, since D ) p) is the anom-
aly coefficient'® of the gauge field theory. Suppose that (I
( = p) corresponds to some fundamental constituent repre-
sentation of, say, preon, or quarks and leptons in any grand
unified theory such as SU(5) or SO(10). Then, the renormali-
zability of theory'” requires D (1) = 0. Therefore the conse-
quence D [ p"(I"}] = O implies also the fact that the effec-
tive Lagrangian field theory for any type of bound states of
these preons or quark-leptons with the same gauge fields
must satisfy also the same anomaly-free condition.

{th)(pj) _
d(p))

3. SOME EXAMPLES

In order to make our formulation useful for practical
problems, we compute here some explicit formulas for Q #(I")
and R,(I"). As we have emphasized already, they depend
only upon a given Young tableau /" and N ( = & {0)) but not
directly upon the original Lie algebra L. The simplest case is
for a totally symmetric or totally antisymmetric Young tab-
leau. We adopt here the standard notation

I TO(f times) = { £} = { fA,], (3.1)
H
o (f times) = {1/} =

Then, we use Eq. (2.38) with & = 1for Eq. (3.1)and Eq. {2.43)
with & = 1 for Eq. (3.2). The results are

{A/). (3.2)

1p) = _ =1 Nt
0,(A) =B z U T
(3.3a)
oy £ - ,,(N+1—1)!
QAN =F ; NN—=1 -
3.3b
Similarly, we calculate ( )
(v —4)
R = aw = 4]
_ _N+f+ 1
R fA)= __—(f— DN (3.4b)
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The expression for Q,(A ) may be identified with the pth-
order generalized anomaly coefficient 4, (¥, f). Equation
(3.3a) has been applied to grand unified theory by Frampton
and Kephart'® for a study of the fermion family problem in
particle physics.

For special cases of p<5, we can sum up the expression
for B'7( f) to be

B2(f) = (‘A%%:ﬁ
po =+ 2 L

(3.5)
ﬁ<4>(f):{N(N~1)+6f(N+f)}(7v%’
B Sf)
:(N+2f){N(N_5)+12f(N+f)}Wf%_T(—jj:H—”,'

For more detail see the Appendix. Then, the value of
B 7 f) can be evaluated from B f) by letting N— — N as
before. The values of Q #(A /) for the antisymmetric represen-
tations are evaluated from these to be

0=
Q) = IV~ ) i

(3.6)
Qi{As) = [N(N + 1) — 6(N — f)} (f— l(jy(ll;j)'f— )’
o:4,)
=(N—=2f){NN+5) — 12/(N — f)} 7 l{f,\(;_siﬂ_ )’

which reproduces, of course, the same results as those direct-
ly computed' " by the formula D ¥ p) = d ( p}/,,( p) for the
SU(N ) group. The results for Q,(A4,) (p = 2 and 3), are pre-
viously given in Refs. 8, 9, and 16.

Here, we present also explicit formulas for Q,(I")
(p<4), and R,(I") for cases of n = 2, 3, or 4.

(1)n=2
(1a) r= 1m0,

dirY=IN(N+1), R()=1,

QM =N+2"" (p>2)
() r=4H,

dF)=IN(N—1), RI)=1,

QM =N—-2"" (p>2).
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2n=3

(2a)

(2b)

(2¢)

(AIn=4
(3a)

(3b)

(3¢)

2728

r= oo,
d(l')= NN+ )N +2),

Qo) = 4N + 2)(NV + 3),

Qs(I") = 4N + 3)(N + 6),
Q") = }N* + 17N + 54),
R()=N+4,

QM) =IN>+1[1 + 2IN 43!

rzg,

d(l')= { NN - 1N —2),
Q") = YN — 2)(N - 3),
Os(l7) = YN — 3)(N — 6),
Qul") =4[N? — 17N + 54,

R(I')=N—4,

QM) =IN*~4[1+2°]N+ 3!
r= 7,

d(l')={N(N*—1),

O, =N?-3,

Qs =N?*—09,

Q") =N?*-127,

Ry(I") = 2N,

Q(I)=N>=3"" (p>2).

r=ronry,

d(l')= NN+ 1N+ 2N+ 3),
Q)= § (N+ 2N+ 3)N + 4),
Qi(I7) = § (N + 3N + 4N + 8),
Q)= L{N + 4)(N? + 23N + 96),
R(T) =N + 4)(N +5).

r;@,

d(l')= 4NN - 1N - 2)N —3),
Q) = §(N = 2)N —3)N —4),
Q) = (N = 3)N — 4N —8),
QuI") = } (N — 4N — 23N + 96),
R(I") = 4N — 4)}(N — 5).
r=H.

d(l') = 4N (N2 —1),

Q)= {N(N?—4),

Qi) = {N(N*—16),

Q") = {N(N?—58),
R(Cy=N?+2.
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(3d) Ir=pgo,

d(I')= {N(N— 1N + 1)(N +2),
Q)= 3} (N +2)IN*+ N —4),
QM) = 4} (N+ 44N>+ N—38),
Q") = J(N+8)(N?+ N — 16),
RI)=}3N? 4+ 9N — 38).

(3¢) I'= @]

dilN)= NN = (N + 1NV —2),
Q)= {(N—2)N? —N—4),

Qi) = {(N—4)N? — N - 38),

Q") = J(N—8)N? — N —16),
R()=13N*—9N —38).

These reproduce of course the results of Refs. 6 and 7.
More general formulas will be given in the Appendix.

We should note that for the G = SU(V) group, the nu-
merical values of /,(0J) and /,(TJ) with the normalization
specified in Ref. 3 are given by

LOy=N—1, L0 =(N— 12/N. (3.7)

Therefore, ,(I" *) for the SU(V ) group cannot be obtained
from /,(I") by simply substituting N— — N from /,(I"}), al-
though Q,(I"*) and R,(I" *) can be, respectively, obtained
from Q,(I")and R,(I" )by N~ — N. Thisis due to normaliza-
tion condition (3.7), and r = N — 1.

For a practical application of these results we note the
following. If I"=p"(I") is a direct sum of irreducible repre-
sentations p; as

r=Sep, (3.8)

then, we should have

dil')= ;d(pj), (3.9a)
()= ;lp(pj), (3.9b)
D)= ¥ D' p)), (3-9¢)
D)= ZT) “ p)). (3.9d)

Also, we remark that /,( p) and /,(I") are essentially equiva-
lent to D ?( p) and D ("), respectively, apart from some
common normalization constant. Therefore we have

L) = Qy(M)h(0). (3.10)

Also, the D ®Y(I'"} sum rule is useful only for the case of the
G = SU(m) group, since D ¥( p) = Oidentically'®for all other
simple Lie groups.

For example, consider the case of G = SO(10) with
p = Obeing the 16-dimensional spinor representation. To be
definite, we choose the highest weight of p to be A, in the
lexicographical ordering convention of simple root system of
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Ref. 3. We now want to show the decomposition
EBZ {ZAB] @ [Al +2A5} ® {AA +A5}
®{24,} o {0}, (3.11)

where {A | implies the irreducible representation of SO(10)
with the highest weight A. As we shall see, the sum rules for
d ("), LL,(I"),and ,(I" ) essentially suffice for the establishment
of Eq. (3.11). For a later purpose, we also note

O, EE] j=IN{N>—1-303""—22"1}. (3.12)

In the present problem we have N = 16 and r = 5. Then, our
formulas lead to numerical values of

d( HH )= 5440,
L H )= 26880,
I( HH )= 170880,

where we used /,(0) = /,{A5) = 20 and L,(0O) = /,(A5) = 25
for D, from the table of Ref. 3. Then, the validity of Eq. (3.11)
can be established by noting

(i) d (p) sum rule (3.9a),
5440 = 4125 + 1050 + 210 + 54 + 1;
(ii) L( p) sum rule (3.9b) forp = 2,

26 880 =22 000 + 4 200 + 560 + 120 + O;
(ii1) 1 p) sum rule (3.9b) for p = 4,

170 880 = 148 000 + 20 800 + 1760 + 320 + O,
again from the table of Ref. 3. However, the solution (3.11) is
actually not unique, since we could have used the representa-
tion (A, + 2A4,} instead of {A, + 24}, both of which have
the same values for d ( p), ,( p), and /,( p). Even the con-
gruence selection rule'® does not help us to choose one of
them since both belong to the same congruence class. How-
ever, we could resolve this issue by utilizing the fifth-order
indices D ®( p) whose eigenvalues are given by [see Sec. 4, Eq.
(4.22)]

D®(p) = 1L,LL1,1d ( p) (3.13)
for any irreducible representation p, where /; (1<j<5) are
defined by

L =/ +5—J (1<j<5), when p = (f,, fo. f3, [0, f5).
Then we calculate

D HH )=320p%()

from Eq. (3.12) and

DA, + 245) = — DA, + 2A4,) = 320D ¥(0D),

DO0O)=DAg) =1 x9N
from Eq. (3.13), while we find

D®2A,) =D A, + Ag) = D¥(24,) = D®(0) = 0
when we note /5 = f; = 0 for these irreducible representa-
tions. Then, the sum rule (3.9¢) for p = 5 can be satisfied for
the present problem only by the solution (3.11). Similarly, we
can verify the validity of Egs. (1.3} by the same technique.

Our results agree with those given by Schellekens et al.” who
have also studied many decompositions of this kind up to
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n =5 by using both /,( p) and /,( p} sum rules but not the

D ®)( p)sum rule. For more complicated Young tableaux, the
use of higher-order indices is expected to be more useful.

As we emphasized in the Introduction, the reason for

our special choice of L = Ds with p = { A5} here is motivat-
ed for its potential relevance to the grand unified theory.*
However, many other Lie algebras such as E, could also be
potential candidates for GUT. Scheliekens et al.*® as well as
Tosa and Marshak?! have studied such problems for possible
applications to preon models in elementary particle physics.

4. FORMULA FOR GENERAL INDICES

In order to apply our formalism to practical problems,
it is necessary to know the explicit form of D ”( p). Formulas
forJ,( p) with p<4 have been given in Ref. 13, while J5( p) has
been evaluated in Ref. 11. From these, we can calculate
D' p)=J,{pid (p) for p<5. However, the method utilized
in these papers is not suitable for general evaluation of
D 'P( p). We shall show that we can find a general formula of
D ?) p) for any simple classical Lie algebra L.

Forthe G = SU(N ) group correspondingtoL = A4, _,,
we observe first that p"(I") will be irreducible if we choose p
to be the V-dimensional basic (or defining) representation of
SU(N ). Therefore, the general formula for D ‘?(I") corre-
sponding to the irreducible representation I } of the SU(N )
group is simply given by Egs. (2.35)(2.38}, by choosing [J to
be the basic representation with & (CJ) = N.

The same reasoning is, however, not directly applicable
to other classical groups Sp(2N ), SO(2N ), and SO(2N + 1),
since p”({"} will not be in general irreducible even for p being
the defining representation of these groups. Nevertheless, we
can circumvent this and proceed as follows. In order to avoid
possible confusion, we simply ignore the construction of
p"(I"), and assume hereafter p to be a generic irreducible
tensor representation of these classical Lie groups, with
Young tableau specified by the integers satisfying

fi2foz2fi 0. (4.1)

We may omit f; and replace k by k — 1, if f, = 0. We also
change the meaning and notation of I so that I now signifies
the Young tableau ( f,, /5, ..., f; ) associated with the irreduci-
ble representation p. Let us first consider the case of the
Sp(2N ) group. Since the basic (or defining) representation of
Sp(2/V }is 2N dimensional, the matrix U discussed in Sec. 2is
now 2NV dimensional. We define & ( f) = y,(U) again by Eq.
{2.28). Then, the character formulas for the irreducible re-
presentation p is now given by the Weyl’s formula'

Y, (U)=ldeta (4.2)

i

where k X k matrix a; is defined by
a;=h(f;+i—j)+h(fi—i—j+2). (4.3)

Note that in order to avoid possible confusion, we used the

notation v, (U} in Eq. (4.2) instead of y - (U ) of Sec. 2. Never-

theless, we can utilize exactly the same procedure of Sec. 2

for evaluation of D '?( p), once the character formula Eq.
(4.2) is known. We define the k& X k matrix 4 now by

AN+ f, +i—j N+ f, —i—j+2
A":( gN j)+( f;2N ! )'(4'4)
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Let B;; be similarly (i, j) cofactor of the matrix 4 so that

B=(4")""det 4, (4.5)
again in the matrix notation. We now set
L(2N+1—1
grin=3 (N (4.6)
and e
Up):B(Pl(fjj +l'—j)+ﬁ(m(fj‘v~—l'-—j+2). (4.7)

Note that B8'#( f) given by Eq. (4.6} is the same as in Eq. (2.33)
if we let N—2N. We now find

D' p)=Q,(p)D'"(D),

1 k
Qp(p) = = Z Bij%j"h
2 ij=1
where (is now the 2V-dimensional basic (or defining) repre-
sentation of Sp(2/V ). We also have

d{p)=1det 4. (4.10)

We next consider the case of the SO(2¥ + 1) group,
corresponding to the Lie algebra B,. We first restrict our-
selves to the irreducible tensor representation p with the
Young tableau I = ( fi,....f; ) satisfying Eq. (4.1). The matrix
U of Sec. 2 is now chosen to be a (2¥ + 1)-dimensional basic
representation. The character formula for this case is given
byl,ZZ

(4.8)

(4.9)

X, (U)=1deta,, (4.11)
a;=h{fi+i=+hlfi—i=j+2)
—h(f+i—j—2—h(f,—i—]) (4.12)

The corresponding k& X k matrix A4 is expressed now as
_(2N+j;.+i—j> <2N+fj—i—j>
B 2N Y
+(2N+j]—i—j+2) (2N+jj-+i-—j—2)
2N 2N '

i

(4.13)

while B; is again defined as (/, j) cofactor of the matrix 4.
Also, setting

v =B +i—)+BNf —i—j+2)
_Blm(fl‘_ _l'_j)—[)’(p'(f} +i—j—12), 4.14)

poun= 5 (M Nr—rrs

we find the validity of Egs. (4.8) and (4.9) again for the case of
SO(2N + 1). We can generalize our formulas for spinor re-
presentations as follows. The most general irreducible repre-
sentation of the Lie algebra B, is well known to be charac-
terized by N nonnegative numbers f; satisfying

[12fa>2fy >0. (4.16)

The tensor representations correspond to the case when all /;
are nonnegative integers. Also, if wehavef, . | =f, ., =

= fv = 0, then we may simply drop all these extra symbols
f; (k + 1<j<N)asin Eq. (4.1). However, we have to use posi-
tive half-integer values for f; for spinor representations, so
that we must always set k = NV for such cases. Regardless, we
generally define /, by

(4.15)

(4.17)
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for 1<j<N. It is known that the dimensional formula for
d ( p)is acompletely antisymmetric polynomial of /,, /,,.... 5.
Similarly, from explicit formulas of nonsymmetrized Casi-
mir invariants 7 \¥-*)( p) calculated by many authors,~** we
can show?’ that the 2pth-order Casimir invariant J,,( p) is a
totally symmetric pth-order polynomial of /3,73,..., 73,
Since this fact holds valid irrespective of whether p is a tensor
or spinor representation of B, and since @, ( p) in Eq. (4.9)
can be rewritten as antisymmetric polynomials of /, /,,..../y
for £ = N, we conclude that formulas (4.8)-(4.10) must also
be valid for all these cases if we set & = N.

The case of the SO(2V) group corresponding to the Lie
algebra D, is slightly more involved. Any irreducible repre-
sentation p of D, is characterized by N real numbers

Sis Soses [ satisfying now
fl> 2>"'> N I>VV‘>O‘ (418)

where the f; are simultaneously either all integers or all half-
integers, depending upon the tensor or spinor representa-
tions. Also, if fy 70, we have to distinguish two distinct irre-
ducible representations corresponding to

p= (fl,flz,...,f}v 1 ,f}v);
p’ = (f],fz,...:fzxu 19 _f’\')

Now, the Lie algebra D, possesses N fundamental Casimir
invariants®® which can be classified into two classes. The first
class may be called regular ones with Casimir invariants
Jos Juseees Jon . 5, While the second one consists of one N th-
order invariant we specify by J,. When we set

L=fi+N—j (4.20)
for 1<j<N, then eigenvalues J,,( p) (1<p<N — 1) of the re-
gular class Casimir invariants are pth-order symmetric poly-
nomials?’ of /2, 72,..., [ %, while we have!3-324.26

Tytp) =1l (4.21)
Therefore, the N th-order index D ¥ ( p) corresponding toJ
is simply given'' by

Bm’b(p) — [llzll.\d(p)

(4.19)

(4.22)

The special case of N = 5 reproduces the result of Eq. (3.13),
although we changed the notation there simply as D ®( p).
Noting /,, = f,, we also see that we have

5 Wi p')= — B |N)(p) (4.23)

for two irreducible representations p and p’ given by Eq.
(4.19). Contrarily, we have
D(pl(p') =D'p'[p)
for the regular class indices.
In view of Eqs. (4.23) and (4.24) it suffices to consider
only the cases of fy, >0 for the regular indices D 7 p). Again,
first consider the case of tensor representations with Young
tableau (4.1). The character formula for the SO(25 ) group for
this case is then exactly the same’*? as for the SOQ2N + 1)
except for the face that Uis now a 2NV X 2N defining repre-
sentation of the SO(2V ). Therefore, for a fixed Young tableau
T = (fi, fo--of3 ) with a fixed value of k, the formula for
D P p) remains exactly the same and is given by Egs. (4.8)
and (4.9) except that we have to replace 2V by 2V — 1in Egs.

(4.24)
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(4.13)—(4.15). Note that this replacement is consistent also
from the transition of /; defined by Eq. (4.17) to that of Eq.
{4.20). Once we have shown this, the general case involving
the spinor representations can be dealt with just as in the
SO(2N + 1) case, simply by setting k = N in the formula
thus obtained. We should remark that the replacement of ¥
by N — 1 from the SO(2N + 1) to SO(2N ) group should be
made before we set kK = N. Otherwise, we will obtain incor-
rect results. We can verify these facts more directly for di-
mensional formula of d ( p) as well as for explicit formula of
Jo(p) and J( p) given in Ref. 13.

For the SO(2N ) group, we note D V(1) = O for the basic
representation [J. Also, we shall give here expressions of
D'?(A,) and D '?( fA ) of SO(2V), corresponding to totally
antisymmetric and totally symmetric irreducible representa-
tions to be

L — 1-3
0, (=% {(2]\7 +ll 1) B (ZNlt ,

1=0

Wr—re-s
(4.25a)

Ay = — é(— l)f"(z?’)(f—l)"*‘, (4.25b)

=

where D7 p) = Q,( p)D'P(D), again.

5. SIXTH-ORDER INDEX

We have computed D '?)( p) for all simple classical Lie
algebras A, By, Cy, and D in the previous section. Unfor-
tunately, the same technique used there is not applicable to
five exceptional Lie algebras G,, F,, E, E,, and Ey, since
analogous simple characteristic formulas for these algebras
are not available. We know that all these Lie algebras possess
nontrivial second-order index D ?( p), but not the fourth-or-
der one D p). E, alone has nonzero fifth-order index
D ®)( p) which can be computed asin I. The next higher sixth-
order index D ¥ p) is however nontrivial for G,, F,, E,, and
E, but not for E;. It 1s of some interest both theoretically and
practically to evaluate D ®( p} for these algebras. For this
purpose, we have to utilize the method given in Refs. 13 and
I. Below, we shall sketch a procedure which will enable us to
compute D ( p). As aby-product, we find a sixth-order trace
identity for those algebras.

Let p be a generic irreducible representation of a simple
Lie algebra L.

Let A be the reference representation'**® which we may
identify with the lowest-dimensional basic representation of
L. Let x,, be the representation matrix of the basis z, of L in
the representation A, and set

13,26

1
hu.m# = . z Tr(xmxﬂz'"xup) (5.1)
PP

as in I with normalization condition'?
8. =h,, =Tr(x, x,) {5.2)
Then, a pth-order Casimir invariant ,( p) can be defined by
L(p)=h""""X, X, ~X, (5.3)

where X, is the representation matrix of t, in p. Hereafter,
we assume for simplicity that the algebra L is not of type 4,
(N>2). We can construct the sixth-order fundamental Casi-
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mir invariant Ji( p) as follows. First we set

1 d(pg) 1 Dm( Po)
S(p)= = Z _\ro
P1= % +d(po)m[ dip) 3 DUp)
30 DY(p)
— 1 d(po) 2_ i d(pd D?(py
T = S dtn ({[ d(p) J 2 d(p) D?p)
1 [D%(pd | 5.5
12 [ D(p) ” (33
and moreover, define
1
a,uvﬂ.aﬁy = ﬁ ;g,uvgiaﬁy’ (56)
1
b,uv/laﬁ'y = mggyvg/{agﬁy’ (5'7)

where p, is again the adjoint representation of L.

Here, the summation is over all 6! permutations P of six
indices u, v, A, @, 3, and ¥ so that the right sides of both Egs.
(5.6) and (5.7) consist of 15 different terms. The explicit form
of 8,43, is found in Ref. 13. We now set for any simple Lie
algebra other than the type 4, (N>2),

g,uv/laﬂy = [2 + d ( pO)]h‘uwlaBy
- S(/{ )ayvlaﬁy - T(ﬂ’ )b,uv/laﬁ}/’ (58)
which can be shown to satisfy the orthogonality condition
(1.9¢). Then, the sixth-order fundamental Casimir invariant
Jo( p) is now given by

Jo(p) =g "X XX, X, XX, (5.9)
Let X beasin Eq. (2.2). Then, following the procedure of Ref.
13, we can prove the sixth-order trace identity
[2+d(pITr X°— 1512 +d(po)}S(p){Tr X *

—K(p)Tr X }Tr X> — 15T (p)(Tr X %)’

= Cyft)D ) p) (5.10)
for any simple Lie algebra other than 4, (¥>2), D, and D,,
where C,(¢) depends upon the generic element z€L but not
upon p. Also, we have set'*?®

@
22+d(pl) U d(p) D™ (p)
We now restrict ourselves to Lie algebras 4,, G,, F,, E, E.,
and E,, where we have identity?®
TrX* — K(p)(Tr X = 0. (5.12)
Of course this fact is related'? to identical vanishing of
D) p) for these algebras. At any rate we then have
[2+d(pg]Tr X° — 15T ( p)(Tr X °) = Cy(t)D " p)
(5.13)

for all these Lie algebras. Correspondingly,'* we define Z P
by

K(p)=

T(p) (r+ 2j(r + 4

T p) = — Lp)]?,
ol p) = 1o p) 21 dipy > (L(p)]
(5.14)
where ristherank of L and 7, ( p) is defined by Eq. (1.14), i.e.,
Lylp)= (M, M. (5.15)
M
S. Okubo and J. Patera 2731



Following the same reasoning given in Ref. 13 to establish
the relationship between /,( p) and D “( p), we can now find

1y p) = const X Dy( p). (5.16)
Expressing T'( p) in terms of /,( p), we can rewrite /( p) as
76(}0) =l p)
1 (r+2)r+4) 1
12 r [2+d(po)][4+d(po)l

x{lz[ (d()p)(p) }

_6 d (po)lal po) L{ p) + [lz(Po)]z}lz(P)- (5.17)
d(p)

Therefore, if we compute I p) by Eq. (5.17), we can then
numerically evaluate D[ p) apart from the normalization
constant for exceptional Lie algebras G,, F,, E¢, and E,. Sim-
ilarly, let H, (j = 1, 2,..., 7) be elements of a Cartan subalge-
braof L, and let v/ (j = 1, 2,..., 7) be an arbitrary but fixed
vector in the root space. If we choose
X=3 vH,
Jj=1

in Eq. (5.13), it gives

[2+d(po)]le(p) ~ 15T (p)[15(p)]’ = const XD p),

(5.18)
where we have set®
15(p)=So. MY (5.19)
M
asin L. From Egs. (5.18) and (5.19) we may numerically com-
pute D ®( p) again.

For Lie algebras 4, and Eg, both I( p) and D ®( p)
should be identically zero, since these possess no fundamen-
tal sixth-order Casimir invariants.'? Especially Eq. (5.13) re-
quires the validity of

[2+d(p)]Tr X — 15T (p)Tr X2 =0 (5.20)

for any generic element X of 4, and Eg.For 4, the relation
Eq. (5.20) or /¢( p) = O gives an identity

3 mt= S N NG +

a 21
—3i+ 1)+ 13} (5.21)

for all positive integer and half-integer values of j, i.e., for
Jj=14,1, 3,2,... Equation (5.21) can be more directly veri-
fied. We remark that the validity of Eq. (5.20) for Eg has been
previously noted elsewhere.”®

The numerical evaluation of /( p) and hence of D ( p)
for G,, F,, E,, and E, will be reported elsewhere.

Note added in proof: After this paper had been complet-
ed, it came to our attention that there are additional refer-
ences which are also of some relevance to the subject matter
of this paper.>*->* The present authors would like to express
our gratitude to Professor R. C. King for calling our atten-
tion to these references.
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APPENDIX

Here, we shall give formulas ford (I"), Q,(I"),and R(I")
of Sec. 2, when we have k = 2 with I” being specified by two
integers f| and f;, satisfying

fi12/3>0. (A1)
It is convenient to set
O=fi+1 O,=f. (A2)
Then, from Egs. (2.36)—(2.39), we calculate
d(r):(el_ez)(N—i—G,~2]!(N+62—2)!, (A3)
(N — DN — 2)16,16,!
1 (N+6,—2)
I = (p)
0N = G | P B e
N+6, 1),
- e
+ (N+692! 1)!B(pb(g] _ 1)
_IN46,=2) 5y
e e (A%)
R, = 1 (VN + 0N+ 6, —2)
(N + 3NN — 1) (6, — 2)16,!
X {{N —1)(6; — 2) — (N + 3)6,}
i 1 (N + 8, — 2N + 6,)!
(N + 3N — 1) 6,6, —2)!
X {(V+3)8, — (N — 1)(92 —2)}

T NN+ 1) (6’ - 1)'(92 - 1]
which are odd functions of 8, and 6, when we interchange
them. Then, all formulas of Sec. 2 can be obtained as special

cases of these formulas when we also utilize Eqs. (2.47) and
(2.50). Especially for f; = fand f, = 1, we calculate

N+ 2
Ry (S _

(A1) = T {ﬂV
+(f2—2f+6)N—(f+5)(f—2)}, (A6)
(N+/=1) (p) (p

QA= T H B =B+ )
_ (N+f=2F 1
“Noroow—y VY
2 (N41—1)

Hf=1y~", (A7)

A (1 + 1Y — 2t
which for example gives for f= 3,
Q,(3,1) = 4N +2°7)IN? + N —2°).
The function 8?7 f) defined by Eq. (2.33) may be rewritten as

o IN+p+f—I—1
poun="sar(" 0T A8
Bon=-"si-var(777) (A9)
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where af' ( p>2) are determined by the generating function
of the form

p—1 (Pl 1 d)p_
Y aPz = | ——z)"(zZ;

I=1

LI |
1—2z

—(1l—zpS 17 (A10)

For p<35, Eqgs. (A8) and (A10) lead to Eq. (3.5), while for
p = 6 and 7, we compute

p=6 af=af=1,
@ = alf = 26, (A1)
a¥f = 66,

p=7 al=al =1,
ol = ol = 57, (A12)

al) = al = 302.
Using the formulas given here together with Egs. (2.47) and
(2.50), we can compute all @, [ p°(I")] and R,[ p°(I")] for
n = 5 except for the Young tableau I, specified by
1]
o= H , fi=3, Li=f=1 (A13)

Because of this, we also calculate here the corresponding
formulas for this case to be

d(ly)= L N(N>—1)N>—4), (A14)
Qoly) = (N2 —4(N? —5), (A15)
Qi(Fo) = L (N*— 1TN? + 100), (A16)
Q) = 1 (N*— 33N 2 + 500), (A17)
R4y =N(N?—12). (A18)

Finally, we shall make a comment on the Clebsch-Gor-
dan decomposition. Let p,, and p be two representations of
L and suppose that the product representation p, ® pp will
decompose as

Pa®pp = Z &p; (A19)

7
of a sum of representations p,. We have shown in I that we
have the sum rules

d(p4)DP(pg)+d(ps)D P (py) =YD (p;) (A20)

as well as
d(p D ps)+d(ps)D“p,)

Aed*2 peyy 10 p,) = $Dp)), (A21
(Po) J

where D “( p) is defined by Eq. (2.53). We now consider the
case of the G = SU(N ) group, and apply the results of Sec. 2
to Egs. (A20) (with p = 4) and {A21). Also, in conformity
with the notation of Sec. 2, we use Young tableau symbols
Iy, I'y, and T for corresponding irreducible representa-
tionsp ., pp, and p;, respectively, of the SU(NV ) group. In this
way, we find the sum rule

+2

d(L4)R () + d(Is)RoL ) + 2ol 4)QuI ) = Y Ry(T})
vy
for the Clebsch—Gordan decomposition of the product of the
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Young tableaux 7", and I,

Fyely=Yeol, (A23)
7

of the SU(V ) group. Noting R,([J) = Oand Q,([J) = 1, wecan
calculate R,({I") for many I" by repeated uses of Eq. (A22)
from some known values of R,(I",) and R,(I;). Also, Eq.
(A22) may be used as a check for the validity of the correct
Clebsch—-Gordan decomposition, Eq. (A23). Similarly, for
any p satisfying N>p, we must have

d([4)Q, () +d([5)Q, () = Y.0,([}). (A24)

'H. Weyl, Classical Groups (Princeton U. P., Princeton, NJ, 1939},

*M. Hammermesh, Group Theory and its Applications to Physical Problems
(Addison-Wesley, Reading, MA, 1962).

3W.G. McKay and J. Patera, Tables of Dimensions, Indices, and Branching
Rules for Representations of Simple Lie Algebras (Dekker, New York,
1981).

*H. Fritzsch and P. Minkowski, Ann. Phys. 93, 193 (1975); H. Georgi, in
Particles and Fields, edited by C. E. Carlson (AIP, New York, 1975).

*J. Patera and R. T. Sharp, J. Phys. A: Math. Gen. 13, 347 {1980).

“J. Patera and R. T. Sharp, J. Math. Phys. 22, 261 (1980).

"A. N. Schellekens, I.-G. Koh, and K. Kang, J. Math. Phys. 23, 2244
(1982).

8]. Patera and R. T. Sharp, J. Math. Phys. 22, 2352 (1981).

°J. McKay, J. Patera, and R. T. Sharp, J. Math. Phys. 22, 2770 (1981).

19]. Patera, R. T. Sharp, and P. Winternitz, J. Math. Phys. 17, 1972 (1976);
erratum 18, 1519 (1977). We have replaced the symbol 7*' to [, ( p) here,
however.

'1S. Okubo and J. Patera, ““General indices of representations and Casimir
invariants,” (to appear in J. Math. Phys.) This paper will hereafter be
referred to as L.

12J. Dixmier, “Enveloping Algebras” (North-Holland, Amsterdam, 1977).

1S, Okubo, J. Math. Phys. 23, 8 (1982).

"“E. g., see D. E. Littlewood, The Theory of Group Character (Clarendon,
Oxford, 1940), pp. 88 and 89.

'SP, Cvitanovié¢ and A. D. Kennedy, Physica Scripta 26, 5 (1982).

'°J. Banks and H. Georgi, Phys. Rev. D 14, 1159 (1976); S. Okubo, Phys.
Rev. D 16, 3528 (1977).

'D. Gross and R. Jackiw, Phys. Rev. D 6, 477 (1972); C. Bouchiat, J.
Illiopoulos, and P. Meyer, Phys. Lett. 35, 519 (1972); H. Georgiand S. L.
Glashow, Phys. Rev. D 6, 429 (1972).

'$P. H. Frampton and T. W. Kephart, University of North Carolina Re-
ports IFP-184-UNC (1982} and IFP-191/192-UNC, 1983.

'°F. W. Lemire and J. Patera, J. Math. Phys. 21, 2026 (1980).

29A. N. Schellekens, K. Kang, and L.-G. Koh, Phys. Rev. D 26, 658 (1982).

2'Y. Tosa and R. E. Marshak, Phys. Rev. D 27, 616 (1983).

22F. D. Murnaghan, The Theory of Group Representations (John Hopkins,
Baltimore, 1938).

#J. D. Louck, “Theory of angular momentum in N-dimensional space,”
Los Alamos Scientific Lab, 1960 (unpublished).

**V. S. Popov and A. M. Perelomov, Yad. Fiz. 5, 693 (1964) [Sov. J. Nucl.
Phys. 5, 489 (1964)].

23C. 0. Nwachuku and M. A. Rashid, J. Math. Phys. 17, 1611 (1976).

2¢S. Okubo, J. Math. Phys. 18, 2382 (1977).

*"This fact has been shown in Ref. 26 for the nonsymmetrized Casimir
invariants I} °'( p). However, the transition from I ¥ ¥( p) to J,,, ( p) does
not spoil this property as we see from the discussions of I and of Ref. 13.

288, Okubo, J. Math. Phys. 20, 586 (1979).

Y. Tosa, R. E. Marshak, and S. Okubo, Phys. Rev. D 27, 444 (1983).

°B. G. Wyburne and P. H. Butler, J. Phys. 30, 181 (1969).

*'P. H. Butler and B. G. Wyburne, At. Data 3, 133 (1971).

2P, H. Butler and R. C. King, J. Math. Phys. 14, 741 (1973).

M. J. Englefield and R. C. King, J. Phys. A 13, 2299 (1980).

**B. G. Wyburne and M. J. Bowick, Austr. J. Phys. 30, 259 (1977).

**B. G. Wyburne, Auster. J. Phys. 34, 417 (1979).

S. Okubo and J. Patera 2733



Computation of nonlinear behavior of Hamiltonian systems using Lie

algebraic methods
Alex J. Dragt® and Etienne Forest®®

Center for Theoretical Physics, Department of Physics and Astronomy, University of Maryland, College Park.

Maryland 20742

(Received 15 March 1983; accepted for publication 18 July 1983)

Lie algebraic methods are developed to describe the behavior of trajectories near a given trajectory
for general Hamiltonian systems. A procedure is presented for the computation of nonlinear
effects of arbitrarily high degree, and explicit formulas are given through effects of degree 5.
Expected applications include accelerator design, charged particle beam and light optics, other
problems in the general area of nonlinear dynamics, and, perhaps, with suitable modification, the

area of S-matrix expansions in quantum field theory.
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1. INTRODUCTION

In many cases one knows a particular trajectory for a
Hamiltonian system, and wishes to find the behavior, both
linear and nonlinear, of trajectories near this known trajec-
tory. For example, one knows the central design trajectory
for an accelerator, and wishes to obtain information about
the trajectories near the design trajectory.' Similarly, in the
field of light optics (as well as charged particle beam optics)
one knows the path of the axial ray, and wishes to character-
ize the behavior of rays near the axial ray.” Our purpose is to
indicate how this problem can be treated with the aid of Lie
algebraic methods. We expect that our results will have im-
portant applications both in accelerator design and optics,
and in the general area of nonlinear dynamics. With suitable
modification, there may also be useful applications in the
area of S-matrix expansions in quantum field theory.

2. PRELIMINARY CALCULATIONS

To set the stage for further discussion, consider Hamil-
tonian motion in a 2n-dimensional phase space with general-
ized coordinates g,---g,, and generalized momenta p,---p,,. It
is convenient to treat these quantities together by the intro-
duction of a 2n-vector z having the g’s and p’s as compo-
nents,

(Z1220) = (1G> D1 D) (2.1)
In this notation, we wish to deal with motion described by
some Hamiltonian H (z, ).

Now suppose that z¥(¢ ) is some given trajectory, which
is assumed to be known, and that our task is to characterize
all trajectories near z £ Introduce 2n new variables § by the
rule

z=z%+¢. (2.2)

The transformation (2.2) is canonical. Consequently, the
time evolution of the new variables § will also be described by

4 From a dissertation to be submitted to the Graduate School, University of
Maryland, by Etienne Forest in partial fulfiliment of the requirements for
the Ph.D. degree in Physics.

®'Work supported in part by Department of Energy Contract ASOS-
80ER 10666.

“'Work also supported in part by National Sciences and Engineering Re-
search Council of Canada.
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some Hamiltonian. Call this Hamiltonian H "*( £, ¢ ). Evi-
dently, the problem of studying trajectories near z 4 is equiva-
lent to studying the trajectories governed by H™™*( £, ¢) in
the case where £ is small.

What is the relation between H (z, ¢) and H"™( &, t)?
Suppose that the quantity H (z¥(¢) + &, ¢ ) is expressed as a
power series in § by writing the expansion

HEe ) +60= S H(61). (2.3)

m=0
Here each quantity H,,( &, t ) is a homogeneous polynomial
of degree m in the components of . Then it is easily verified
that H"( £, t) is given by the expression

H™(&0)= S H,(&01) (2.4)

m o= 2

3. LIE ALGEBRAIC TOOLS

The purpose of this section is to present a brief sum-
mary of the Lie algebraic tools and concepts required for our
purpose. A more complete discussion may be found else-
where."?

To begin, let fbe a specified function on phase space,
and let g be any function. Associated with each fis a Lie
operator that acts on general functions g. The Lie operator
associated with the function fwill be denoted by the symbols
: f5, and is defined by the rule

Sg=1/8l (3.1)
Here the square bracket [ , ] denotes the familiar Poisson
bracket operation of classical mechanics.

Let the symbols {: f,: g:] denote the commutator of
two Lie operators : f: and : g,

i fegl=:fiig— g L (3.2)
Then it can be shown from the Jacobi identity for Poisson
brackets that one has the relation

{:fo:g:) =:0/gl- (3.3)
That is, the commutator of two Lie operators is again a Lie
operator, and this Lie operator can be calculated in terms of
a Poisson bracket. This fact will be essential for later discus-

sion.
Next consider the object exp(: f3), called a Lie transfor-
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mation, and defined by the exponential series

@ :j‘:m
exp(: fi) = - (3.4
p(: /1) mgo pr
More explicitly, the action of exp(: f3) on any function g is
given by the expression

exp: flg=g + [/ gl + [ALf glV2! + - (3.5)

Now consider all phase-space trajectories generated by
the Hamiltonian (2.4) that start at some initial time ¢ and
end at some final timet ™. Let £ ™ denote an initial condition
at the initial time ¢ ™", and suppose the trajectory with this
initial condition arrives at the point £ " at the final time 7 ™"
Evidently, this following of trajectories assigns to each ™ a
unique £ ™. Equivalently, we say that the Hamiltonian (2.4)
gives rise to a mapping .# (in general nonlinear) with the

property
é—ﬁn:./%é—in. (36)

Observe that, by construction, { = 0 is a trajectory. It
follows that .# maps the origin of phase space into itself. In
this circumstance, there is a factorization theorem which
shows that .# can be written as an infinite product of Lie
transformations in the form*

M = - exp(: f5:) expl: fi:) expl: f5:) expl: f22). (3.7
Here each function f,, is a homogeneous polynomial of de-
gree m in the variables £ ™.

Evidently, a knowledge of .# is equivalent to a know-
ledge of the trajectories generated by the Hamiltonian (2.4).
And, according to{3.7), a knowledge of .# amounts to deter-
mining certain homogeneous polynomials f, f;, f;, etc.

With this brief background, we can be more specific
about the contents of the remaining sections of this paper.
Our aim is to derive explicit formulas for the polynomials £,
/5 etc., that characterize .# in terms of the polynomials H,,
H.,, etc., that characterize H ™*.° Sections 4-9 and an appen-
dix develop various mathematical tools. Formulas for f; and
J4 are given in Sec. 10, and formulas for /5 and /., as well as
additional tools of use for the general case, are given in Secs.
11 and 12.

4. EQUATION OF MOTION FOR .#

For ease of notation, we will henceforth drop the super-
script “new” and simply write H for H""({, t). Also, we
will view ¢ ™" as a variable time, and simply refer to it as the
time ¢. Thus, we write (3.6) in the form

)= &M (4.1)

Suppose g is any function on phase space. Then, because
.# is a product of Lie transformations, it can be shown that
# has the property'~

g(S) =gl ™) = gl {™) (4.2)
Now take the time derivative (along a trajectory) of both
sides of (4.2) to obtain the relation

8(8)=-Ag(L™). (4.3)
From the equations of motion it follows that g is given
also by the Poisson bracket equation
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g(&)=1[8l&) H(E 1)) (4.4)
Manipulate the right-hand side of (4.4) to obtain the relation
[g(&) H(G t)] =[glal™), H(AL™, t)]
= [Ag( &™), AH(LM 1))
=M gl &M H({M )]
=4[ —H(;"1),8({™M)]
=.M:—H(L™ t):8(5™). (4.5)

Here use has been made of the further property of .# that it
can be taken outside a Poisson bracket.'”
Now compare Egs. (4.3)—(4.5). One finds the result

ML) =M~ H (L™ 1) 8(E™). (4.6)

Since the function g is arbitrary, it follows that .# obeys the
equation of motion

M= M —H(E™ ). (4.7)

5. SOLUTION IN THE COMMUTING CASE

Suppose the time interval (¢'", ") is divided into N
equal subintervals of duration At. Introduce intermediate

times ¢ "™ by the rules
t' =" 4 mAt, m=0, 1,..N,

1NV =g

(5.1a)
9=y (5.1b)
Also, introduce the shorthand notation

H"™=H(¢™ ™), (5.2)

Then, to lowest order in 4z, a Taylor expansion gives the
result

M) = A+ At) = M)+ A () At
=Mt 4 #(t"™): — H"™: At
= ("I +:— H"™: At)
= . (t"™) exp(: — H"™: At). (5.3)

Here .#" denotes the identity operator, and use has been
made of the equation of motion (4.7).

Equation (5.3) can be solved sequentially to give the
result

M) = () exp(: — H'O: At) exp(: — H'": Ar)
Xexp(: — HW™ -1 Ar), (5.4)

Thus, in view of (5.1b) and the fact that .# (¢ ™) must be the
identity operator .#, we have tolowest orderin A¢ the formal
solution

M =exp(: — H: At)exp(: — H'": A1)
weexp(: — H'W =1 4r). (5.5)

At this point it is possible to make two observations.
First, suppose that for any two times ¢ 'and ¢ ” the Hamilton-
ian A has the commuting property

{tH(E™ ')y H(EM )] =0, (5.6)
or, equivalently, in view of (3.3), the property
[H(¢m ), H(EM )] =0. (5.7)
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[Note that (5.7) will certainly be satisfied if H is time-inde-
pendent.] Then the various exponents in (5.5) all commute,
and therefore can be combined into one grand exponent to
give, to lowest order in 4¢, the result

M =expl: —H: At 4 — H'": 8t
4+ HY U Ar), (5.8)

Upon taking the limits N — «, At — 0, we obtain the exact

result
——exp( f H({" ') dt’ ) (5.9)

Here we have again followed our convention of viewing ¢ ™"
as a variable time, and simply referring to it as the time .
Note that the correctness of (5.9) can also be checked direct-
ly, by simple differentiation with the aid of (5.6), to repro-
duce the equation of motion (4.7).

The second observation concerns the general noncom-
muting case. In this case too, by means of the Campbell-
Baker-Hausdorff formula for manipulating noncommuting
exponents, it is in principle possible to combine the various
exponents in (5.4).° If this were done, the result would in
general involve the various Lie operators : — H '™: and all
their various (multiple) commutators. That is, according to
the Campbell-Baker-Hausdorff formula, products of Lie
operators would occur only in the form of commutators. A
direct calculation at this point is too awkward to carry out
with our present tools. Subsequent sections will be devoted
to the development of further tools, and the eventual treat-
ment of the general noncommuting case. It is sufficient to
observe here that the general case will involve (and only in-
volve) exponentials of operators which are linear combina-
tions of the operators : — H (£, t'): at various times ¢ " and
their multiple commutators.

Let us return, for the moment, to the commuting case.
Suppose, as assumed, that A has the form (2.4). Then its
integral can be written in the form

(5.10)

— g ar = S nigene

where the quantities 4,, are homogeneous polynomials of
degree m in the variables £ ™. Consequently, .# in the com-

muting case has the form

_exp( z h, ) (5.11)

m=2
According to Sec. 3, our problem is to write .# in the

factored product form (3.7). That is, we need to reexpress
(5.11) in the form (3.7). This too can be carried out with the
aid of the Campbell-Baker—-Hausdorff formula. A complete
explicit solution for the /s in terms of the / ’s has been given,
and it has been used extensively in the construction of the Lie
algebraic computer code MARYLIE, designed for the compu-
tation of charged particle beam transport.®” We will not
elaborate further on specific results here because they will

turn out to be a special instance of the general case to be
treated in subsequent sections.
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6. THE INTERACTION PICTURE

The discussion of the noncommutative case is facilitat-
ed by the introduction of an “interaction picture”” similar to
that employed in quantum mechanical calculations.®

According to (3.7), the map .# can be written in the
factored product form

= ol o M MMy = My M, (6.1)

where each factor .# , is given by the expression

M = exp(: f,,:). (6.2)
Also, (2.4} states that H decomposes into a sum of homogen-
eous polynomials,

H=H,+H,+H,+--=H,+ H;. (6.3)
Here, asin{6.1}, we use the subscript “R ” to denote “‘remain-
ing” terms.

Differentiating (6.1) gives the result

M= Mg Myt Mt . (6.4)

Now combine the equation of motion (4.7), the decomposi-
tions (6.1) and (6.3}, and the relation (6.4) to obtain the result

Mg Mo A Mgty = Mgl — Hy— Hp:
= Mgty —Hy+ Mgty —Hy:.
(6.5)

Suppose, as will later be shown to be consistent, that .4/, is
required to satisfy the equation

M= My — Hy. (6.6)
It then follows from (6.5) and (6.6) that .# obeys the equa-
tion

Mg My = MM — Hpg:, (6.7)
or, equivalently,
A= Mg My — Hy: M (6.8)

The quantity .# ,: — Hy: .#; ' occurring on the right-
hand side of (6.8) can be simplified. We claim that

My —Hp: M = —HT (6.9)
where the “interaction” Hamiltonian H ' is given by the
expression

HR(EM 1) =M He(§", 1) = Hg( M5, 1). (6.10)

If Egs. (6.9) and (6.10) are accepted, then the equation of
motion for .# , takes the final form

=M —HT (6.11)
The verification of Egs. (6.9) and (6.10) is straightfor-
ward, based on previously mentioned properties of Lie trans-
formations. Suppose .# is a Lie transformation, and let fand
g be any two functions. Then one has the relation
Mif M g = M, M g]
=[Af, M A" g]
= [ Af.g) =4S 8.

Since the function g is arbitrary, (6.12) is equivalent to the
operator identity

Mf M = M

(6.12)

(6.13)
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Now replace .# and fin (6.13) by .#, and [ —
tively, in order to obtain the desired result.

Note that by construction .# z and Hy involve polyno-
mials only of degree 3 and higher. It will be shown in a later
section that the same is true for H'%". Thus, the equation of
motion (6.11} for .# 5 involves polynomials only of degree 3
and higher.

Hy), respec-

7. COMPUTATION OF _#;

Let & (¢ ) denote the result of applying .# , to £ ™. Then,
by definition, we have the relation

Cit) =t ™ =expl: /) & (7.1)
or, equivalently,
CU)=C" 4+ fr &+ (/2 7 4 o (7.2)

At this point it is useful to pause a moment in order to
examine the degrees of various combinations of Lie opera-
tors and polynomials. Suppose f; and f,, are any two homo-
geneous polynomials of degrees / and m, respectively. We
shalllet d ( /) denote the degree of /. Thus, with this notation,
we write the relation

d{f)=1 (7.3)
Next consider the operation of Poisson bracketing. Since this

operation involves multiplication and two differentiations,
we have the relation

Al fofm)=l+m=2=d(fil+d(/,)—2, (74
or, equivalently,

di:fi:fu)=d(fi) +d([fn) — 2. (7.5)
Finally, consider a set of k& homogeneous polynomials
S f%,..f ¥ Here the superscript merely labels the polyno-
mial, and has nothing to do with its degree. Also, letg, bea

homogeneous polynomial of degree m. Then, trivial induc-
tion on (7.5) gives the result

k
di:fluflefrig Y=m—2k+ Z aify. (1.6

i=1
Now apply the results of the previous paragraph to the
right-hand side of (7.2). Evidently, all terms are of degree 1.
Consequently, (7.1) is a linear transformation which can be
written in the component form

Lolt)=Mr 0= Y My(r) T, (7.7
&
or, more compactly, in the matrix form

S=My 5™ =ML (7.8)

Thus, the computation of .#/, is equivalent to finding the
matrix M.

According to (6.6), the time evolution of _# ,, and conse-
quently of M, is governed by H,. Suppose that H, is written
in the form

Hy(Em 1) = % 3 S, EnED. (7.9)

Evidently S'is a symmetric matrix. Next compute the quanti-
ty : — H,: £™. One finds the result
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i Hy (P =60 = Y S Y (7.10)
a,b

where the quantities J, are defined in terms of the funda-

mental Poisson brackets by the relation

Ju=[£mEm.

Specifically, in matrix form, J is 2n X 2n and is given by the
equation

=7 o)

Here each entry in J is an n X n matrix, I denotes the n X n
identity matrix, and all other entries are zero. In computing
(7.10), use has been made also of the symmetric property of S.
Finally, using matrix notation, Eq. (7.10} can be written
more compactly in the form

D Hy £ = JSE (7.13)

Suppose both sides of (6.6} are applied to the quantity
£ On the left-hand side one obtains the result

(7.11)

(7.12)

M= =ML (7.14)
The right-hand side gives the result
My —Hy & = M, ISE™
=JS M, L™ =ISML™. (7.15)

This last step may require some elaboration. In terms of
components one finds the relations

‘/[Z(Jsg in)c = '/%2 z Jca Sab é—zn
a,b

Z Jca Sab‘/%Z é‘lbn = ZJCH Sab g;b
ab ab

= 2 Jea Sap Myy £ =(ISME ™)., (7.16)

a,b,d
where use has been made of (7.7).

Now compare the right-hand sides of Egs. (7.14) and
(7.15). They are both of degree 1 in ¢ ™, and therefore (6.6) is
consistent as advertised. Also, the matrix M must evidently
obey the differential equation

M =JSM. (7.17)
Finally, the stipulation that .# be the identity map.# when
t =t ™ requires, for consistency, that .# , and .# , also be

the identity map when ¢ = ¢ ™. See Eq. (6.1). Consequently,
the matrix M is subject to the initial condition

M(") =1 (7.18)

The differential equation (7.17) with the initial condi-
tion (7.18) has a unique solution whose computation, in most
cases, requires numerical integration. In the special case
when the matrices JS (¢ ') and JS (¢ ) commute for all times ¢’
and ¢ ”, one has, in analogy to {5.10) and (5.11), the explicit
solution

M= exp[ f: JS(t) dt’].

Indeed, it can be shown that the solution of (7.17) depends
entirely upon the Lie algebra generated by the matrices

(7.19)
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JS (¢).° In the even more special case that S (and therefore H,)
is time-independent, the integration required in (7.19) is im-
mediate, and one obtains the result

M=explt—t")JS]. (7.20)

In the case (7.20) one may immediately write

M > =exp(: f5:) (7.21)
with £, given by the relation

fi=—(—1t"H, (7.22)

The determination of f; can also be carried out in the general
case. However, since the explicit form of f; is not required for
the work of this paper, we shall not pursue the matter further
here.

8. COMPUTATION OF H

By definition, H, consists of terms of degree 3 and
higher,

Hy=H;+H, + . (8.1)
Also, in view of (6.10) and the fact that .# , produces a linear
transformation when acting on £ " [see (7.7)], it follows that
HX" has the decomposition

Ht = H™ p Joy (8.2)

where each term H ™ is a homogeneous polynomial of de-
gree m given by the relation

HO (L™ ) =H,(4,£" 1), (8.3)

To see how this works out in a specific case, consider the
computation of H 1. The terms of still higher degree are
handled analogously. Suppose that H, is written in the ex-
plicit form

Ht"t)= 3T

abe

welt)GSERED, (8.4)

where T, is a set of (possibly time-dependent) coefficients.
Then use of (8.3) gives the relation

H(E™ 1) = ; Topel M 2 ENAM L ENAMLEY). (8.5)

However, thanks to (7.7), the terms on the right-hand side of
(8.5) may be evaluated explicitly so that H " can be ex-
pressed in the form

t)= 2 Tope Moa My, M, §m
abe
abe

HE(S™ pero (86)

Finally, the sums in (8.6) can be grouped so that H §* can be
written in the final form

HY(En )= S T
ab’c

where 7™ is defined by the equation

Tlani‘l ¢! z abc

abc

HET ey el (8.7)

M, () My, (£) M (2). (8.8)

Note that because of the time dependence of M, H " is in
general time-dependent even if H, is not.
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9. COMPUTATION OF .# , BY ITERATION

Suppose that both sides of Eq. (6.11) are integrated with
respect to the time from the initial time ¢ ™ to some final time
t. Then one finds the result

M) — M (t™) = f At' A o (t'): — H™e"), (9.1)

1

or, equivalently,
Mty =F + J dt' M (t’): — HE' ') 9.2}

Here use has been made of the earlier result that .# . (z ') is
the identity map .7

Now iterate (9.2) by substituting the right-hand side
back into the integral. If this is done once, we obtain the
result

R_Jf+f dt': — HR\t'):

+J- dt’ j dt” M p(t") — H™e ") — H(e )
9.3)
Evidently, repeated iteration gives the result
M g =f+f dr's — H™(¢'):
o
* f ar’ f dr”:— HR'e"):: — Hge'): +
(9.4)

Note that in Eq. {9.4) the terms in the integrals occur in
chronological order with earlier times preceding later times.
We conclude that .# ; can be expressed as an infinite sum of
multiple time ordered integrals over the Lie operators
— HE(e ).

10. COMPUTATION OF f; AND 1,

By definition .#  has the factorization

M g = expl: fs:) expl: fi) expl: fr). (10.1)
The purpose of this section is to compare the two expressions
(9.4) and {10.1) for .#  in order to obtain explicit formulas
for f; and f,,. After the pattern of computation has been estab-
lished, the determination of f5, f;, etc., will be treated in a
subsequent section.

Suppose .# , as given by (10.1) is applied to some homo-
geneous polynomial g,,,. Then, using the exponential expan-
sion (3.4), we obtain the result

(14 for 41+ far + o fa2 /204 )
X1+ far 4 2720+ 0 37730 4 ) g,
=8 + (S5 8m) + (/377218 +: fa18) +

L//R g, =

(10 2)

Here, with the aid of (7.6), the various terms appearing in
{10.2) have been grouped according to degree. Specifically,
the degrees displayed are m, (m + 1), and (m + 2), respec-
tively.

Next, suppose .# 5 as given by (9.4) is applied to the
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same homogeneous polynomial g,,,. Then, using the decom-
position (8.2), we obtain the result

t
'/%R 8m = 8m +(J dtl:_HiSHt:gm>

14
dt’

in

t
+(f dt':—HM™ g, +
' ?
X [ drti— B HY g ) 4
‘ (10.3)

Here again the terms appearing in (10.3) have been grouped
according to degree.

Now compare terms in (10.2) and (10.3) of like degree.
Also observe that g, is arbitrary. It follows that we must
have the relations

t
o= f dr’: — HM¢'):, (10.4)
il ! ) t
23' + : fa =det': — HM +J.ndt’
. t t
.
XJ dt”: —HMe"):: —H™¢e):.  (10.5)
Jin

Both sides of Eq. (10.4) are manifestly Lie operators.
Consequently, the colons can be removed from both sides of
the equation to give for f; the explicit formula

fi= _fm de' HY(r').

Note that both sides of (10.6) are of the same degree, as is
required for consistency.

The determination of £, is somewhat more difficult.
Upon solving (10.5) for : f;:, we find the result

(10.6)

4 . £.2
S = f dr' — Hw 2B
i 2

+ f dt’ f dt” : —HP ") — H™¢'):.  (10.7)

The first term appearing on the right-hand side of (10.7) is
evidently a Lie operator. However, it is not so clear that the
remaining terms also produce a Lie operator, although we
know from the left-hand side of (10.7) that they must. Our
task, therefore, is to manipulate the terms in question to see if
they can be brought into the form of a Lie operator.

By using the explicit result (10.4) for : £;:, the quantity
: f3:2/2! can be expressed in the form

. .2 g
SEL( g
2! 2 Jyin

t
xJ. dr”: — H™(t ") — Hivt').. (10.8)

Observe that the domain of integration in (10.8) consists of
thetworegionst ” < ¢ and¢” > ¢'. If we split the integral into
separate integrals over these regions and exchange integra-

tion variables in the region ¢ ” > ¢/, then (10.8) can be rewrit-
ten in the form
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t ¢’
=%f dt'f dt"(: — Hio(e ") — HYe):

(10.9)

2
3
2!
+ = HMt ) — H™t")).
Now substitute (10.9) into (10.7). We obtain the result

= J dr': — Hi¥e'):

1 t t’
+ — dt'j dt”
y ).

X {:— H ")y — HM ). (10.10)

In accord with our expectations from Sec. 5, the terms (10.7)
involving H J" have been reexpressed as a commutator!

We are now ready for the last step. According to (3.3),

the commutator of two Lie operators is again a Lie operator.
Specifically, for the case in question, one has the relation

(s — H™t ") — HY'('):)
=:[ —HM"), - H(')]: (10.11)

It is now obvious how to remove the colons from both sides
of (10.10). Thanks to (10.11), we find the final result

fi= — [ armrie

t t’
+%f dt' | de” [ —HY ("), —H(t")].
4in (i
(10.12)

11. COMPUTATION OF TERMS BEYOND /4

The purpose of this section is to extend the results of the
previous section to compute the f,, of higher degree. The
general problem is to reexpress various integrals over pro-
ducts of Lie operators as integrals involving only commuta-
tors so that the identity (3.3) can be used to remove colons. In
order to minimize algebraic complexity in this process of
“decolonization,” it is necessary to extract the important
features of the calculations we have just presented and to
omit all irrelevant aspects. This will be done by showing that
the entire calculation reduces to an exercise in the permuta-
tion of labels and involves only the commutators of symbols.

We begin by defining a generalized “bracket operator,”
denoted by the symbol (}/;".".), by the rule

def 1 ) .

) = [ dn [ dyes =m0 — Hg)

" [
Xoer — HPYE, ) (11.1)
Here ¢, ¢,,..., 1, is some permutation of the variables

J
t,, t;, . Inthis notation, Egs. (10.6) and (10.7) take the more

compact forms
fir= G (11.2)
f=G) = G622+ G ). (11.3)
The next step is to observe that products of bracket
operators can be reexpressed in terms of sums of single

bracket operators. For example, the second term in (11.3)
can be rewritten in the form

GG =G+ G3) (11.4)
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This decomposition is simply a restatement that the region
of integration can be split into the two regions ¢, > ¢, and

1, <t,. If we substitute (11.4) into (11.3), we immediately ob-
tain the result

Se=)+ G2 -G32, (11.5)
or, equivalently,
Sa= () +{3,5)72 (11.6)

Here we have introduced the obvious notation {3 , ; } to de-
note the time ordered integral of a commutator. Equation
(11.6) is identical to (10.10), and the colons can be removed
immediately to give (10.12).

We can state the general rule as follows: Any product of
bracket operators can be replaced by a sum of single opera-
tors. The lower indices in the single operators are identical to
and in the same order as they were in the original expression.
The upper indices consist of all possible permutations of time
ordering consistent with whatever time ordering existed
within the factors of the original expression. Suppose, for
example, we are given the product

A Gy =G 0. (11.7)

In accord with the previous discussion, this product can be
decomposed into the sum of three single operators,

GG =G+ G+ G0 (11.8)
Note that the relative time ordering of the @ and £ factors
never violates the j > k ordering of the original expression
(11.7). In the simple case of (11.4}, the original expression had
no special time ordering, with the result that there was no
preferential order for the decomposition.

Let us apply the tools developed so far to the computa-
tion of : f5:. Consider first Eq. (10.2). When actingon g,,,, the
Lie operators giving rise to terms of degree (m + 3) are given
by the expression

st A far i fe 4 5 /30 (11.9)
Next consider (10.3). Using the generalized bracket notation,

when acting on g,,, the factors giving rise to terms of degree
(m + 3) are given by the expression

M+HED+ED+GET (11.10)

Comparison of (11.9) and (11.10) shows that : fi: must be
given by the relation

Si=(D+EO+ED+EID
— i fe i fu = i/ (11.11)

Now use the previous results for : f;: and : f;: as given by

(11.2) and (11.6). Substituting them into (11.11) gives the re-
lation

S =GN (G + G =GN

+(G3D 5,31 G2=G)6)G)/6). (11.12)
Here we have collected the various terms into three groups in
anticipation of the fact that each group can be decolonized
separately.

The first group in (11.12) consists of a single term and is
therefore already manifestly a Lie operator. The terms in the
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second group can be manipulated using the decomposition
WG =GN+ G0 (11.13)

It follows that the terms in the second group can be written
as a commutator as anticipated:

GD+HED-OMO =G0 -G =04..}
(11.14)

The conversion of the terms in the third group into
commutators requires more work. One procedure is simply
to combine products using the analog of (11.8), and then
collect the resulting terms into multiple commutators. How-
ever, there is another procedure which is at once simpler and
more profound.

Consider the set of all (¥ — 1)-fold commutators of ¥
different abstract linear operators O,,0,,...,0y. It is shown
in an appendix that this set has the remarkable properties
listed below:

(1) The set forms a vector space of dimension (N — 1)L

{2) The basis vectors for this vector space may all be
taken to be nests. A nest is defined to be a multiple commuta-
tor of NV objects that ends with (N — 1) right braces. For ex-
ample, {a,{ 8,{7,6}}} is anest, and {{a, 5 },{y,6 ]} is not.

{3) In forming a basis, it is sufficient to use only those
nests that end with a particular but arbitrary operator select-
ed from the collection O,,0,,...,0, . Suppose, for example,
that this operator is selected to be O,. Then a basis is formed
by the set of nests given by

(., {0, {0, {0, 0,}},

where the indices ..., k, j,i are all possible permutations of
the numbers N,...,4,3,2. Note that there are (¥ — 1)! such
nests in accord with property 1 above.

(4) The N-tuple (... , k, j,7,1) will be referred to as the
defining string of a nest. Defining strings play a special role.
Consider an expression which is known to be decomposable
into a set of (N — 1)-fold commutators of NV objects. Suppose
all nests ending with O, are used as a basis for the decomposi-
tion. Then, in this decomposition, the coefficient of the nest
with the defining string (... , , j,£,1) will be the sum of all the
coefficients of the factor ---0, 0,0, 0, in the original expres-
sion.

Let us apply the results of the previous paragraph to the
multiple commutator decomposition of the third term in
(11.12). Since there are three operators in question, we must
deal with the set of all twofold commutators of three opera-
tors. This set is of dimension 2, and a convenient set of basis
vectors is given by the nests {3, {3,3]}and {3, {3,}}}
Consider the defining string (3,2,1) for the first nest. Exa-
mine the third term in (11.12) to find the coefficients of the
corresponding factor. Evidently (3 3 }) contains the factor
with a coefficient ( + 1), {3, }} (i) when expanded and de-
composed contains the factor with a coefficient of { + 1), and
(1Y (3 Y} ) when decomposed contains the factor with a co-
efficient of { 4 1). Thus the coefficient of the nest
{3, {3,}1} in the decomposition is 1 + (1)( — 1/2)

+ (1){ — 1/6) = (1/3). Similarly, one finds the coefficient of
the nest {3, {3, }}} is also (1/3). Consequently, the third
term in (11.12) can be rewritten in the form
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(3D -G, G2=GEG6
=0, 6,503 +6,6,:0)3 (11.15)

Now substitute (11.14) and (11.15) into (11.12). We find
the result

=G+ G 0+6. 85183 +6,6.513

(11.16)
or, after decolonization, the final result
= — f de, H7't)) + J dt,
f dtz [ __Hmt(tz) _Hlm(t )]
—J dtlf dt2J dt,
X([ — H(e),[ — H'e), — HM )] ]
+ [ — HY(), [ — H' ) — HP ()] ]) (11.17)

Note that in decolonizing the triple commutator we have
used the relation

{:f:’ {:g:’:h:}} = (:f:’:[g7h] } = [f[g’h]]

which follows directly from (3.3).
Let us, in analogy with (11.1), introduce the shorthand
notation

def 4
1= [ dni— i,

(i h] = [an [ anl —#0), —HE)], et
™ [
{11.19b)
Then, Egs. (10.6), (10.12), and (11.17) can be written more
compactly in the form
f3= [214]’
fi=la]+[5.5172
L=1+ 01+ 06063113+ 6505051173
{11.22)

The reader should compare these results with their colo-
nized versions given in (11.2), (11.6), and (11.16), respective-

ly.

(11.18)

(11.19a)

(11.20)

(11.21)

The calculation of : fi: may be carried out in similar
fashion. One finds that it has the multiple commutator de-
composition given by the formula

Se=()+ 5,51+ G, 402+4(G, 65,11

+ G631 +H36. 6,01+ 6. 65,404
+(G 6850 +6,6,6,511)

+0,06,6,3114
Decolonization gives the final result

(11.23)
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fo=[81+ 5,51+ 3,412
+([G B+ 5L 505
+303, 511+ 15, 50214
+([3. G, [5,511]

+ [ 611+ G066 : 11174
(11.24)

12. IMMEDIATE DECOLONIZATION

There is an alternate complementary approach to the
computation of the f,, that is worthy of mention. It has the
feature that decolonization can be performed explicitly in
the general case prior to subsequent calculation.

From the factorization (10.1) it follows that .# , can be
written in the form

Mg =t Ml My
bl MMy A el s Mt (12.1)

Suppose (12.1) is substituted into the equation of motion
{6.11) and both sides of the resulting relation are multiplied
by .# ; '. Then we obtain the result

b MMM M MM
MM MM+ MM
— (12.2)

Next, let # f# denote the adjoint of the Lie operator
: fi. Itis akind of superoperator which acts on the general Lie
operator : g: according to the rule

#f#:g={: 8] (12.3)
Then, using (6.2), it can be shown that'
MMM MMM
=exp( — # fi#) exp( — # fift) M5 M, etc.
(12.4)

We now need to compute A - Again with the aid of
adjoint operators, it can be shown that the formula for differ-
entiating an exponential is given by the relation®

MM, =iex(— F S, S (12.5)
Here the integrated exponential function iex(w) for general
argument w is defined by the equations

o m

Z W

iex(w) = J: dr exp(tw) = TR

Upon combining the fruits of our labor, we find that
(12.2) can be rewritten in the form

(12.6)

o expl — # fi#t) expl — # fi#) iex( — # fi#) fo:
+exp( — # fi#t)iex( — # fi#) fi:
+iex( — # LifE) for = — H T (12.7)

The colons can now be removed immediately from both
sides of (12.7) to give the result

o+ exp = fy) exp( — : fi) dex( — S fe
+ exp( — : f3:) iex( — : f31) fy
+iex(—:fy)fo = — H™ (12.8)
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Essentially all that is needed to pass from (12.7) to (12.8} is
repeated use of relations of the form (3.3), (11.18), etc.

Suppose we examine (12.8) with the aim of equating
terms of like degree. Using the expansion (12.6), we find the
result

iex{ —:f, 0 f, = (1 —:f /24 . f, 2 /3 + ) £
(12.9)
According to (7.6), the terms on the right-hand side of (12.9)
have degree m, 2m — 2, 3m — 4, etc. Consequently, upon
using (8.2), and equating terms of like degree in (12.8), we
find the explicit formulas

f’B = - Hilm’
fi= —HP —Piex(—: £33 /s
fs= —H = Psiex(—: fy) f;
— Psexp( — : fy1) iex( — : f3) fas
fo= —H' — Pyiex( —: f31) f — Poexpl — : f3))
Xiex( — : f3:) f — Pg expl — 1 f31)
xexpl — : fy) iex( — : fi1) fur  etc. (12.10)
Here P,, denotes a projection operator which projects out
terms of degree m.
Equations (12.10) may be solved and integrated succes-
sively to find the desired functions f,, . For example, upon
integrating the first of equations (12.10), we find the expected

result (11.20). Here we have used the condition that f,, = 0
when ¢ = ¢ ™, which corresponds to the condition .# 4 (¢ ")
=7,

Let us examine the second of Egs. (12.10). Use of (7.6)
and (12.9) gives the result

Pyiex( —: fu)fs = — i fufo/2. (12.11)
Consequently, f; obeys the differential equation
fi= —H™ 4 fi( — H™/2. (12.12)

By making use of (11.2), or (11.20), we obtain the equivalent
result

flt)= —H™e)+ )= H™()/2. (12.13)

Equation (12.13) may now be integrated directly. In doing
$0, itis convenient to let 7, replace f as the variable of integra-
tion and, correspondingly, to increase the subscripts on all
other variables and limits of integration by 1. When this is
done, integration of {12.13) gives the previous result {11.21).

Similarly, Egs. {11.22) and (11.24} can, after suitable
manipulation, be obtained by integration, respectively, of
the third and fourth of Egs. (12.10). As a check of her or his
understanding, the reader is encouraged to reproduce (11.22)
by this method. In this connection identities such as (11.4)
and (11.8) are again of use.

13. CONCLUDING REMARKS

We have shown how to compute the polynomials £, 5,
etc. that characterize the mapping .# in terms of the polyno-
mials H,, H;, etc. that characterize the Hamiltonian.'® Ex-
plicit formulas have been given for the polynomials f;—£;,
and general machinery has been developed for the computa-
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tion of the polynomials of still higher degree should the need
arise.

These results are expected to be of value in the fields of
accelerator design and charged particle beam and light op-
tics. They may also be of value in other areas of nonlinear
dynamics. For example, suppose z#(¢) is a periodic orbit.
Then it can be shown that the stability of this orbit, when one
goes beyond the linear approximation, is governed by the
polynomials £,, f;, etc."!"

It may also be remarked that expressions such as (11.17)
are not as formidable as they may appear. Once the indicated
Poisson brackets have been performed, the various mono-
mials in the variables £ " may be taken outside the integral
sign since they are, in fact, time independent. The integrals
then involve only products of matrix elements of M () and
various coefficients such as those appearing, for example, in
(8.4).
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APPENDIX

The purpose of this appendix is to prove the assertions
made in Sec. 11 about (N — 1)-fold commutators of ¥ differ-
ent linear operators. We begin by showing that all such mui-
tiple commutators can be written as linear combinations of
nests. The proof, which is by induction, will be presented in a
somewhat discursive fashion in order to illustrate along the
way various properties of multiple commutators.

Consider first the case N = 2 where there are only iwo
operators O, and O,. The possible commutators are { O,, O, }
and {O,, O}. Each is obviously a nest. Also, from the anti-
symmetry condition we have the relation

[01502}2 “{02’01}' (Al)

Thus, the two commutators are linearly dependent, the vec-
tor space they span is one-dimensional, and either nest may
serve as a basis.

Next consider the case N = 3 where there are three op-
erators O,, O,, and O,. From these operators one may form
12 commutators which superficially appear to be distinct.
They are the commutators of the form {X, {¥, Z }} and
{{X, Y1, Z}, where the roles of X, Y, and Z are filled by the
six possible permutations of O, O,, and O;. However, the
commutators of the form {{X, Y}, Z } are related to those
which are nests through the antisymmetry condition

(X, Y}, 2= —(Z (X, Yi} (A2)

Thus in the case N = 3, all twofold commutators are again
expressible in terms of nests.

How many nests are required to form a basis? All six
possible nests for the case N = 3 are listed below:

u, = {05,105 0,1}, uy;={0,, {0y, 04}},
u, = {0,105, 0,1}, us={0,{0;0,}},
uy = {0, {0,051}, ue=1{0,,1{0,,0,}}. (A3)

However, the antisymmetry condition gives the relations
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Ug= — . (A4)

Thus, at most only three nests are needed to form a basis.
Moreover, the Jacobi identity gives the relation

U, 4+, +uy;=0. (A5)
Thus, the vector space of twofold commutators of three op-
erators is two dimensional. A convenient basis is given by the
nests u, and us. Note that both these nests end with the
operator O,.

We now proceed with induction. Let C,, denote the
space of all (N — 1)-fold commutators of N different linear
operators. We assume that it is known that these spaces can
be spanned by nests for all values of N<M. Now consider the
space C,, , ,. Let u be some element in C,, , ,. Then since u
is a multiple commutator, it can be written in the form

u=1{X, Y}, (A6)

where X and ¥ are members of C; and C,, respectively, and j
and k& are related by the equation

jrk=M+1. (A7)
Also observe that X and Y have no operators in common.

According to (A7), the quantities j and & are less than or
equal to M. It follows by assumption that X and Y can be
expressed in terms of nests. We denote these nests by /™.
The upper index labels the nest, and the lower index labels
the space C, to which it belongs. Thus, we may rewrite (A6)
in the form

u={X,¥}= [Ea 3By Jfﬁl

Ug= — Uy Us= —Us3

=S a, B, [N EAT]. (A8)
a.b

Since .V j" is a nest, it can be written in the form
AT =104, 8% ), (A9)
where O, is a single operator in the (M + 1)-fold collection

0,,0,,...,0,, . | . Apply the Jacobi identity to each term in
(A8) using the representation (A9). This gives the result

(A0} = (10 AT} A7)

= (Od’ { v/’fjf 1 »/Vi’- }} - {VJC— 1 {Odw/Vz } }
(A10)
Consider the first term on the right-hand side of (A 10).
The commutator { .#7_,,.#7 | belongs to C, with

! =j+ k — 1 = M. Thus, by the induction hypothesis, this
commutator can be written as a sum of nests in the form

(AT =2 v

Correspondingly, the first term on the right-hand side of
(A 10) can be written in the form

(A11)

(Ou (A5, M) = 3710, N5)  (AL2)
But each term {O,, .#7},} is some nest 47, , ,. It follows
that the first term on the right-hand side of {A10) can be
expressed as a sum of nests in Cy, , ;.

What can be said about the second term on the right-
hand side of (A10)? Evidently each term {O,, .4} is some
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nest.#"£, . Thus, the terms on the right-hand side of (A 10)
which are not manifestly composed of nests are of the form
{A%_1, A E, 1] Consequently, Eq. (A10) can be rewritten
in the form

[N = A AE+ D8N
7
(A13)

Comparison of the left- and right-hand sides of (A13)
shows that the value of j has been decreased by 1 and the
value of k has been increased by 1. Evidently the operations
which led to (A 13) canbe repeated at will until the only terms
which are not manifestly nests are of the form
{ A0 A, 1} But 47 must be one of the operators
0,0y, 1, and, consequently, { 4%, 47, ,_ }isalsoa
nest. We have seen that all the terms on the right-hand side
of (A8} can be written in terms of nests. Therefore, u itself can
be written in terms of nests, and the induction process is
complete.

At this point we suggest that the reader consider the
case NV = 4 and explicitly work out a decomposition into
nests for the multiple commutator {{0,, 0.}, {O;, 04} }.

We next show that only those nests ending with a parti-
cular operator O, are needed to form a basis. Without loss of
generality we choose O, = O,. Again we proceed by induc-
tion. As shown in the previous discussion, the assertion is
already known to be true for N =2 and N = 3.

Suppose the assertion is assumed to be true for all
N<M. Let 7, ., be a nest formed from the operators
0,0y . - Suppose the first entry in this nest is the opera-
tor O,. That is, .47, |, can be written in the form

N a1 =104, N}, (A14)

where, by construction, .#",, is a nest composed of M opera-
tors different from O, and each other. There are now only
two possibilities. Either O, %0, or O, = O,.

In the first possibility, O, #0,, 4", is a nest of M ele-
ments including the operator O,. Since the assertion in ques-
tion is assumed to be true for N<M, it follows that 4", can
be written as a linear combination of nests all having O, as
their last entry. Then, according to (A14), .47, ; can also
be written as a linear combination of nests all having O, as
their last entry, and the induction process is complete.

Suppose, according to the second possibility, that O,

= O,. Let 0; and O, be the last two entries of 4", , |, Te-
spectively. That is, .47, , , is taken to have the form

A =04, {510, 0,1} ] (A15)
Let V' denote the commutator of O, and O,,
V=1{0,0,.}. (A16)

If V'is regarded as a single operator, then (A 15) shows that
¥ s+ 1 may be viewed as a nest consisting of the (M — 1)
operators O,, with 0, #0; and O, # O, and the operator V.
From this perspective, .47, , , is a nest of M operators in-
cluding the operator O,. Therefore, according to the induc-
tion hypothesis, .#",, , | may be written in the form

Nwir = S a, Loy, (A17)
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where each .¥4, is a nest containing ¥ as a single operator
and having O, as its last entry. That is, each £, is of the
form

=10, {..{V.{...{0,,0,}} ~}}. (A18)
Evidently, each .4, can also be written in the form
= {0, L., {V, A7) 3, (A19)

where ./ is either a nest ending with O, or is the single
operator O, itself.

We are ready again to use the Jacobi identity, this time
on the quantity { ¥V, #"}. We find the result
(v, /= {{Oj’ok}’/’/}

= {Oj’ {0, 47} } — (O, [Oj"/‘/} }. (A20)
Observe that both terms on the right-hand side of {A20) are
nests having O, as the last entry. Upon inserting (A20) into
(A19), we see that each .4, can also be expressed as a linear
combination of nests composed of the operators O,---O,, , ,
and all having O, as the last entry. It follows from (A 17) that
a4 also has this decomposition, and the induction pro-
cess is again complete.

We have seen that any element of C,, can be expanded
in terms of nests and that it is sufficient to use only those
nests ending with O,. The last assertion to verify is the linear
independence of the nests with the defining strings
(-.-sk, J,i,1) when the quantities ...,k, j,i have as values all pos-
sible permutations of the indices N,...,4,3,2. The simplest
proof follows from direct inspection.

Consider the nest with the defining string (...,, j,i,1).
When written out in full, this nest has the expansion
{"" {0;(, {Oj’ {Oir 01” ”

= other terms + --0,0,0,0,. (A21)
The last term displayed on the right-hand side of (A21) will
be called the trailing term. It has the property that it ends
with O,. Observe that there is only one term which ends with
0,, and therefore the trailing term is uniquely defined. That
is, all other terms in the expansion (A21) have O, either at the
beginning or buried somewhere in the middle.

Now suppose (...,k ', j', I',1) is some other defining
string. Its corresponding nest has the expansion

(..., {Okr, {Oj'{oi"ol” "'}}
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= other terms + --0,. 0,0, 0,. (A22)

Evidently, the trailing terms of (A21) and (A22) are distinct
unless i’ =i, j =j, k' = k, etc. It follows that the nests in
question are linearly independent.

Even more can be said. Suppose # is some combination
of products of operators, and suppose « is known to belong to
Cy. Let us expand u in the basis set of nests corresponding to
the defining strings {...,k, j, i,1). Then the expansion coeffi-
cient for a given nest is the same as the coefficient of the
trailing term of that nest as it appears in u.
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We introduce the concept of generalized canonical transformations as symplectomorphisms of
the extended phase space. We prove that any such transformation factorizes in a standard

canonical transformation times another one that changes only the time variable. The theory of
generating functions as well as that of Hamilton—Jacobi is developed. Some further applications

are developed.

PACS numbers: 03.20. + 1, 02.40. + m

1. INTRODUCTION

Over the recent years there has been a considerable
amount of literature devoted to the study of the applications
in physics of differential geometry tools and in particular in
classical mechanics. In the case of time-independent systems
there are two alternative descriptions: both the Lagrangian
and the Hamiltonian formalism are particular cases of the
theory of locally Hamiltonian dynamical systems," but in
most cases the Hamiltonian formalism is easier to deal with
because geometry—the symplectic structure—and dynam-
ics—the Hamiltonian 1-form dH—are independent ingredi-
ents; on the other side, the Lagrangian function contains
information on the symplectic structure as well as on the
dynamical vector field. It makes it more difficult, for in-
stance, to study symmetries of the geometry which are not
symmetries of the dynamics and conversely.’

The geometrical framework for describing time-depen-
dent systems is not so well established. The usual Hamilton-
ian description makes use of a contact structure which is
built up from the Hamiltonian'*; dynamics and geometry
are coupled again, and for this reason the geometrical mean-
ing of a canonical transformation is not clear. On the other
hand, some transformations changing only the time have
succeeded to deal with certain dynamical systems.** How-
ever, this kind of transformations has no relation to the ca-
nonical transformations defined in Refs. 1 and 3. The aim of
this paper is to develop the concept of generalized canonical
transformation for a time-dependent system in the frame-
work of the extended phase space formalism. These general-
ized canonical transformations are but particular cases of
symplectomorphisms of the extended phase space when it is
endowed with the natural symplectic structure; this general-
ization covers the second kind of transformations considered
above. Moreover, it will be shown that any generalized ca-
nonical transformation can be factorized as a product of a
transformation of this kind times a standard canonical trans-
formation.

The extended phase space formalism, which appears in
a natural way in general relativity, reduces the problem of a
time-dependent Hamiltonian to that of an autonomous dyn-
amical system, and the dynamical evolution can be consid-
ered as a one-parameter group of symplectomorphisms. The
transformation carrying the system to equilibrium will then
be a symplectomorphism which allows development of the
Hamilton—Jacobi theory.
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The organization of the paper is as follows. In Sec. 2 a
short description of the usual and the extended phase space
formalisms, as well as a relation between them, is given. In
particular, the reason for the H dependence of the usual con-
tact form is shown to correspond to the different ways of
identifying the contact manifold as a submanifold of the ex-
tended phase space. The concept and main properties of gen-
eralized canonical transformations are introduced in Sec. 3,
as well as the standard case. Section 4 is devoted to the study
of the generating functions of canonical transformations and
to establishing the generalized Hamilton—Jacobi equation.
Some applications are discussed in Sec. 5.

2. TIME-DEPENDENT SYSTEMS

The standard geometric description of time-dependent
systems is carried out by means of a 2» + 1 differentiable
manifold T*Q X R as well as a Hamiltonian function
HeA (T *Q X R), which enables us to define a contact struc-
ture on T*Q X R'": the closed 2-form w,, of rank 2» is de-
fined by w,, = 7*w, — dH A dt, where w, is the canonical 2-
form on T *Q, t is the natural coordinate function on R, and 7
denotes the projection 7: 7*Q X R—T7 *Q. The time-depen-
dent vector field X, giving the time evolution is then defined
by

i(Xy)op =0 and i(X,)dr=1, (2.1)

i.e., if (¢, p,) are local canonical coordinates in T*Q the
expression of X, in the corresponding coordinates in
T*Q XR will be

oH 3 dH d d
H= ——— — ——— + —.
dp; 94’ dq' dp; ot

In this section we will develop an extended Hamilton-
ian formalism where the time does not play any distin-
guished role. The advantage of such a formalism rests on the
existence of a canonical symplectic form which allows us to
relate functions and Hamiltonian vector fields, to introduce
Poisson brackets, and to clarify the meaning of the tradition-
al concept of canonical transformations such as will be
shown in next sections.

In this approach the configuration space Q is replaced
from the beginning by Q X R, the space of events, and there-
fore the cotangent bundle 7" *Q will change to the extended
phase space,”'? the cotangent bundle 7*(Q X R). In such
manifold there is a canonical 2-form £2,, that in local canoni-

(2.2)
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cal coordinates will be given by 2, = dp, Adq' + du Adk.
We recall the natural diffeomorphisms T *(Q X R)~T*Q
X T*R~T*Q X RXR*. The coordinate function u is given
by u(a) = a(d/dt)|VaeT *(@ X R) and the projection of
T*Q XRjonT*Q X Rwillbedenotedbyx. Thedynamicsin
this formalism can be defined by making use of an extended
Hamiltonian ®@eA °(T *(Q X R)) as indicated in the following
theorem.

Theorem 1: Let HeA °(T *Q X R) be a time-dependent
Hamiltonian and define the extended Hamiltonian
DeA )(T*Q XR)) by @ = Hou + u. The dynamical vector
field X, on T*(Q X R) of the globally Hamiltonian dynami-
cal system (7 *(Q X R),82,,®) is u-related to X,,.

Proof: The vector field X, is expressed in local canoni-
cal coordinates as

X,= — 05 '\dd)= — D¢ \d(Hou) + du),

ie.,
d(Hou) d Jd(Hou) 48
X,,, = = T T
op; aq dq' ap,
3 _ AHom) 9.
ar at Jdu
and therefore
Jd(Hou) 4 d(Hou) J
A i_”)_ _ (_:‘L)_
dp. dq' dq'  dp;
d
+ — =X,.
8t H

Notice that the preceding result means that the integral
curves of X, project on integral curves of X,,, which are
usually considered the trajectories of the time-dependent
mechanical system defined by H. But in this formulation two
new equations for the integral curves of X, arise, namely,
{(dtou)/ds = 1 and du/ds = — d{Hou}/dt; while the first one
identifies the parameter s as the time, the second suggests the
identification of — u with the “energy.”

The constant value hypersurfaces for @ are invariant
under time evolution, and the restriction of £2, endows them
with a contact structure in such way that they are isomor-
phic as contact manifolds to (7 *Q X R, wg):

Theorem 2: Let S, be S, = [mel ¥{Q X R)| P (m)=r}
and denote by /, the natural injection 7,: S,—T *(Q X R).
The pair (S,, i*(2,) is a contact manifold and the restriction
u, of 4 to S, is an isomorphism between the contact mani-
folds (S,, i*$2,) and (T*Q XR, wy).

Proof: S, is a regular hypersurface and therefore
(S,, i*£2,) is a contact manifold (see, e.g., Proposition 5.1.7 in
Ref. 1). Furthermore, if meS,, then ker 1, (m)

= [Ad/0u|,,; AcR}. The tangentspace TS, is the kernel of
d® (m) and therefore ker ., (m)nT,,S, = @. Consequently,
the rank of the restriction of z, (m)}to T, S, is 2n 4 1, i.e,,
/., (m) is an isomorphism and g, is a local diffeomorphism.
On the other hand, i, isaninjective map of S, onto 7*Q X R,
and, consequently, 4, is a difftomorphism. Finally it is easy
to check that u*w, = i¥02,. In fact, 4, = uoi,,

Hou, = r — uoi,, and therefore
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purog =pkr*o, —dHAdt) = (rou,)*o,
— d(Hou, Ndop,)
= i¥[(rou)*o + du Ad (1ou)],

ie.,

proy =ik,

Noteworthy is the fact that the extended phase space is
foliated by the family of hypersurfaces S, , eR. This foliation
is regular and any two leaves S, and S, are diffeomorphic;
the diffeomorphism is given by u,~ 10%"’

3. THE CANONICAL TRANSFORMATIONS IN TIME-
DEPENDENT SYSTEMS

In the case of a (time-independent) Hamiltonian dyna-
mical system, canonical transformations are symplectomor-
phisms of the symplectic manifold; but in the standard for-
mulation of time-dependent mechanical systems the
geometric structure in 7*Q X R is not a symplectic but a
contact structure, and there is no way to give a similar geo-
metric definition of the concept of canonical transformation.
The extended formalism developed in Sec. 2 suggests to de-
fine such a concept as that of a fiber-preserving symplecto-
morphism in (T*(Q X R), £2,). We will show later that this
concept generalizes the one usually found in Refs. 1 and 3.

Definition I: A canonical transformation of a time-de-
pendent system (7' *Q X R, wy |} is a pair (1,4 ) of diffeomor-
phisms, YeDiff(T *(Q X R)), < Diff{T *Q X R) such that:

(i) pov=dou;

(ii) ¢ is a symplectomorphism of (T *(Q X R), £2,,).

In an appropriate coordinate system the condition (i)
means that ¥(q, p,t,u) = (¢ (¢, p,t ), é (g, p,t,u)), where
$eA (T HQ XR)).

Itis to be remarked that this concept of canonical trans-
formation does not depend on the Hamiltonian function H
such as was in the case of an autonomous system.

The set of these generalized canonical transformations,
Can(T *Q X R)isagroup with respect to the natural composi-
tion law.

In order to analyze this concept of generalized canoni-
cal transformation in terms of the standard framework, we
recall that if (M, o, @) is a Hamiltonian dynamical system
and S,(® ) is a constant value hypersurface for @, then, for
any yeDifflM ), (S, (®)) = S, (@oy ') = S, (¢~ '*@ ). More-
over, the diffeomorphism # defines a new Hamiltonian dyn-
amical system ¥(M, w, @) = (M, ¢~ "*w, ™ '*®P). The
dynamical vector fields are related by ¥, (X4) = X0y

= (X, ,o)- Inasimilar way, if (M, ) is a contact structure,
(M ¥~ "*w) is also a contact structure to be denoted ¥(M, w).
Hereafter we will use ¥, as a shorthand for ¥~ '*, and the
former expressions become Y(M ,0,P) = (M, ¥, 0, ¢, P)
and ¢, Xo =X, o.

In the particular case we are considering, .S, (¢, @) is
also a regular submanifold of 7' *(Q X R). Moreover, since
(¢, ¢} is a fiber-preserving map, the restriction of u to
S, (¢, @) establishes a diffeomorphism between S, (¢, @)
and T *Q XR. Thus, the new Hamiltonian function ¢, &
defines a regular projectable foliation of 7 *{Q X R); its leaves
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are in one-to-one correspondence with those of the foliation
defined by @.

Theorem 3: Let (1, ¢ ) be a canonical transformation of
the time-dependent mechanical system (7 *Q X R, wy ). The
contact manifold ¢ (T*Q XR, wy,)=(T*Q XR, ¢, wy)is
isomorphic to the contact manifold (S, (1, @), i, *£2,), where
i, is the natural inclusion of §,(¢, @) in T*(Q XR).

Proof: The diffeomorphism p; = uoi; is such that
Wiy 0y = (poY 00w, = (i ‘o ok *utw,. From
Theorem 2 it follows that u*w, = i*£2,, and, consequently,

B0y = (W7 '01) %2 = %02y,

Theorem 4: If (¢, ¢ ) is a canonical transformation of the
time-dependent mechanical system (7 *Q X R, wy), then

Y0 =0k, (3.1)
where K = Koi’ 7ou! ~ ' and
K=4y, (Hou)+ ¢ u—u (3.2)

is a function KeA )T *(Q X R)).
Proof: Let X be defined by K = ¢, @ — u. Then, the
identity Koi! + 40i; = r permits us to write

2 = i*u*t*w, + ¥ [du Nd (tou))
=i*[u*t*w, — dK Nd (tou)].
On the other hand,
prog = p*[ o, —d (Koijou; ') Adt |
=i*[ p*r*w, — dK Nd (top))

and the relation i;*2, = u*w, follows.

It is noteworthy that the new Hamiltonian X is not de-
fined on T*Q X R but on 7 *(Q XR), i.e., K does generally
depend on the variable « because of the difference
Y, u — u=W, . may depend on it. Consequently, the func-
tion K depends on the choice of the constant value r.

On the other hand, the existence of the function K is
assured for any H as a consequence of the canonical charac-
ter of the transformation.

Theorem 5: Let (¢ ,¢ } be a canonical transformation of a
mechanical system (7 *Q X R, wg ). The closed 2-form
@y = T*w, transforms as follows:

b, 0y =0, — da

with
a=W, dt— (@ H)d(p,t—1). (3.3)
Here I/’\V,,f. denotes the restriction of W, to T*Q XR

by means of S, (¢, @), i.e., Wy = W, ou, ~".

Proof: The 2-form y, wy, is given by ¢, &, — d (¢, H )
Ad (@, t). On the other hand, K= ¢ H + W¢" hence
wp =6, —d(p H)Ndt — dW,V. A dt, and the result of the
theorem follows.

Only time-preserving canonical transformations are
usually considered, and in this particular case the theory we
are proposing reduces to the standard one.

Definition 2: A standard canonical tranformation of
(T*Q XR, wy)isacanonical transformation (i ,é )such that
b =1t

As a consequence of Theorem 35, a standard canonical
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transformation changes @, to @, — d ﬁlw _+ A\dt. Moreover,
the next theorem shows that the new Hamiltonian K does
not depend on u.

Theorem 6: If (i ,¢ ) is a standard canonical transforma-
tion of (T *0 XR, wg ), the new Hamiltonian K factorizes as
K =Koy, where K is a function of A %(T*Q XR).

Proof: Let &, be the pullback of @, by u, i.€., wy = u*@,.
Then ¢, @ wo = p*$, @, and therefore

¥, Do = @y — d (W, o) Ad (tou). Neither ¢, @, NOT @, de-
pend on the variable uAand the correspon}c\ilng u indepen-
dence of the function W, implies that W, does not de-
pend on the choice of the constant value 7. Finally K can then
be expressed as K = R oy with R= (@, H + W,,, ).

As a corollary of this theorem we find that a standard
canonical transformation can also be considered as a diffeo-
morphism ¢ of 7*Q X R such that

b 0y =0f with R=¢ H+ W, (3.4)
W, .eA%T*Q XR),
bui=1, (3.5)

which is the usual definition of canonical transformation.'-
In fact, the comparison of the theory in the extended phase
space formalism we are developing to the standard one pro-
ceeds via the group homomorphism 4: Can(7T *Q X R)
—DiffiT*Q XR), given by 4 (¢ ,¢ ) = ¢. Two canonical
transformations (¢,, ¢ )and (i,, ¢ ) are physically equivalent,
and they are related by ¥¥u = Fu + fo¢ *(t )ou with

JeA °(R). We remark that (¢ ,id) is a symplectomorphism if
and only if y*u = u + forou.

The main question is to elucidate whether a given dif-
feomorphism ¢ of 7*Q X R can be lifted to a canonical trans-
formation.

Theorem 7: Let (¢ ,6 ) be a canonical transformation.
Then, .

(i) There exists W,-.eA %T*Q X R) such that

b Bo=do—dW, Adt+d(p H)Nd(p t—1)
(3.6)

(ii) p, t =for with feA(R) (3.7)

Proof: The first claim follows from Theorem 5 with

W, . = W, .. Furthermore, we can compute ¢, £2,, and we

obtain ¢, 2, = 2, + I" with I" defined by I' =d (¢, H )ou

Nd(p, t—t)ou+d(y, u)Nd(p,t — t)ou. The map ¢ be-

ing symplectic, the 2-form I" vanishes, and this implies the

relation d (Y, u) Ad (¢, t)ou = du Nd (top)

+dW, ouNd(tou) —d (@, H)ouNd (@t —t)ou. Asa

consequence, the following equations hold:

Iy u Ot ., Iyu 98,1 —o
Au ot " du I '
Huu 9.t
du dp ’

and therefore the second statement follows.

Theorem 8: A diffeomorphism ¢ of 7*Q X Rsuch that it
satisfies both conditions (3.6) and (3.7) can be lifted to a ca-
nonical transformation (i, ¢ ). An explicit solution is given
by
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() e
=|~— .19
Y u d{) [u+ J

+ (@ H)op] — (@ H)opu. (3.8)

Proof: 1t suffices to show that ¢ defined by (3.8)is a
symplectomorphism. If we use the condition (i}, we will ob-
tain

(Wou)d (b, t)on=[u+ W, ou+(d,H

— (@ H)ond(d,t)ou,
and, if we substitute d (¥, u) Ad (@, t )ou in the expression
for ¢, 2, we will find ¢, 2, = {2,

The particular case of a nonstandard canonical trans-
formation where ¢ is such that it only changes the time vari-
able has been used by some authors,*® but the fact that it can
be considered as a symplectomorphism has not yet been
claimed, as far as we know. Theorem 8 shows this possibility
because such a diffeomorphism in 7*Q X R can be lifted to a
canonical transformation. Moreover, the set of all diffeo-
morphisms ¢ of T*Q X R that can be lifted to a canonical
transformation, i.e., 4 (Can T *Q X R), is a semidirect pro-
duct group of the subgroup of diffeomorphisms that only
change the time to a time function by the normal subgroup of
diffeomorphisms corresponding to standard canonical
transformations. This means that any diffeomorphisms ¢
that can be lifted factorizes in a unique way as a product of
two factors, one in each subgroup.

Jou] d (top)

4. GENERATING FUNCTIONS OF CANONICAL
TRANSFORMATIONS

We are now able to apply the theory of generating func-
tions of symplectomorphisms to study canonical transfor-
mations of time-dependent systems. Before going deeper in
such application we start by recalling some basic concepts in
the theory of generating functions.

Given a symplectic manifold, namely (P, £2 ) a submani-
fold L C Pis Lagrangian if dim L = n = {.dim P and
i*2 = 0, where i is the canonical injection of L in P. There is
then a function G, locally defined such that i*@ = dG,,
where @is such that 2 = dO; such a function G, issaid tobe
the Weinstein generating function for L."'' A rather inter-
esting case is that of a symplectic manifold (T *Q,

X T *Q, 2,042, arising from the pair of symplectic mani-
folds (T *Q,, £2,) and (T *Q,, £2,).The 2-form 2,042, is de-
fined by 2,602, = 7¥02, — ¥{2, with 7, the projection of
T*Q, XT*Q,on T*Q, (i =1, 2). A diffeomorphism #:
T*Q,—T*Q, is a symplectomorphism if and only if the
graph of ¢ is a Lagrangian submanifold. On the other hand,
the restriction of 77, to the graph of any function f:
T*Q,—T*Q, is a global diffeomorphism. The Weinstein
generating function G,, of the symplectomorphism ¥

T *Q,—T *Q, can be related to the corresponding Poincaré
generating function as follows:

Proposition I: Let ¢ be a symplectomorphism ¢
T*Q,—T*Q,. The locally defined Weinstein and Poincaré
generating functions are related (up to an additive constant)
by

G,om ‘= —S§,. (4.1)
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Proof: Let 6, be the canonical 1-formon T*Q, (i = 1, 2).
The function S,, is locally defined by ¥*8, = 8, + dS,, while
G, is locally defined by i*(6,96,) = dG,. Then, d (G, om, )

= (o7 ')*(0,©8,), and, therefore, if we recall the definition
of 8,06,, it is easy to check thatd (G, om ') = — dS, be-
cause of the relation d (G, om" ') = (m,%iom; ')*6,

— (myoiom )*0, = 6, — Y*0,.

Hereafter only Poincaré generating functions will be
considered. It is worthy of remark the identity
d(S, + ¢*S ;') = 0, which s easily obtained by application
of ¥* on the relation defining dS,, .. In general,

Spon, =Sy, +UFS,, . (4.2)

Definition 3: A generating function of a canonical trans-
formation (i ,¢ ) of the time-dependent system
(T*Q X R, wy)is a generating function of the symplecto-
morphism ¢ of (T *(Q X R), £2), i.e., it is defined by
¥, 6, =86, +dS, . Itisonly locally defined.

In the particular case of a standard canonical transfor-
mation we will see that the generating function above de-
fined reduces to the usual concept. In fact, if 00, Ou, O,
and 6 are the 1-forms of 7*Q XR defined by Oy=1 90,
6, =6, — Hdt, 0z =6, —Kdt and
0% =0, — W, .. dr; then, if (¥,¢ ) is a canonical transfor-
mation, ¢, 6, — @z is aclosed 1-form and there is a (locally
defined) function S, -, such that ¢ _6,, — Oz =dS,-..

Lemma 1: With the above notations, the 1-form &,
transforms as follows:

$.00=05, +dS,  +ip H)d(g,t—1).  (43)

Proof: The relation ¢, 6, = ¢, 0, + (8, H)d ($,1),is

written in terms of the function S, -, as follows: ¢, 6, = 6%
+dS;  + (¢, H)d(#,t) Wecan replace K by

6. H+ W, .., and we will find the relation we were looking
for.

As a corollary of this proposition, in the particular case
of a standard canonical tranformation, ¢, 6, = 65,

+ dSqS " which is the usual expression for the generating
function.'

We are now interested in looking for a relation between
the generating functions S, . and S, .. This ig given by the
next theorem, where it will be also shown that S, - . is a good
generating function.

Theorem 9: If () ,# ) is a canonical transformation of
(T*Q X R, wy), the(locally defined) generating functionS,, .
is related to S, . by

ds, = d§¢ Lop + d (hotou), (4.4}

where heA °(R).
Proof: We recall the definition of S,,-., ¥, 6,
o + dS,- as well as the identity 8, = "‘9 + u d (tou).
Therefore, ¥, B0 = WOY ™" + (¥, u) d (t°,u°1// |
=p ¢* 60 (¢* u)d(¢*t)°,u
On the other side, if we make use of Theorem 8 and
define a symplectomorphism ¥in (T*Q X R) by g[;*
— (df/dt)"[u+ W, o + (@, H)ou] — (¢, H|op, both
diffeomorphisms ¥ and ¢ are related by ¢, u = ¢, u
+go¢, (t)ou = ¢, u + go fotou, where g is a real differen-
tiable function. A comparison with ¢, 6,
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= ,ufo + ud(top) + d.’S\‘Wl leads to the relation dS,-
=dS, - ou + go fo(rou) d ( forou) with ¢t = fot. Finally,
if A is a primitive for gof, we will find dS,-. =dS,- ou

+ d (hotou).

The structure of semidirect product of the set of diffeo-
morphisms of 7*Q X R that can be lifted to a canonical
transformation as identified with the corresponding equiv-
alence classes suggests study of the generating functions as-
sociated with elements of each factor.

Lemma 2: Let (¢ ,¢ ) be acanonical transformation such
that changes only thetime? tog, t = for. Then W, . is given
by

A ds, .
W, =(¢*H)(i;{ — 1)+ —(-;it—. (4.5)

_[Proof: The invariance of 6, under ¢, implies that
— Wy dt + (¢, H)dld, t—1t)+dS, - =0, and, there-
fore, W, - will be given by the expression (4.5). The transfor-
mation law of 6, given by Lemma 1 shows that dS,, -,
= dS¢ f—l/at dt.

Proposition 2: Let (¢, ¢ ) be a canonical transformation
that factorizes as a product ¢ = fOrZ\. The generating func-
tion is Sll/" = Sf—l +_f*Sa —1y i.C., S,/,fl Zf*Sa -+ h (up
to a constant), where ¢ is the corresponding standard canoni-
cal transformation in the factorization.

Proof: Since ¢ = fog, we obtain S, . =S5 ., o

=S; + +/,5; + (uptoan additive constant). The relations
S; -+ =83 ouand S, . =S, .ou + hotop lead to the sec-
ond expression when # is a real function defined by

h=S, . —hot.

A particularly important application of canonical
transformations is that of the Hamilton—-Jacobi equation for
the determination of Hamilton’s principal function.'-*!'%-'
We look for a generating function of the canonical transfor-
mation ¥~ ' carrying H to equilibrium. It is given by G-

= — 8§, om, where 7, is the projection 7,: 7*(Q XR)

X T*Q XR)}—>T *(Q X R)onthefirstfactor. Letwdenotethe
natural projection 7: T*(Q X R)X T*(Q XR)—(Q XR)
X(Q XR). Let assume that G,-, may be written in terms of
the local coordinates (g, ¢; ¢, t ') by means of the identifica-
tion of the graph of ¥~ ' to (Q XR) X (Q XR), i.e.,

det 8°G /3¢'dp; #0. Hereafter by S,,-. we will understand
S, omomr L.

The symplectic structure given on 7 *(Q X R) reduces
the time-dependent case to the simpler one of time-indepen-
dent Hamilton—Jacobi equation and therefore the symplec-
tomorphism ¢~ ' transforming the system to equilibrium
will be given by a generating function S, satisfying the
Hamilton-Jacobi equation @°d,S,-. = r, i.e., in local co-
ordinates D (g, dS,- /dq,t,3S,,- /0t ) = r. The subindex 1 in
d, indicates that the differential is only with respect to the
first coordinates. If we recall @ = H + u, the Hamilton—Ja-
cobi equation reads

as,- as,-.
H(q,———'/’ ,t):r—— v
aq ot

The form of the generating function S~ established in
the last proposition give us a more explicit form of the H-J
equation. That is, the generating function S, is

(4.6)
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Sy =fuS3- +S,-., where fis denoting here the part of
the transformation ¢~ ' that changes the time only. Hence

r= ¢(dlS¢—l)=H(d15¢—l) + u(dISd,q)

d —1 aS$—|
=H - pacAl
(@S H(d/t) at

and therefore

~ d -1 d)ls\"—|o,ua
=H(d.S-_.0 (—l) - - 4.7
r (d,S5 - op) + It o (4.7)

and S - =S8, - + const, because 5 is a standard canonical
transformation. In the easier case of ¢ being a standard ca-
nonical transformation, the Hamilton~Jacobi equation re-

duces to the usual form
~ as, o
H(d‘S —loﬂ)zr——(—‘ta—tﬁ)—.

5. SOME APPLICATIONS AND COMMENTS

We will show now that the generalized concept of time-
dependent canonical transformation we have developed in
preceding sections is the appropriate one to study some
transformations which have been used in the literature, but
which have not been identified as canonical transformations;
in particular, the Kustaanheimo and Stiefel transforma-
tion*® regularizing the problem of the Kepler motion and
that used by Leach®® when studying a time-dependent har-
monic oscillator are nonstandard canonical transformations
which can be factorized as indicated in Sec. 4. Both of them
are particular examples of a broader class of problems where
a canonical transformation arises in which the time changes
as

s:J(;p_z(t')dt’ (5.1)

with p a solution of some differential equation. Leach®™® de-
veloped a method of finding a standard canonical transfor-
mation leading the old Hamiltonian H = p*/2 + Jo*(t )¢* to
a new Hamiltonian H' = (P> + Q?%)/p? where p is a time
function solution of 5 + @’ = p~>. After this first step has
been carried out, a second nonstandard canonical transfor-
mation in which only the time changes, given by (5.1), is to be
done.

In a similar way in the two-dimensional Kepler prob-
lem a standard canonical transformation given by
x =g} — ¢5 and y = 2q,4, (it is remarkable that it will be no
one-to-one if no restriction on the domain is imposed, see,
e.g., Ref. 13) transforms the old Hamiltonian H = ( p?

+ p3)/2m — k /r to the new one H' = (P + P2)/8mp?

— k/p* = (1/p*)[(P} + P})/8m — k ]. A nonstandard ca-
nonical transformation given by (5.1) is also to be done but
the function p? is now defined by the norm of the position
vector running an actual trajectory.

The fundamental point is that this transformation when
considered as a canonical one tells us how to find a new
Hamiltonian while so far the new Hamiltonian was an an-
satz.

We develop more explicitly the prescription of our the-
ory for finding the new Hamiltonian: The generating func-
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tion Sd, + is constant while W -+ is given by (4.5) and hence
the new Hamiltonian K is K (6, H)+ W,,, .
= (df/dt)¢ H)+ c?S,,S +/0t. Furthermore, ¥, u
=(df/dt)"'[u+ W, +¢,H] —¢,H (see Theorem
8), and, consequently, one also finds ¥, @
= KO,u + u = (df /dt )¢, H )+ u. The choice df /dt =
for freduces both cases, the harmonic oscﬂlator and the
Kepler problem, to K=P*4Q%andK= (P2 4 P3)/8m
—k+ pz(dS_ /0t ), respectively.

Finaily, some remarks are in order to show that our
formalism could be useful for the study of some constrained
autonomous dynamical systems. For instance, the system
given by a test particle in a gravitational field is usually for-
mulated in an extended formalism, but, because of the Ha-
miltonian constraint, it is reduced to an effective time-de-
pendent system. The relation between both systems is
similar to that considered in this paper. A more interesting
case is general relativity itself, because the canonical formu-
lation leads to a time-independent Hamiltonian system with
the constraint A = 0,'*'” which is just the condition relating
an autonomous and the corresponding nonautonomous sys-
tem in our framework. This problem will be considered else-
where.
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The theory of stochastic electrodynamics is applied to the free particle and to the particle moving
in a homogeneous field, leading to a complete temperature- and time-dependent description in
phase space. After a transient time, the marginal description in configuration space coincides
entirely with quantum mechanics, while the phase-space description is only mathematically
related to the Wigner distribution. The Schrédinger equation appears as a natural—though
incomplete—means of describing the statistical behavior of the electron under these conditions.

PACS numbers: 03.65.Bz, 05.40. + j

I. INTRODUCTION

In the last two decades or so the theory of stochastic
electrodynamics (SED) has been the subject of intensive at-
tention by several workers.! The theory starts from the rec-
ognition—that goes back to Planck? and Nernst’—of the
physical reality of the zero-point radiation field with energy
per mode !7iw. This field is introduced into the Abraham—
Lorentz equation of motion for the electron, thus transform-
ing it into a stochastic equation that has been named after
Braffort and Marshall.* It is believed that this theory may
help in laying new foundations for nonrelativistic quantum
mechanics, and in fact a certain progress has been achieved
in this direction. With its help and without any quantum
assumption, the Planck distribution has been derived,’” as
well as the Van der Waals forces®®; the detailed behavior of
the quantum harmonic oscillator has been explained, includ-
ing the radiative corrections'~'®; the connection with Schro-
dinger theory and the radiative corrections from quantum
electrodynamics have also been explored in the general
case,'>'%!° etc. However, in more elaborated problems the
theory has met severe difficulties, which are revealed by the
fact that it predicts a behavior at variance with the one pre-
dicted by quantum theory. In the list of these defiant prob-
lems we must include not only nonlinear systems as the hy-
drogen atom?® or the anharmonic oscillator,?"?? but even
some linear problems as a system of degenerate coupled har-
monic oscillators.”* Even the free particle presents some
problems, since only qualitative agreement has been ob-
tained up to now with quantum mechanics.'> The situation is
certainly confused, but if one is still confident about the po-
tentialities of SED, one is led to the obvious conclusion that
the theory requires some revisions.

It is not difficult to trace back a possible—although not
necessarily the single one—source of the difficulties in the
Abraham-Lorentz (AL) equation of motion used in SED,
since, as is well known, this equation predicts a noncausal
behavior of the self-interacting point charge. Fortunately, it

* With partial support by DGICSA, Secretaria de Educacién Piblica,
Mexico.
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is possible to construct an alternative to the AL equation for
an extended particle that is free of noncausal behavior. In
this equation, the usual radiation reaction term (2¢%/3¢”)% of
AL theory is substituted by an integral expression of the
form f*_ _glet — ct ")[¥(t') — (¢ )] dt ', this implying that the
motion at a given time depends on all past accelerations, i.e.,
on the whole trajectory. The kernel g(c? ) is related to the
spatial structure of the extended particle, as explained in the
literature.”** Elsewhere we make an attempt to explore the
theory to the simplest possible problem, namely, the free
particle. In spite of the simplicity of the problem, the theory
is highly nontrivial and demands the use of sophisticated
techniques and long calculations, several of which are still in
progress. Therefore, it seems preferable to try to explore this
problem with simple even if approximate means, as those
afforded by usual SED, in spite of the shortcomings of this
theory, a task to which we devote the present paper.

To partially overcome the difficulties associated with
the AL equation we will pay attention only to the asymptotic
behavior of the system. It is clear that the structure of the
particle may play an important role—even an essential
one—on the motion of a free particle only for short times,
but once the transient has disappeared, the dynamics will be
practically independent of the structure, if we are allowed to
neglect small radiative corrections to the self-energy. This is
confirmed by the explicit calculations (see, e.g., Ref. 25).
Hence by considering only the predictions of the theory for
times long enough we are able to apply the AL equation to
the free particle as an approximate representation of the
more elaborate theory. Since adding a constant force hardly
makes any important calculational difference, we here inves-
tigate not the free particle, but the particle acted on by a
homogeneous field, thus extending somewhat the range of
applicability of the theory. On the other hand, from the point
of view of the principles, this last problem has the great ad-
vantage of allowing us to make legitimate use of the AL
equation, by assuming an external homogeneous force that is
everywhere much stronger than the radiation reaction
force.”’

The asymptotic phase-space distribution obtained may
be compared with the one predicted by quantum mechanics:
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Both distributions are different but related by a Gaussian
integral transform, a result that has been suggested in the
literature on repeated occasions,?® though never convincing-
ly demonstrated, and that seems to be valid only in this case.
On the other hand, the marginal distribution in configura-
tion space predicted coincides with the usual quantum me-
chanical one at any temperature; thus the simplest possible
way of studying the statistical behavior of the free particle in
configuration space is just by solving Schrodinger’s equa-
tion. In this way a natural link is established between usual
quantum theory and SED for the free particle and for the
particle in a homogeneous field, in spite of the fact that there
exist important differences between the predictions of both
theories.

A point which is worth mentioning is that SED predicts
for the free particle a fixed minimum asymptotic variance for
the velocity; unfortunately, the numerical value of this quan-
tity is strongly cutoff dependent, and hence we may offer, for
the time being, only a rough preliminary estimation of its
value. Nevertheless, this is an important prediction, since
quantum mechanics affords no means to evaluate it. Due to
the fact that the dispersion of the velocity of the free particle
attains a constant finite value, the final average energy is also
a constant, thus suggesting that in the long run an energetic
equilibrium between the particle and the zero-point radi-
ation field is reached. However, at the end of the paper a
spectral analysis of the power exchanged between particle
and field shows that an intensive instantaneous exchange of
energy between the different modes of the field takes place,
even under the condition of constancy of the average kinetic
energy, thus extending for the present linear case earlier re-
sults of Boyer.”

1. STOCHASTIC ELECTRODYNAMICS FOR THE
PARTICLE IN A HOMOGENEOUS FIELD

The Braffort-Marshall equations for a point charge act-
ed on by a constant external force F is the AL equation

mi = F + eE(t) + m7, (1)
where
T =2*/3mc>. (2)

Here, as has become customary in the study of nonrelativis-
tic problems in SED,"* we approximate the Lorentz force by
its electric part ¢E(t ), written in the long-wavelength (or di-
pole) approximation. The random field E(¢ ) is assumed to
have a Gaussian distribution with zero average and autocor-
relation given by the Wiener—Khinchin theorem

(E,(t)E,(t")) = 5,,[5,5(@, T)cos w(t —t')dw,  (3)

with a power spectrum Sy (w, T') given by Planck’s law at
temperature 7:
Splw, T) = (2#w’*/3mc)) [ 1 + 2/(e7 — 1)], (4)

where, as usual, B represents the inverse absolute tempera-
ture in units of the Boltzmann constant:

B=1/k,T. (5)

Here a difficulty appears, namely, that Planck’s distribution
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includes the zero-point contribution
Sg(w, 0) = (2#/3mc)w?,

which is not integrable over the whole frequency spectrum.
Since a deeper theory of the vacuum that may solve this
fundamental problem is still lacking, we will go around this
problem when necessary by introducing an appropriate cut-
off, as has been done in previous work.*7 !>

As is well known, the solutions to Eq. (1) may exhibit
“runaway”’ behavior, which can be eliminated by demand-
ing that X—0 as #— 0, as proposed by Ivanenko and Soko-
lov.* By an integration by parts and under this condition,
Eq. (1) takes the form

mX =F + eE, (1), (6)
where
E.lt)= —I-J ' E(z)e*~"Vrdys! (7)
T Jt

has the power spectrum
S, =Sg)/(1 + Po?, (8)

as follows immediately from Eq. (3). Equation (6) shows
preacceleration with respect to the stochastic force E, (¢ )
only [see Eq. (7)], being free of this problem with respect to
the external force as this external force has a constant value.
We assume well-defined (nonstochastic) initial condi-
tions x(0) = x,, p(0) = po; then Eq. (6) has the solutions

!

pit)=mx(t) =p, + Ft + ef E, ¢t dt', (9a)

X(t) = %, + (1/m)f plt’)dt. (9b)

For the average of these equations over the ensemble of real-
izations of the stochastic field E , (¢ ), recalling that (E,, )
=0, we get

(p(t)) = po + Fr, (10a)
(x(t)) =xy + (po/m)t + (F/2m)t?, (10b)

whereas the correlations between the different components
of p(¢) and x{r ) become

(pilt)p; (")) = Cpile DAyt ) + Cyle, 1), (11a)

G = Gl pyle ) + (1/m)f0 dt, Cylty, 1),
(11b)
et )

= Gl ) + (/A [ e[ €0, (110
() 0
where the tensor C, (¢, t ') is given by

Cylt,t') = ezf’dtlfl dty(E,.(t,)E,, (). (12)

With the help of Egs. (3) and (7), Eq. (12) may be given the
form

Cylt,t) = ezé,jj- dw S,, (a))j dtlf dt, cos w(t, — t,)
0 (0] 4]
or, performing the time integrations,
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C,t, )
= e26,.jf dw (S, (@)/0*]
0

X [1 —cos wt — coswt’ + cos wft —t')] (13a)

and also
f Cyls, t')ds
(8]

= ezﬁqfwda)[sm (@)/o’]
0

X [wt — wt cos wt’ — sin wt + sinwt’

+ sinw(t — t')], (13b)

f ds| ds'Cyls,s)
0 0

= ezéiij dw[S,, ()/o*]
(1]

X [@?*tt’ — wt'sin t — wt sin ot
(13¢)
From these results and Egs. (11) we see that all covariance

matrices are diagonal. In particular, we get for the variance
of p;

+ 1 —coswt’ + cosw(t —t') — cos wt ].

ailt) =2e2j [Sn(w)/@*](1 — cos wt ) do, (14)
Q
the covariance at equal times of x, and p,,
T, (t)=(12m)al(t), (15)
and the variance of x,,

2 ro S
ai(t):—zi,-f dw—ﬁ(itz—isinwt
m- Jo @ 2

1

»
cos wt + L )
®* ?/)

Noticing that the factor within parentheses in the integrand
is just the value of the integral f§dt " t'(1 — cos wt ‘), we may
rewrite the last result in the form

o'i(t):(l/mz)f t'o2(t')dt’. (16)
o ,
Deriving this expression with respect to time and noticing
Eq. (15), we see that
di* 2
L ==Tr_) 17
o ,(t) (17)

This is a general result that may be derived directly from the
definitions of 02 and I, .
To get an expression for o7 (¢ ), we substitute Egs. (4) and
(8) into Eq. (14):
2fmr (7 o 2
o) = f 1+ )
== ) T\ Ty
X{1 — cos wt) dw. (18)

This expression contains a divergent term, that which comes
from the product of the first terms within the parentheses;

we regularize it by introducing a cutoff at frequency ., as
said before, which we select as the pair-production frequen-
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4,7,16,18

cy

w, = 2mc*/#. (19)
Since 7w, ~a (a is the fine structure constant), we can now
approximate the factor (1 + 7°w?) ™" in Eq. (18) by 1, the
corrections being of order a* and hence negligible. Develop-
ing the thermal contribution to the spectrum in a power se-
ries of e ~#, we get from Eq. (18)

aﬁ(l):z—ﬁﬂ_ﬂ[f:cw(l — coswt ) dw

+2i f we ~"PR(] —coswt)dw]
n=1vJ0

or
af,(t):o%[l—isinwct—k 222— coswct]
.t wt w. !t
| Ao $ [ Y it ] 20)
ot S \nB (B 1)
where
ok = (hm7/m? = (8a/3m)mic’. (21)

When t> p#i>w. ', this function reaches the stationary val-
ue

o2 = o3 [ 1 + Y2u/Bhw. ). (22)

P
At room temperatures, %~ 10~ ', so that the particle will
reach this stationary dispersion very fast. However, as 7—0
the time needed to reach the stationary value for o> becomes
arbitrarily large. Also, since at room temperatures
B ~'~10"?eV whereas #iw, ~ 1 MeV, for all usual tempera-
tures the thermal corrections to o7, are entirely negligible,
and we may approximate aj by o%. This is quite understan-
dable, since the energy #w/2 of the mode w of the zero-point
field greatly exceeds the thermal contribution to the spec-
trum at the same frequency w, unless the temperature
reaches extremely high values. Therefore, for r>w_ ' and not
unusually high temperatures we may write the variance of
the momentum as

o2 = o3 (23)

Obviously, if we assumed that the initial momentum is dis-
tributed with variance 0}2:0’ but uncorrelated with the radi-
ation field, instead of Eq. (23} we would get

0y, = g0 + 0. (24)

These results assign to the parameter o7 the meaning of the
minimum (or intrinsic) asymptotic momentum variance for
the free particle at temperature 7 = 0 (the presence of the
homogeneous field does not affect this result). According to
Eq. (21), &3 is strongly cutoff-dependent; in particular, for
the selected cutoff [see Eq. (1)] it takes a fairly high value that
corresponds to an energy associated to these fluctuations of
order amc?, and which will usually be treated as part of the
self-energy of the free particle, by means of a renormaliza-
tion procedure.

These results, whose numerical value depends on the
value adopted for @, and hence must be considered merely a
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crude evaluation of order of magnitude, are related to an
effect discussed several years ago by Boyer® and lately also
by Rueda.” The Boyer effect may easily be shown by noticing
that for @ — w0, the variance of the momentum of the parti-
cle grows without limit, which means that the zero-point
radiation field may accelerate free particles to any arbitrarily
high velocity. In his penetrating analysis on the origin of the
Planck spectrum,’ Boyer restores equilibrium by confining
the particles in a box and assuming that the radiation energy
lost during the collisions with the walls accounts for the ba-
lance. In his turn, Rueda’ sees in Boyer’s effect a possible
mechanism for explaining the high velocities attained by cos-
mic ray particles.

It is possible to write Eq. (20) in closed form in terms of
the function

b= 3 s

n=1 n2 + 22 ’

whose numerical value for real z may be calculated with the
formula (Ref. 31, p. 36)

(25a)

21 _——nz-li-zz =%(coth7r _ i) (25b)
We get
af,(t)za%,[l_ 2tsinwct+ th(l—coswct)]
wC C
o) 15
B ) L 6
t d t
*¢(ﬁ)—’z¢(ﬁ—ﬁ)} 126)

With this result and Eq. (15) we get a closed expression for
I,,(t). To calculate o7 (¢ ), we use Eq. (16):

=i+ (2 -5
it

2 2[
+{— —l+cosw.t +Inw.t—In——
(w t) 4 B

c

+1In sinh[% —d (a)ct)”, (27)

where y is Euler’s constant. Since for t> S#i>w_ ' the cosine
integral ciw.t) = — §7,[(cos x)/x] dx tends to zero and the
sinh may be approximated by one-half the exponential, 0% ()

reduces to
_% . o
=1+ 26 (5 )|}
(28)

which means a quadratic asymptotic dependence on ¢ for the
variance of x,,

oLt} = (o, /2m*)t?, (29)

where o7, is given by Eq. (22).

Summing up, for #>£% the components of the correla-
tion tensors between the components of x and p at equal
times are

(p:p;) = p){p;) + 8,00,

2 \[7, 7Bh _
Bﬁwc)[6+ 2t

(30a)
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<xipj> = <xi><pj> + ‘Sij(oﬁ/zm)t,
<xixj> = <xi> <xj> + 6,,(02,,/2m2)t %

(30b)
(30c)

1. PHASE-SPACE DENSITY
A. The phase-space density

Since x(t ) and p(¢ ) are both linear functionals of E(z)
when the system is linear, and E(¢ ) has a Gaussian distribu-
tion, for well-defined initial values of x and p the phase-space
distribution is a bivariate Gaussian centered around the val-
ues (x) and (p) given by Egs. (10) and with covariance ma-
trices given by

0,, = 8;0,(t), (31a)
1
Ly, =8y 5~ 03(t) = 8,1, (31b)
oy, =8,0%(t), (31c)
where o2 is given by Eq. (27). Explicitly,
! 1
Pix,pt)= exp[——____—
(@7foro, — 5,0 A2 —T2)

X ["ﬁ(x — (X)) =2, (x — (x))p — ()

+ox(p — <p>)2”. (32)
For > p#Ai>w, ' Eqgs. (30) hold and hence

4

A2~ 4"" 2,

m2

The phase-space density then takes the simple form

Pix,p,1)= (7:2,)3‘”‘"[ - 2 -
+;—:’;(x— (xX)1fp — (p)) — 7,1,?“’ — P
33)

where o is given by Eq. (22).

B. Comments on the validity of the formula for the
phase-space density

Since in the following we will make extensive use of Eq.
(33) it seems opportune to make some comments on it. First
of all, we notice that this density depends on the temperature
through oﬁ only, which in its turn has a very weak tempera-
ture dependence, as we say in Sec. II; hence, P (x, p}) is very
insensitive to temperature changes.

A more interesting comment refers to the validity of Eq.
(33). In the case of a constant external force, the AL equation
is applicable and only the term E,, (¢ ) [see Eq. (7)] may show
preacceleration effects; but these effects are noticeable only
for times ¢ S 7, i.e., for frequencies w>27/7~w_ /a, and
hence can do no harm since they fall outside the physical
spectrum considered. In other words, the acausal effects due
to preacceleration are entirely negligible in this case and Eq.
(33) is fully legitimate. A little more caution is needed when
considering the free particle, since in this case it may be ar-
gued that the AL equation itself does not apply. In fact, for
an absolutely free particle it does not apply, as is well
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known?”*%; however, the particle we are dealing with is not
free, but subject to the stochastic force E(z ). As stated in the
Introduction, there are arguments to support the idea that
the presence of this field—which at 7 = 0 subjects the parti-
cle to such an intense interaction that it becomes essentially
insensitive to thermal perturbations, as we have seen—is
enough to guarantee the applicability of the AL equation.
This belief is reinforced by observing that the distribution
P (x, p) given by Eq. (33) goes smoothly to a well-defined limit
when F—0, since F enters linearly in (x) and (p).

It is possible to confirm rigorously the validity of this
conclusion by performing a more careful calculation, which
we omit entirely in order not to complicate and obscure the
present calculation, but which we may explain as follows. As
discussed in the Introduction, it is possible to construct an
entirely causal theory of the radiating particle, by taking its
structure into account®*?’; starting from this theory, we may
calculate p(¢ ) and from it the covariance { p,p;) and its limit
when 1— . For example, a concrete calculation of this kind
can be done on the basis of the results presented in §§IV of
Ref. 25. The point is that for times long enough we recover in
this way Eq. (14}, and hence the whole of the above theory,
thus confirming the applicability of Eq. (33) to the free parti-
cle. The advantage of the present procedure is its relative
simplicity and clarity.

IV. RELATIONSHIP WITH WIGNER'’S DISTRIBUTION
A. Quantum mechanics and SED are different theories

A straightforward application of stochastic theory has
led us to the phase-space density P(x, p, 7 ) as the basis for a
complete statistical description of the behavior of the me-
chanical system. Our present purpose is to compare the
above results with those predicted by quantum mechanics
for the same system under the same conditions and investi-
gate if any reasonable connection may be established
between both. First of all, we must stress that we are dealing
with two theories that give different predictions for many
important quantities. To show this in a simple way, we start
from Eq. (29), which we rewrite for convenience as

o%(t)=(oa/2m*)t?, {29)

with o7 given by Egs. (21) and (22), and compare with the
corresponding quantum mechanical result (which we will
derive below),

oL(t) = (op/m)> (34)

The word “corresponding” seems to require some explana-
tion. We are here working with a particular solution to our
problem, namely the one that corresponds to a Gaussian
distribution for all times. We could as well consider more
complicated—even non-Gaussian—initial conditions, but
this would unnecessarily complicate the problem. In the
quantum-mechanical case we also have an infinity of possi-
ble solutions, depending on the initial conditions. We should
therefore compare Gaussian solutions of both theories; this
is the meaning of the word “‘corresponding.” A word of cau-
tion is, however, necessary: In the quantum-mechanical case
we cannot go to the dispersionless limit (#~—0) because in this
limit the density would violate the Heisenberg inequalities.
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The comparison can only be made for times such that the
Heisenberg inequalities hold, as discussed in the next sec-
tion.

As seen from Egs. (29) and (34), both theories predict
the same time dependence (for large times; SED gives a more
detailed description for smaller times); nevertheless, there
exists an essential difference, associated to the presence of
the factor { in Eq. (29). This factor is responsible for several
important differences in the behavior of the SED particle
with respect to that of quantum mechanics, as we will see
below. We will have an opportunity below to discuss several
related points.

Before making a deeper comparison with quantum me-
chanics, it seems worthwhile to make the following consider-
ation. Since we have assumed well-defined initial conditions,
the initial dispersion of both x; and p; are zero, and so also is
their product; for w t> Bfiw. > 1 we have, however, that

ool = (03/2m*)t %

The onset of the quantum regime'® is reached when this
quantity attains a value not smaller than #%/4. This consider-
ation offers us a heuristic interpretation of the Heisenberg
inequalities, namely, that there exists a minimum (Heisen-
berg) time ¢; needed for the system to relax into the quan-
tum-mechanical regime, when starting from well-defined in-
itial conditions in phase space. With the aid of Egs. (19) and
(21), we may estimate this #,; to be such that

o by >37/4V2a,

aresult that is stronger than the simple requirement w_z > 1.
This is easily understood by recalling that Eq. (29) is legiti-
mate only for o t > Bhiw, = 2mc*/ky T, which tends to in-
finity when 70 and is much greater than unity even for
room temperatures. Therefore, we conclude that when Eqgs.
(30) apply, we are surely well within the quantum regime, but
a long time is needed to reach this regime at normal or small
temperatures.

B. The Wigner distribution

Now we go over to a more quantitative comparison
with quantum mechanics. We start by constructing the
quantum-mechanical phase-space distribution, i.e., the
Wigner distribution of the problem, which we denote by
Py (x,p, ). Let us recall that for a general potential V (x) the
equation of evolution of Py, is*>
AP,

p
— 4+ — VP,
ar + m i

2
h

fd%c’f d’p’ Py(x, p, 1)V (X')
: 2 ' ’
><s1n—h~(x—x)-(p—p)=0.

For V= — F-x, as is our case, this reduces to

—+—VPy + FV, Py, =0. (35)
at m

We see that the equation of evolution of the Wigner distribu-

tion coincides with the classical Liouville equation of the

problem. It is easy to check that Eq. (35) does not accept a
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solution of the form of Eq. (33); therefore, to construct the
Py, of interest, we proceed as follows. As a first step, we
notice that Eq. (35) accepts solutions of the form

Py(x,p, 1) = D(p — (p))Po(x — (x) — (t/m){p — (p}))
with (p) = Fand (x) = (p)/m, which means that (p) and
(x) are given by Eqgs. (10). For a classical (deterministic)
problem we would demand that p = (p) and x = (x), and,
to guarantee that Py, differs from zero only if these condi-
tions are met, we would select both functions @, and @, as
Dirac deltas. In the present problem, as discussed previous-
ly, we are interested in a distribution which contains at least
a Gaussian factor in the momentum with a constant vari-
ance. Therefore, we take the particular solution

p— (p))°

(mV20,0) exp[ o’

x=(x)—(p- (p>)t/m)2]
203, ’

which reproduces the classical result in the limit 0—0, o,
—0. Since Eq. (35) is simultaneously a classical and a quan-
tum-mechanical law, we must take care to guarantee that
our particular solution is indeed consistent with quantum
mechanics. This is achieved by selecting ¢ and o, such that
Heisenberg’s inequality ofw,, 02, , >#°/4 holds for any time,
or, as follows directly from P, ,

Lo (00, + Yo7t 2/m?)>H/4.

Hence, it suffices to take 0?03, »>#°/2 to guarantee consisten-
cy with quantum mechanics. For times longer than #im/o
(which for 0 ~ o, will be of the order of #,,), the time-depen-
dent contribution to o, (¢) is dominant and, as time grows,
0o, becomes negligible. This observation is important, since
in the SED calculation we have arbitrarily restricted our-
selves to the case in which the initial dispersions of x and p
are both zero and have even made the approximation valid
for > %, which allows us to write Pin the simplified form of
Eq. (33). Hence, in order to be able to compare both theories
without having to complicate the calculations, we restrict
ourselves to times >, in the quantum-mechanical case,
which allows us to neglect oy, . In this approximation, the
Wigner distribution becomes

Py (x,p,?)

={mo?) T2 e T (x — (x) — (p— (p))t/m).
(36)

This restriction, while very convenient, is not crucial to the
development of the theory which follows. We must still se-
lect a value for o7, which we do by demanding that Pand P,,
have as many desired properties in common as possible. In
particular, since the averages of x; and p, are the same in
both cases, we pay attention to their correlations. Identifying
the averages calculated with the aid of Py, with an index W,
we easily get from Eq. (36)

PW(X,p,t)=

(Pin)w = (Pi)(Pj) + %/15ij0i’ (37a)
(xippdw = {x;)(p;) + A8,(0}/2m), (37b)
<x,‘xj>w = (x,) <xj> + Aag‘(agzz/zmz)t % (37¢)

where we have written for convenience
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o* =A%, (38)

with A to be fixed. From these results it immediately follows
that

U(ZW)x(t) = {Ufwyp/mz)t % (39)

which is just Eq. (34) and justifies our previous discussion.
Comparing Egs. (37) and Egs. (30), we see that no value of 4
exists that may give the same second-order moments in both
theories; the best we can do is to take A = [, i.e,, 0° =0}, a
choice that we accept in what follows. With this selection,
Py, predicts an asymptotic dispersion of the momentum
equal to one-half of the one given by SED [see Eq. (45b)
below], both theories predicting, however, the same value
for o7 and I', ,. Despite the fact that I', , is the same in both
theories, the correlation factor, defined as

pix,pt)=I(t)/o.(t)o,lt) (40)

is not the same, due to the different value of g, (¢ ). In particu-
lar, for SED one gets from Eqs. (30) p = 1/v2, whereas for
guantum mechanics one gets from Eqgs. {39) p,, = 1. The
relationship between p and p v, is actually independent of
the value adopted for 4, since quite generally Eqgs. (37) give
r
Pwy = . = AL =V2p. (41)
(Cwaow,)' ' (R03A05/2)' 7

The surprising result py,, = 1 means that in the Wigner
distribution the variables x; and p; are totally correlated, i.e.,
that one determines the other, a result obviously incompati-
ble with a stochastic theory as SED, thus showing through a
particular instance that QM cannot admit in general a strict-
ly statistical interpretation, or, what is equivalent, that any
stochastic theory will necessarily give some predictions at
variance with QM—with only ““accidental” exceptions, as is
the case of the harmonic oscillator.'® In some sense, this
assertion may be considered the stochastic version of von
Neumann’s theorem.

Theorigin of the resultpw, = 1liesinthed factorof the
Wigner distribution. To see this, consider the auxiliary
quantity ([a(p, — { p,)) + {x; — {x.;})]*)w, which is obvi-
ously nonnegative for real ; developing this, we get

azofwlp + 2aerW’ + Utzw)x >0.

For I'w, = pw)Oiwix O w)p = Twix 0w » the minimum of
this inequality occurs for @ = — o, /0w, ,- With this val-
ue we get

f[(x,- — (X)) = e /T, ) Pr — (P
X Py (x,p)d xd’p =0,
which demands that

PW(X’ p, I}~6 [x - <x> - (U(th/U(W)p)(p - (p))]y
as asserted above.

C. Relation between the Wigner and the SED
distribution

This relationship is easily established by calculating the
following integral, with a a real parameter to be determined:

L. de la Pefia and A. Jauregui 2756



f Py (x,p', t)e™ P d’p
3 _ 2
— (77.02)3/2( m ) exp[ _ (p gp))
To,at a

+ 27 (x — (x))Mp — ()
at

m? (1 1 2
— =+ = )x— &)
o ( ,,2 )( (x)) ]
Comparison with Eq. (33) shows that by selecting

a=g, we get the desired result, namely,

Pix, p,t)=(woﬁ>"3“wa(x, D, t)e ™ % g3y,

(42)

Thus the SED phase-space density is given by a convolution
of the Wigner distribution with a Gaussian in velocity space.
As stated previously, this kind of relationship has been sug-
gested repeatedly?® as a means of avoiding some of the prob-
lems that appear when Py, (x, p) is directly interpreted as a
phase-space density.

As afirst application of this result, we establish the gen-
eral relationship between the average of a dynamical vari-
able 4 (x, p) as calculated in quantum mechanics, (4 ), or,
according to SED, (4 ), of which Eqs. (37) are particular
examples. We get

(A, = (032 [, e R )
(43)
Developing 4 (x, p’) in a Taylor series around p and perform-
ing the integrations, we get
(A(x,p) =(A4(X,p)w + 405 (V24 (X, p))w + - (44)

Incidentally, we notice that Eq. (44) applies also for the
x-conditioned averages, i.e., when the integral with respect
to x is not performed. From this result it follows that both
theories predict the same value for the average of any dyna-
mical variable that either does not contain p (i.e., any func-
tion of x), or depends linearly on p. Hence, in particular,

X)w =(x), (Pw = (P),

02W)x =03, Ly =T,
in accordance with previous results. However, if 4 (x, p) con-
tains terms that depend quadratically or on higher powers of
p, the averages will differ from one another. For example, for
A = p,p; one gets

(pip;) = pip;dw + 10,8, (46a)
and, using Eq. (31a), we get the already discussed relation

Twyp = 405 (46b)

These differences are more clearly reflected in the fact
that whereas both phase-space distributions P and Py, lead
to the same marginal distribution in configuration space, i.e.,

JP (x,p, t)d*p= J‘PW (x,p,t)d°p, (47)

the marginal distributions in momentum space are different,
as follows by integrating Eq. (42) with respect to x. The ex-

(45)
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plicit form of the marginal distribution in configuration
space is

Pl 1) = Pwye (X, 2)

m
(X —(x))?f, (48
Vro,t ] 02 ’
whereas for the momentum space one gets
Piwip(By 1) = (waZ) 2%~ @ (49)
and
P,,(D, t)= (270.‘2,)—3/26,—(?—@))2/20; (50)

The relationship between py,, and p, follows immedi-
ately from Eq. (42) and is

p,(py 1) = (m02)™ 3’2fp(w,,,(p,t)e =87 g3 (51

Hence the two theories predict the same behavior of the
system in configuration space, a point that we will confirm
below more explicitly. Now, in quantum mechanics the con-
figuration space distribution is most easily determined by
solving the Schrdodinger equation. This means that the
Schrodinger wavefunction will also furnish an exact—
though incomplete—description of the SED system. To ex-
plore more precisely the role of these functions in SED is the
purpose of the next section.

V. THE PHASE-SPACE DISTRIBUTION IN TERMS OF
SCHRODINGER AMPLITUDES

A. The quantum-mechanical case

We want to express explicitly the phase-space density
presented by SED in terms of solutions to the Schrodinger
equation. Since this is quite easily achieved for the Wigner
distribution by following the rules of quantum mechanics
and using afterwards Eq. (42), we first concentrate on the
quantum-mechanical problem. We shall first construct the
density matrix in the x representation associated with Py,
and then express the result in terms of Schrodinger ampli-
tudes. As is well known, the density matrix py (r, r', ¢} is
related to Py (X, p, ¢ ) by the Weyl transform,***> which con-
sists of the following two successive steps: (i) First, we take
the Fourier transform of Py, (x, p, % ) with respect to the vari-

able p, to construct the function Py, (x, z, ¢ ):
Py(x,2,t)= JPW (x, p, ¢ )e®/ 0= g 3p, (52)

(ii) Secondly, in the new function we make the change of
variables

r=x+2z r=x-—z {53)
and define
pw(r, T, 1) =Py (r+r)/2, (r—r)/2t). (54)
The resulting expresion for the density matrix is
m
Pwr, r‘,t)=( ) (r+1 —2(r)?
v \/; -+ a'p 40'2 2
im 2t
+—(r—r) =2 — )]
T —ri(rtr -2+ 2 )
(55)
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To express this density matrix in terms of Schrédinger am-
plitudes, we consider the orthogonal and complete set of
functions

u(r) = (2m) 2™ (56)
and develop the density matrix in terms of it

pwirr,t)= ka'k»(t, Thu, (ruk.(r')d*kd3k’, (57)

where we have explicitly indicated the temperature depen-

dence coming from af,. The functions C, - (¢, T') are the ma-
trix elements of the density matrix in the momentum repre-
sentation and are given by

Con . T) = [l ¥t e ) v

(=)

xexp{ —;21—[p0+Ft——(k+k’)]
+z(k’—k)-[r0 %t2+%(k’+k)t”,
(58)

where we used Eqgs. (10) for (r) and {p). We want to separate
explicitly the temperature from the time dependence in this
expression; for this purpose, it is convenient to analyze se-
parately two cases.

1. The free particle

If in Eq. (58) we put F; = 0, the coefficients C, , . sepa-
rate quite naturally into a factor 4, _ ,.(po, 7°) that depends
on the temperature through o but not on time, and factors
that depend on time but not on temperature. Calling the
latter a, (x,, ¢ ), we may write

Ciiw 6, T) =4y 1 (Po» T)ar(Xo, t)ak (X t) (59)
with
A po, T) = (/70 exp[ — (1/0)(po — Y#K)*] (60)
and
a,(Xp, t) = expl — (ik*/2m)t — ikex,]. (61)

Thus Eq. (57) takes a form in which the temperature depen-
dence of each term has been separated out:

pwir, T, 1)

- fAM(po, Tt — Xop 1B — %o 1) d%kd K,

(62)
where the functions

. (r —ro, £)=a,(ry, ¢ Ju,(r)

— (277_)—3/26——(iﬁk2/2m]t+ ike(r — ) (63)
are solutions to the Schrédinger equation for a free particle

1 -
H——= — — V. 64
at 2m v (64
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2. The particle in a hornogeneous field of force

When F,; 0 the procedure of separation of the varia-
bles 7" and ¢ becomes somewhat more involved. To simplify
matters, it is convenient to first introduce the variable

— (F/#)e (65)
into Eq. (58), to get

3
Ck,k'(t’T)z( A )J-d3qd3q e
V7o,
i

3
Xexp[ — ik — k) -x0+— Z FL

— (1/0%)[po — (A/2)a + q'}]*

><(q,-3—qﬁ+k;3—k;)]

ofe e Bl

Using the Fourier development of the § function,

)

(66)

o(q—k)= (1/877-3)fei“' Ky gy,
and interchanging the order of the integrations, we get
Cur . T) = [0, (00 TV, %001
X3 (K, %o, t)dyd’y, (67)

where

0, (s T) = qu + [P0 )6 (g, 0,0)

X¢y'(ql9 0, O)d3qd q' (68)
and
1 — (i/A)Fyt
¢y(k, Xgs t) = (27)3/2 (i/f)Fey.
w3 k3
Xexp|iy — Xolk — — 3 —=|. (69
P[ iy — Xo) — j; ; (69)

In Eq. (7) the dependence on temperature comes only
through the function w, , that does not depend on time,
while the time enters only in the functions ¢, (k, x,, 7 ), which
do not depend on temperature. The latter functions are solu-
tions to the Schrodinger equation for a constant force in the
momentum representation:

21,2
5 00 _ K
ot 2m

Substituting Eq. (67) into Eq. (57), we get the desired
development of the density matrix in the x representation:

¢ — F-(iV, —xy)4. (70)

pulr, 1) = f W, (Do T, (F — %o 1)

XY —xo, 1) d’yd’y, (71)

where the Schrédinger amplitudes are given by the Fourier
transform of the ¢,

¥, (x — X t) = (2m) 32 J ¢, (K, X, t Je** dk (72)
and are solutions to the Schrédinger equation
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7 _ oy pux— 3
B = — VY~ Flx — Xl (73)

which is the Fourier transform of Eq. (70).

B. The SED case

With the previous results at hand one can almost imme-
diately express P (x, p, ¢ ) in terms of Schrodinger amplitudes.
We start from the Fourier transform of Eq. (42), which reads

P(x,z,t) = Pylx,z,t)e 7", (74)

rewrite Py, in terms of p,, with the help of Eq. (54), and
express the density matrix in terms of Schrédinger ampli-
tudes; we will work out the case F; #0 only for the sake of
brevity, but the procedure is equally well applicable to the
free-particle case. The result is obviously

TJ(X, z,t)=e¢" (UZ/ﬁZ)ZZJ‘Wy,y' (Pos T)

X, (X — Xo + 2, L WE(X — X0 —2,8)d yd’y.
(75)
Performing an inverse Fourier transform, we may recast
these results into the form

P(x,p, t)=(2r#H) > fd ydy W, , (00 T)

Xf d 3kf d3k' @ 2K, xg, 1)8, (K, Xo, 7)™ ¥

— %)z + ik + k' — (2/%)p)-
XJe (o2/ )z + i[k + 1/)p]zd3z,

where we have expressed the amplitudes ¥, (x) in terms of
their Fourier transform ¢, (k), as given by Eq. (72). The inte-
gral over z is

| PR )
so our final result is
P(x,p, t)=(27hH) 3 f dd? d3kd3k’ W, 00 T)

XAy k(P T)ei(k‘k".%y(k’ Xg, L) J (K, X, 1)
(76)
The density matrix of SED is simpler to write, since this is
just Eq. (75) with the change of variables given by Eq. (53);
therefore,

pir, vty =" T 1), (77)
where the quantum-mechanical density matrix is given by
Eq. (71). The complicated structure of Eq. (76} tends to hide
more than it reveals; however, a simple but very important
result may be obtained either by integrating with respect top
or else by taking r = r’ in Eq. (77). In fact, since the relation-
ship between P (x, p) and p(r, r') is just the same as between
Py, and py, [Eq. (54)], in SED just as in quantum mechanics
the marginal distribution in configuration space is obtained
by taking z = 0 in Py, [see Eq. (52)], which by Egs. (53)
amounts to taking r = r’ = x. Hence, one gets for the mar-
ginal distribution in configuration space from Eq. (77)
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p(x, 1) =pw(x, x)

= ny.y' (pO’ T)'/]y(x — Xp» t)'//;'(x — Xop» t)d3yd3}"-
(78)
This result is easily derived from Eq. (76) by noticing that

fAm,(p, T)d% =#

and using once more Eqgs. (72). Equation (78) is just the same
as Eq. (71) with x = r =/, i.e., the quantum-mechanical
density in x-space. We are recovering Eq. (48), but this time it
is obvious that all the information about the distribution in
configuration space as predicted by SED is contained in the
quantum-mechanical wavefunctions ¥(x, #).

These results show also that the transition from the
marginal distributions p(x) and p(p) to the phase-space den-
sity P (x, p) is a highly nontrivial problem. Hence the almost
purely mathematical attempts to go from usual quantum
mechanics over to a truly statistical description in phase
space***® are almost certainly condemned to failure as long
as they are not furthered by physical argument, supported in
its turn by a deeper theory, as might be, e.g., stochastic elec-
trodynamics, as in the present case.

VI. ENERGY BALANCE

We recall that o7 (¢ ) evolves from the initial value o7 (0)
= 0 to a stationary value which is positive definite. At first
sight it would thus seem that the free particle attains a sta-
tionary situation, in which it does not interchange any ener-
gy with the background field. We will show in this section
that actually a more complicated situation holds, in which a
net interchange of energy does exist between field and parti-
cle at each separate frequency.

Multiplying Eq. (1) by v = x and rearranging, we get an
equation for the evolution of the energy:

d[ p? . ] _ "

—{— — Fx— mrvv| =eEv —mrv". (79)

dtl2m
Within brackets we have the kinetic, the potential, and the
Schott terms, whereas on the rhs we have the sum of the rate
of energy absorbed by the particle from the field and the
Larmor term for the power radiated by the accelerated parti-
cle. We will interpret the Schott term as the part of the elec-
tromagnetic energy bounded to the charged particle and,
hence, as part of the energy content of the particle.>” Hence
the expression in brackets gives the total energy & (¢) of the
particle, and Eq. (79) expresses the rate of change of this
energy as the difference between the absorbed and the radiat-
ed power. With the help of Egs. (6), (10), (30), and (79) we get
for the average instantaneous energy of the particle

_® 3oy
<g(t)>—E—Fxo+ﬁ
T 3r do,
— —F = 7 80
m <p>+2m dt (80)

where the last term has been calculated with the help of Egs.
(3) and (8) by noticing that
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& f (E, (¢ E,,(t") dt”

=S, do?
=3e2f Msina)tda):i P,
0

[} 2 dt
Alternatively, Eq. {80) can be written as
307 do’
(E)=(FO) + 2 — T L _ Ty g
2m m dt m

Thus for t> Sfia free particle gains a net average energy
equal to 307 /2m, as was already discussed; this is just the
term related to the Boyer effect.’” This clearly means that on
the average the free particle absorbs more energy from the
field than it radiates from ¢ = 0 to ¢. This may be easily dem-
onstrated by the following calculation.

The average radiated energy from time 7 = 0 to ¢ is (we
take F; = 0)

' 5
Wilt) =£j BT dr = f (B2, (') dt’ (82)

and is due entirely to the stochastic acceleration to which the
particle is subject. On the other side, the average energy ab-
sorbed from time ¢ = 0 to ¢ is

Walt) = gf CE(tFple ")) dt”

_ ‘-’;2 fo ' dtlfo" (E(t,)E,, (t,)) dt,.

Since from Eq. (7) it follows that
Et)=E,(t) - 7E, ),

by integrating the term that contains E,, we may reexpress
W, as

WA(z)=";Jodt'L dt" (E,(¢'VE, ("))

_re j ((E,,(t) — Ep(t)VE, (1)) dt",
m 0

By changing variables and taking the stationary charac-
ter of the field into account, we can express the double inte-
gral as follows:

eZJ: dz*fdr " (E,(t'}E,,(t"))

== eQLl dtlJJ dtz (Em(tl)'Em(t2)> — %0—;([)

Substituting this expression and its derivative in the last
result, we get

3 3r do,

Walt)= - o,(t) om ar T Welt) (83)
which is just Eq. (81) (for F; = 0), but seen from a different
viewpoint. The fact that for sufficiently large times (£(¢))
attains a constant value and thus the particle radiates as
much energy as it absorbs in the average does not imply,
however, that the system reaches an equilibrium state. In
fact, the net average power transferred from the stochastic
field to the particle, W, — Wy =d (& )/dt, becomes zero;
but a frequency analysis reveals that at all times, however
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large, the free particle continues to pump energy from some
field modes to others, interchanging them periodically, in
such a form that the net power transferred from or to any
mode averages out, in time, to zero. Obviously, this net aver-
age power transferred to or from any mode integrates to zero
over the whole spectrum for t— o . We will see below that
this exchange of energy between field and particle in any
frequency interval dw is quite intense, even in the limit #— o .

To see this, we follow a procedure similar to the one
used above to calculate Wy and W, ; omitting irrelevant
details, we get

Welt) = (3re*/m) J ) S (o) dw (84)
and
. ez 4
WA(t)=—J (E,,(¢)E,, (")) dt’
m Jo

t
e® (' d

ol N> (E,(t)E,(t) dt’

or

: 3e* [~ 1 .

W.t)=— | S, @)|—sinwt+ 7l — cos wt)| dw, (85)
m Jo @

where we have made use of Eq. (3). Defining the power spec-
trum w(w) so that

Wo(t) = f wy (o, 1 do, (86)
0
where N stands for A or R, we get from Eqs. (84) and (85)
wy (@) = (31¢*/m)S,, (w), (87a)
Wy (@, 1) = wg (@) + (3*/m)S,,()[(sin ot )/w — 7 cos wt ].
(87b)

We see that in fact w, (w, t ) does not reach any definite limit
as I— oo, but oscillates around the time average value wy (»);
also, for #— « the oscillating terms integrate to zero over the
entire spectrum, thus showing that the particle reradiates all
the absorbed energy, as corresponds to the stationary aver-
age energy. However, the average powers radiated and ab-

sorbed in a frequency interval dw differ from each other by

(wa — wy) do = (3¢’/m)[S,,()/w]sin vt dw (88)

{(we neglect the small corrections proportional to 7 since for
all w <o, w7<4a/3<1), a quantity that oscillates both in
time for fixed frequency and with frequency for fixed time.
This is the ceaseless pumping effect referred to above. The
energies involved in Eq. (88) are quite high; during a time
interval of order 7 we have (€’/m)rf5°[ S, (@)/w |dw ~a’mc?
and for atomic times ¢ ~#i/a’mc® ~7/a’ the exchanged en-
ergy may highly exceed the rest energy of the electron.
Since the free particle is an obviously nonergodic sys-
tem, no equilibrium state exists; hence it is not surprising
that w, (@) depends on time for all times and that w, #wg
even for t— 0, 50 that no balance at every frequency ever
exists. More interesting seems to be the fact that a similar
(but time-independent) phenomenon of energy pumping has
been discovered in SED by Boyer,”® even for systems that
classically do reach an equilibrium situation. Boyer sees in
this another sign of failure if SED is to be a successful theory
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for atomic systems.”® Here it seems to be acceptable in prin-
ciple, yet somewhat worrying by its magnitude.

It is clear that energy balance in SED is a delicate mat-
ter and that the understanding of this as well as of other
problems as those mentioned in the Introduction demands
further development and deepening of the theory.
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A pair of operators H () and H (6 *) obtained by dilation into opposite directions of a model
Hamiltonian with nonreal potential is considered. Relations between the resonant eigenfunctions

of H(8) and H (6 *) are studied.
PACS numbers: 03.65.Ge

INTRODUCTION

The complex-coordinate method continues its inmarch
into different branches of atomic and molecular physics,’
and the need for an efficient treatment of the truly many-
body system with this technique is becoming increasingly
apparent. One of the difficulties is that while complex co-
ordinates are used, the effects of poor convergence strike
very quickly as the number of particles is increased. To over-
come this obstacle, the recent effort has gone into various
directions; different types of basis sets are tested and com-
pared in the configuration interaction (CI)-type ap-
proaches,’ stabilization-type implementations of the vari-
ational method appeared,® and approximate treatments
based on the effective Hamiltonians*> and propagators®™®
are being attempted.

Although the exact physical Hamiltonians are based on
real potentials, the model and/or effective operators do not
have to share this property. The origin of complex potentials
in model and effective operators might be quite different. We
may mention the (complex) potential energy in the nuclear
motion B-O Hamiltonian studied by Moiseyev,’ the self-en-
ergy term in the Layzer operator,'%® or the generalized opti-
cal potential in Feshbach’s formalism'' as quite different
cases. To avoid a misunderstanding, we emphasize that it is
the complexity of the effective potential without any rotation
present that we address here.

The purpose of this paper is to investigate certain fea-
tures of the resonant solutions of the dilated Schridinger-
type operators with complex effective/optical potentials. In
particular, we will be interested in the question under what
conditions operators H (6 ) and H (0 *) can have conjugated
resonant eigensolutions. [H (6 ) denotes, as usual, the dilated
operator H (0) = U(6)HU ~ (@), where U(8)is the dilation
operator: 8 = & + i3.] The acquired information might be of
importance for the implementation of the approximate treat-
ments.

H(6), H(6*), AND THEIR RESONANT SOLUTIONS

In what follows we will demonstrate that for the Hermi-
tian and real operator, say, the exact Hamiltoinan H (0), the
resonant eigenfunctions { ¢, } and {¢, } associated with H (@)
and H (6 *), respectively, satisfy the condition ¢, = ¢ ¥, but
the latter condition does not, in general, hold for nonreal
operators (even if they are Hermitian).
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Let’s consider the operator H = H, + V4, with H be-
ing some “unperturbed”” Hamiltonian containing kinetic en-
ergy T and one-particle potential energy ¥, and V4 being
the two-particle potential energy, or some approximation to
it. We will also assume that H,, itself does not show spectral
concentrations, i.e., that the nonreal discrete spectrum of
H(6) is empty; so Vg, is the resonance-producing part.

If V4 is real, then for 8€R, the entire operator H (€) is
also real:

H@)f=(H(@)f*)* V/feD(H(G)), 6eR. (1)

If V¢ is also dilation analytic in the strip 4, around the
real axis, then for all feD (H (0)) = D (H (0)), H () f and
(H (@ *) f*)* are analytic in 5. Using the latter fact and the
coincidence property {1}, one has

H(@)f=(H@*f*)* VSfeDHIB)), 6eis. (2)
In particular, for any function from the null space of

(H (@) — 4), e.g., for the resonance eigenfunction associated
with a complex eigenvalue €, the property (2) gives

H(O*)* = (H(O1)* = (ef)* = *Y*, YeN(H(0)— ¢).
(3)
Thus for a real operator, in addition to
HOW=ey, (4)
one also has
H (O *)* = e*y*. (5)

It is thus clear that, in this case, if {¥;} is a basis of
N(H (0) — €), then {¢*} is a basis of N (H (0 %) — €¥).

However, if ¥, is nonreal, relation (2} cannot be ob-
tained since (1) does not, in general, hold;

H(6)f#(H(0)f*)*, 3AfeD(H(F)), OeR. (6)

Hence Egs. {4) and (5) cannot, in general, be satisfied simulta-

neously. Still, they might be satisfied for some f’s from

D (H (0)). We thus have to check whether the functions of

interest, i.e., the resonant states associated with the complex

point spectra of H (@), are excluded from this category.
Let’s assume the contrary, i.e., that there are f’s such

that
HyO)f+ Val0)f=¢f, fEDH(B)), eFe*, (7
HyO*) f* + Vrl0*) f* =ef*. (8)
This is only possible when
© 1983 American Institute of Physics 2762



(Ver(0*)f*)* = Veg(0)f=0, 9)
and, consequently,
H\0)f=¢f, feD(H(0)), eFe*, (10)

which is impossible for /D (H (0 )) = D (H,(6)) CL ?, since it
contradicts the assumption that the nonreal discrete spec-
trum of H(f) is empty.

Thus we have proventhat the operators H (6 jand H (6 *)
can have conjugated resonant eigenfunctions associated
with A and A *, respectively, if and ony if the potential V. is
real valued.

EXAMPLE

An illustrative case is provided by considering Vg of
type Vg ~ | £ ( f1, fbeing dilation analytic but not real
valued: £(8)#/f*(6 *) or f{0)/*(0). The dilated operator of
this type becomes

Var(0) = U 0)| HICSIUTNO) = [FODCS1O*)] (11)
which is easily seen by noting that U ~'(§) = U(— ) and
U'@) = U(— 6*). The latter relation holds since

UN0)f=(*°)f=e """ f=U(-0%f, (12)
where 4 is the infinitesimal generator of the dilation group.'?

We see that V,;(8) of type (11) is an oblique projector, '

Vie(0)#Ver(6), Im(6)7£0, (13)

but that it becomes symmetric for Im(6 ) = 0; so the basic
premises of the dilation analytic theory are intact.'* ¥ also
satisfies the property

Vigl0)=Va(0*), 6edy, (14)
but this is not enough for the two equations for H (6 ) and

H'(6) = H (0 *)tobesatisfied with the conjugated eigenfunc-
tions. In fact, if

HO)p=H)8)p+ | fON{fIO*)|p=ep (15)
and

HYO)p*=Hy0%p*+ | fO*N{S16)|lg*=e*p*,

(16)

then, since | f*(@ *)) #| f(6)), one must have

(f*O)lp = (f@*)l¢=0, (17)
which leads to the contradictory result (10).
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In this simple case it is also easily seen that, in agree-
ment with the general result of the previous section, Egs. (15)
and (16) can besatisifed ifand only if f*(8 *) = f(€),i.e.,ifand
only if the function entering V4 is real valued: f*(0) = £(0).

SUMMARY

The results of the previous sections indicate that in si-
tuations where the potential V4 is required (or appears) to be
complex, the bivariational'* treatments based on the station-
arity of the “intermediate” expectation value

_{pHO)|D) "
T W 1

will split into two sets of equations
HOW=ep, H({O*p=e*e (19)

whose solutions cannot be obtained from each other by
means of the conjugation operation.
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Envelope soliton solutions of a class of generalized nonlinear Schriodinger equations are
investigated. If the quasiparticle number NV is conserved, the evolution of solitons in the presence
of perturbations can be discussed in terms of the functional behavior of N (5?), where % is the
nonlinear frequency shift. For 5,,2 N >0, the system is stable in the sense of Liapunov, whereas, in
the opposite region, instability occurs. The theorem is applied to various types of envelope solitons

such as spikons, relatons, and others.
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I. INTRODUCTION

In the past, many systems have been shown to possess
solitary wave solutions even if an inverse scattering solution
is unknown. Solitary waves are defined as quasistationary
solutions of nonlinear wave equations under the restriction
that the physically relevant quantities are localized. In many
physical situations, the envelopes of the waves are localized,
and the corresponding solitary waves are usually called en-
velope solitons. A typical example is the Langmuir soliton, '
which, in its simplest form, is governed by a cubic nonlinear
Schrédinger equation.?

A central question in soliton theory is the stability of a
localized wave (packet) during collisions. If this problem
cannot be solved by constructing an inverse scattering solu-
tion, the simpler question of stability against small perturba-
tions becomes important. This paper deals with latter situa-
tion for envelope solitons. A general necessary and sufficient
stability criterion is presented.

The question of stability for nonenvelope solitons gov-
erned by relativistically invariant field equations was dis-
cussed in the literature by many authors,* and a so-called
Q-theorem® was obtained. Here we derive a corresponding
N-theorem’ for Schrodinger-type envelope solitons and
prove that the theorem is necessary and sufficient for stabil-
ity: If a (conserved) number N exists, then the soliton (index s)
is stable if and only if the value of N, increases with the
nonlinear frequency shift 7, i.e.,
ax, >0. (1)

dr;

The results can be applied to a large class of envelope
solitons. In the last section we shall discuss the three exam-
ples of spikons, relatons, and envelope solitons of the deriva-
tive nonlinear Schrédinger equation.

Il. THE MODEL

To be as general as possible, including all the applica-
tions®'” we have in mind, let us start with the Lagrangian
density

L =iy dv* —v* 3.¢) - U(|y])
— 1B [3:1¥)°]* + 0. ¢ 3. v*, (2)
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where ¢ is a complex envelope, the potential U is real, and 8
is a positive constant. The equation of motion follows by the
principle of least action,

18,9+ + U —PBl: ¥ =0. (3)
Here the prime denotes a derivative with respect to the argu-
ment. Note that Eq. (3) is a generalized nonlinear Schro-
dinger equation; special forms of (3) have been derived for
various physical situations.®'®

In the following, we assume that localized and analytic
quasistationary solutions exist. The latter we write in the
form

¥, = G (x, nllexplinit ), (4)
where G follows from
— 392G + 33 G+ U'(GHG - B (P GG =0. (5)

The form of the solutions G will be discussed later [when
evaluating the criterion (1) for various model equations].
Here we only note that, after multiplying by d, G, Eq. (5) can
be integrated once, i.e.,

@, G)(1 —2BG* — 7G>+ UG} =0. (6)

Equation (6) shows that the soliton solutions follow by sim-
ple integration.

Next, we study the constants of motion for Eq. (3). Mul-
tiplying with #*, subtracting the complex conjugate, and
integrating over space, we find

I N=0, (7)
where the quasiparticle number
+ o
N= | axpup ®)

has been introduced.

Multiplying both sides of Eq. (3) with &,%*, adding the
complex conjugate (c.c), and integrating over space, we find
the energy conservation

JE=0, o)
where
E=fdx (10, — wiwrr - Lo,wir] o
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In the following we shall only need these two conserved
quantities; because of translational invariance, the momen-
tum conservation law is not important.

11l. INSTABILITY CRITERION AND GROWTH RATE
Now we perturb the soliton in the form
¥ =(G +a + ib)explin’t) (11)
and study the evolution of the perturbations a and b. In gen-
eral, the analysis should be nonlinear. Here we show only the

linear part since the basic conclusions are not changed when
a nonlinear calculation is performed. [A general nonlinear

instability calculation will be presented elsewhere.*"]
After some algebra, we obtain
da=H_b (12)
and
b= —H _a, (13)
where the Schrodinger operators H, and H _ are defined as
H,= —d, +n.-U +B(%G?, (14)
H_=H,—2G*U” +2BG3&G. (15)

It is not necessary to know the explicit form of G in
order to discuss some spectral properties of H , and H__. All
we need are the relations

H,.G=0, (16)
H 3.G=0, (17)

and the assumption that G is a bell-shaped soliton (without
any nodes). Then H , is positive semidefinite, and H _ has
one negative eigenvalue, since 4, G has one node. Obviously,
H _ and H_ are symmetric with respect to the scalar product
(u|v)y=yf 7" = dx uv [note also the definition

(u|\H |v) = f* 2 dx uHv]. Since 3,{(a|G ) = 0 due to (12)
and (16), it is sufficient to treat perturbations with

(a|G) =0.

In the case of instability, a variational principle can be
derived for the maximum growth rate y. Using the results of
Refs. 21 and 22, we consider functions £ being perpendicular
tothekernelof H, andset D =0,N=H ;',andF=—H _.
Here and in the following the components of £ being parallel
to G (note H G = 0) vanish, i.e., (£ |G ) = 0.

Then, we have

o D) s
TS Gim e "

To derive an instability criterion, we construct a £, with
(¢£|G) =0, such that (£ [H_|£) <O.
Let us consider

§=(_IGYH-'G—(GHZ'|G)_, (19)
where H ~'G is defined by
H-'G= -3, (20)

and §_ is an arbitrary function with (£_|H_|£_) <O.
The latter always exists since H_ has a negative eigen-
value.
Using Eq. (19) we find
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(EIH_|§) = —(G|H _'|G)({£_1G)?
—(G|H ZYGY(E_|H_|EH]) (21
Thus instability can occur provided

(G{H ~'|G) >0, (22)
and from Eq. (20) it is obvious that this means
3., <0, (23)

where ¥, is the soliton quasiparticle number
+
N, = j dx G2, (24)

So far, condition (23) is only sufficient for instability. In
the next section we shall derive a sufficient criterion for sta-
bility which covers just the opposite region.

IV. STABILITY REGION

To discuss the stability properties, we construct a Lia-
punov functional out of the constants of motion. We choose

L= ax[io.p-viur - Loy

_3,G) + U(G?) +§(ax62)2

i )f dx [[4f? - 671, 25)

5

where N and N, are defined by (8) and (24). The parameter &
is any large positive number; its lower limit will be deter-
mined later.

Since L is built out of constants of motion,

4,L=0 (26)
follows. Furthermore,
L =0 fory=Gexplig’t) (27)

is trivially satisfied. All we have to show is L > 0 in a small

neighborhood of the stationary solution; in other words, L

should have a minimum at the stationary point.
Calculating the first variation, we find

+
5L=f dx [ —#G-U'G

+B(:G)G + 172G |6¢* + cc. =0, (28)

because of Eq. (5). Using again the notation (11), (14), and
(15), the second variation reads

+ o0
52L=J- dx (aH_a + bH  b)

772 + oo 2
+ 40 TSU- dx aG ] . (29)

The stability theorem of Liapunov? requires that L can be
estimated in terms of the norm. Here, we only treat the sec-
ond-order term & °L explicitly; the higher-order contribu-
tions can be estimated easily by means of Sobolev inequal-
ities.*
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A. Definiteness of 52L

Since H , is nonnegative, we investigate (G |H_|a).In
the following we shall always assume

(G|H ~'|G) <0 (30)

since otherwise instability was shown already [see criterion
(21).

Let us first consider perturbations with {a|G ) = 0. We
expand all functions in terms of eigenfunctions of H_, re-
membering that H_ has only one negative eigenvalue A _
corresponding to the eigenfunction e_. A function @ has a
component a_ parallel to that eigenfunction (subscript — )
and a component ¢, perpendicular to the eigenfunction e_
(subscript 1). We then have

(alH _ja) = —|A_Wa_la_) +{a,|H Ja;). (3]
Furthermore, abbreviating

F=H "'G, (32)
we get

0= —[A_[{a_|F_) + {a, |H_|F,). (33)
Using Eq. (33) and Schwarz inequality, one finds

(a,[H_la,)>|A_|*(a_|F_Y/{F |H_|F). (34)
For

(GIH ~'|G) = (F|H_|F) <0 (35)
we obtain

(|FL[H_|F\|) <|A_|[{F_|F_). (36)
Combining (31), (34), and (36), we get the desired result

(a|H _|a)>0. (37)

Next, we have to allow for perturbations with
(a|G ) #0. Then”'

(a|lH_|a)

inf =(G|H -'|G) ", 38
implying
(a|H _|a) + 46 (n}/N,){a|G )’
>[{G|H Z'|G) "' +46n1/N, ](a|G)*. (39)

Thus choosing
0> —(G|H ~'|G)N,/47’ (40)

again 6 L >0 follows. Inequality (40) determines a proper
lower limit for 6 which we should choose in the definition of
L, Eq. (25).

From this rough discussion we conclude that L is non-
negative in the neighborhood of the stationary soliton state.
Region (30) is indeed the stability region as will be proved
next.

B. Stability with respect to form

From (29), we can immediately recognize that two
modes can make 5 °L = 0:(i}b = Ganda = Oor (iije =9, G
and b = 0. We call these the rotation and translation modes,
respectively. The motivation for this nomenclature is the fol-
lowing. If we translate the original soliton and rotate the
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phase,
¥, =G (x)e™ ~¢(a,, a)
=Gx— a,)e”"z" e (41)

we get a soliton of the same form. Stability with respect to
form® only requires that the perturbed soliton does not de-
viate significantly in time from a soliton of the same form
compared with the original stationary state. Physically, it
would be also unjustified to call a solitary wave unstable
when the distance {(metric) between the perturbed and unper-
turbed states grows in time. For example, an amplitude per-
turbation can lead to a different translation velocity whereas
the form of the soliton is only slightly changed. An invariant
set consisting of all functions which differ from the original
unperturbed state by arbitrary translations and rotations in
phase should be introduced. The distance between a per-
turbed state and the invariant set will be found by minimiz-
ing with respect to the shift parameters. This defines the so-
called closest solitary wave (reference state) being identical in
form to the original unperturbed state.

Since the perturbed state may show in its time evolution
a translation and rotation, we write it in the form

U= @enmz[G (x — xq) + alx — x, 1)

2
mr

+ ib(x — xq, t)]e%e™, (42)
The reference state is then determined by
2
I Nlo—Grx—aje=|| |._.=0 i=12 @43
aai ax =Yy
where we use the usual Sobolev norm™*
+ oo
412 = [ dx (10,4 P+ 2l P 44
Evaluating (43), we find for i = 1,
b 2
J dxaax(aU,G—ﬁa?G):o, (45)
- 4G~ Ix-

and fori =2,
j dxb(—‘?—(’;c;—ﬁa'(f G):O. (46)
- aG - ax*
It is now obvious that the consistency relations (45) and {46)
forbid the (i) rotation and (ii) translation modes (and their
linear combinations).
Accepting the constraints (45) and (46), which follow

from the concept of form stability, it is now possible to esti-
mate & 2L in terms of the norm.

C. Estimate in terms of the norm

It is needed?? to construct upper and lower bounds for
& 2L in terms of the norm. Upper bounds are trivially found;
we concentrate on the lower bounds.

Let us first consider {b |H, |b ). The consistency rela-
tion {46) can be written in the form

(b |G) =(bid:G). (47)
Splitting & into two parts,
b=bG+b =b; +b,, (48)

and remembering that the continuum of H , starts at a value
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larger than zero, we get
(b|H, |b)>€(b b)), (49)

where €, is a small positive number. (Here, and in the follow-
ing, €, are positive quantities which can be chosen appro-
priately.) Using (47) and Schwarz inequality, one gets

b {G|G) + (9.6 9,6))’<(b,16,)(5G |5:G),
(50)

so that the parallel component (b, |b, ) can be estimated in
terms of (b, |b, ). Combining (49) and (50), we find

(b|H.,|by>ebb). (51)

To estimate (b |H _|b ) in terms of the norm (44), we
need another inequality where (J, b |3, b ) appears. The lat-
ter follows for large numbers » [so that (# — 1)e, is larger
than the absolute value of the minimum of — U’ + 833G |
when the first term of the right-hand side of

nib|H,|b)>(b|H, b) +(n—1)eb]|b) (52)
is written out explicitly. Therefore, the estimate
(b|H,|b)>eb]? (53)

is sufficiently established.

Similar estimates have to be performed for
{a|H_l|a) + 40n?(a|G }*N [ . Treating first the case
(a|G ) =0, we can recalculate the steps (31)—(37) for
(G |H _'|G )< — €,. Here, we split a into the parts

a=a_e_+a,0,G+a,=a_+a,+a,. (54)
Then we obtain, instead of (35),

(a|H _|a)>€s(a_la_). (55)
Writing

(alH_|a) = (1 - eJ)(alH _|a) + ecalH_|a)  (56)
and inserting {55) for the first term on the right-hand side, we
obtain after some straightforward algebra

(a|H_|a)>€7[(a_|a_) + <al|al>]' (57)
The consistency relation (45) is now needed to include the
part (g |a,). We have

7:(a|d,G) = (a|d;G ). (58)
Decomposing 2 G into a form similar to (54), i.e.,
:G=v_+¥+7, (59)

we find, after some algebra (when the Schwarz inequality has
also been applied),

(aolao) (7} 3.G — ¥o|m: 3.G — 7o)
Ly_+nlv- +7v)

X [{a_la_) + {(a,]a,)]. (60)
Rearranging the constants, we can estimate {a,|a,) in terms
of (@a_la_) + (a, |a, ). Combining with (57), we get

(a|H _|a)>e(ala). (61)

The arguments by which the term (J,a|d,a) [which
supplements the right-hand side of (61) to ||a||?] can be esti-
mated parallel those of the steps (52) and (53).

On the other hand, for {(a|G ) #0, and

a=&“G+apEa" +ap (62)
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we immediately find
(a|H_|a) + 469%(a|G )*/N, >8]

—2|a,|[{H_G|H _G)"*(a,l|a,)""* + &lla,||>.  (63)
For large 8, the constant & % becomes very large. Keeping
part of the first term on the right-hand side of (63}, combin-
ing the rest with the second term to a perfect square, and
writing

aj = €slaylay) + (1 — (G |G))

X(aXG|3xG)_l(axa” Iaxa“>! (64)
we finally arrive at
(a|H_|a) + 46m3{a|G )*/N,>€lla|>. (65)

The relations (53), (61), and (65) show that a lower
bound of L in terms of the norm exists. Together with the
(trivially to construct) upper bound and the fact 4,L =0,
stability in the sense of Liapunov follows for (30), i.e.,

d,.N, >0. (66)
V. THE CASE J_,N, = 0

The case (G |H Z'|G') = 0 is not covered by the pre-
vious sections. We shall prove now that in this case unstable
modes exist. The modes will grow quadratically in time dur-
ing their initial evolution.

When stability with respect to form is considered, the
linearized equations for the perturbations are

da=H b+ x,d.G, (67)

d.b= —H_a— j,G. (68)
Note that Egs. (67) and (68) differ from Egs. (12) and (13)
since the ansatz (42) is used.

Investigating even perturbations @ and b, the consisten-
cy relation (45) demands

X,=0 (69}
in Eq. (67), whereas Eqs. (46) and (68) lead to
. au G ) >
= —(H_ G—B—G|}|a
Yo < (aG e
au G
X({G?*|l— — ——> 70
< dG* d ax? (70)
Let us investigate solutions of the form
a=a,+a,t+a,t?, (71)
b="by+ bt + byt (72)
Collecting equal powers of £, we successively find
a,=H _'G, (73)
b, =0, (74)
a, =0, (75)
P gy — au
b, =2H+‘H,’G—2<H+‘H,‘G‘(})G2

&G >< au d*G -t
- G - G ) G,
B Ix? IG? s Ix? 76)
and
ay= —2H ~'H ;'H ~'G, (77)
by =0. (78)
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Note that the solvability condition requires
(GIHZ'G)= — 19,:N, = 0. (79)

Furthermore, it should be mentioned that other modes,
being constant in time or varying linearly with time, exist so
that the solutions (71)~(78) are not unique. Nevertheless, we
have explicitly constructed a growing mode which proves
instability in the case 5”31\75 = 0. Although, within a linear

instability calculation the modes seem to be only weakly
growing, nonlinearly the instability can be quite fast, e.g.,
leading to a collapse in a finite time.

VI. SUMMARY AND APPLICATIONS

In this paper, we have derived a necessary and sufficient
stability criterion for envelope soliton solutions of general-
ized Schrodinger equations. All previous investigations were
aiming for a sufficient stability criterion. Comparing with
the often called Q-theorem for relativistically invariant soli-
tons, there is no need to restrict the perturbations in any
manner. For example, it is not necessary to allow only for
perturbed states which have the same quasiparticle number
Nas thesoliton,i.e., N = N, (asitis often unnecessarily done
for Q-stability).

For applications it is useful to note that usually the sta-
bility criterion can be evaluated without calculating the ex-
plicit form of G (x, 2). Let us assume that G is an even func-
tion of x, and that G is monotonically decreasing for
0<x < . Making use of Eq. (6) and defining

211 __ 211/2
I:_J“ G [ 2ﬁ62] —_dG, (80)
G [1°G* = U(G?)]
the system is stable if
a g (81)
dr
We shall discuss now three interesting applications.
First, for spikons!*~!* determined by
13,9+ b+ |§|"p=0, m>0, (82)
analytic solutions exist. We have 8 = 0 and
U= (im+1)""lg|" "2 (83)
The value G,,,, follows from Eq. (6) for 4,G |, =0, i.e.,
Grax = [77(4m + 1)1 (84)

Then the integral I (we shall use the index 1 for this case)
follows from Eq. (80),

dz
I = — ‘Vm—lf Z .
l 7 tmz+ 117 [1 — {im + 1)—lzm]]/2
(85)

The criterion (81) can be immediately evaluated to yield sta-
bility for O < m < 4 and instability for m>4.

Next, we investigate a well-known model?” for solitons
formed by relativistic mass variation. The generalized
Schrédinger equation is

P99+ —[(1L+[¢) 2= 11¥=0. (86)
Again 8 =0, but
U= =201+ [¢)"* +2+[¢I* (87)
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FIG. 1. Plot of I, [see Eq. (89)] vs 3. According to criterion (81), solitons
{relatons) are stable.

and

Grax = 27/(0° = 1) (88)
with 7? < 1. The integral (80) can be evaluated analytically,

L= [r4+mp? 4391 =77

— (1 4+ 2p%arcsin y1 — 77 J(1 — 3~>2  (89)

InFig. 1, L, is plotted as a function of 7. One clearly sees
that 1, is monotonically increasing with 7 leading to (longi-
tudinal) stability for all 7.

In the last application we investigate a model equation
which has been derived for various modes in plasmas, '%%°

13,9+ T+ W — B WP =0, (90)
for B> 1. We have

U=y} (°1)
and

Gax = V277 {92)
Note that analytic solutions exist for

40 < 1. (93)

In that regime, the integral (80) yields

1 o, .
75| 28'n + = (1 = 487°)In

I, =
3 2B

1 + 2ﬂ 1/277]'
1— 2B 1/277
(94)

The functional dependence I, = I;(n) is depicted in Fig.
2 for various parameter values 3. A critical 77, exists such

06 T T \
1
05t 4
0Ll 5 1
I3
03f 4
5
02t
10
o1F 4
0 2 L " .
0 01 02 03 04 05
Al

FIG. 2. Plot of I, [see Eq. {94)] vs  for various parameters £ {shown as labels
on the curves). According to criterion (81), a transition from stable to unsta-
ble behavior occurs when the sign of the first derivative changes.
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that for 7> 7. the system is unstable. Approximately, we
have

VB 1.~0.42. (95)

This stability region was also calculated by Litvak and
Sergeev'! using results of Kolokolov’ for 5 = 0. The case
B #0 and, more important, the proof of instability for 7>7,
is treated here first.

Other examples of nonlinear envelope wave equations
can be investigated in a similar way. Generalizations to
three-dimensional situations are in progress.
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The Ecker—Weizel approximation technique is applied to the Schrodinger equation for a class of
screened Coulomb potentials (Yukawa, Exponential cosine screened Coulomb and Hulthén) for
any arbitrary angular momentum /. We find that the centrifugal term can be combined with the
central screening potential to generate an effective Eckart potential with energy dependent
strength parameters for which the s-wave Schrédinger equation is exactly solvable. Using this
effective s-wave potential in the formalism of Fuda and Whiting for off-shell analysis, we obtain a
closed expression for the off-shell Jost solution f5 , (k,q,7) in which k is the on-shell momentum, g is
the off-shell momentum and the subscript § means screening. It turns out that for nonzero
angular momentum, usual Jost function f5, (k,g) can not be defined for finite screening parameter
A. However, we find that the Jost solution, as well as the Jost function defined in the limit A — O,
show discontinuities at the on-shell point ¢ = &, similar to the observation made by van
Haeringen [Phys. Rev. A 18, 56 (1978)] for the s-wave Hulthén potential. For the / = 0 case, we
obtain explicit expressions for the off-shell and on-shell Jost solutions and Jost functions which
possess the limiting behaviors discussed by van Haeringen for the Hulthén potential only. Our
results not only extend previous works to higher partial waves, but at the same time indicate that
certain limiting properties of the Jost solutions and the Jost functions are generally true for a class

of screened Coulomb potentials.

PACS numbers: 03.65.Nk

. INTRODUCTION

During the last two decades, extensive investiga-
tions'™"" have been carried out on the analytic properties of
the Jost solution and the Jost function which are important
ingredients in the theory of nonrelativistic two-body scatter-
ing by spherically symmetric potentials. In a many-particle
system, the various pairs of particles do not scatter elastical-
ly from each other, and therefore one needs off-shell quanti-
ties, in particular, the off-shell Jost solution and the Jost
function from which one constructs 7- and K-matrices. Fol-
lowing the approach of van Leeuwen—Reiner to the 7-ma-
trix,’? Fuda and Whiting® have proposed a method in which
closed analytic expressions for both off-shell Jost solution
and Jost function are obtainable. In fact, several authors® "'
have obtained analytic formulas for these quantities for a
number of potentials, mostly for the s-wave case. Working in
this line, van Haeringen® has shown that for the s-wave
Hulthén potential, the off-shell and the on-shell Jost solu-
tions and the Jost functions possess certain interesting limit-
ing behaviors. One of the interesting aspects of his work is
that although the off-shell Hulthén—Jost solution and the
Jost function smoothly go over to the corresponding Cou-
lomb quantities in the limit of a vanishing screening param-
eter, such limits do not exist at the on-shell point g = k due
to the discontinuity arising out of the long-range nature of
the Coulomb potential.

We conjecture that the limiting properties of the Jost
solution and the Jost function shown by van Haeringen may
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not be a special feature of the Hulthén potential only, but
these may be inherent properties of a class of screened Cou-
lomb potentials. Furthermore, it was worthwhile to study
whether such analytic properties of the Jost solution and the
Jost function are retained by higher angular momentum
states. With this motivation, we have reexamined the work
of van Haeringen for arbitrary / for three potentials: static
screened Coulomb or Yukawa (SSCP),"* exponential cosine
screened Coulomb (ECSC),'* and the Hulthén potential.'®
These potentials have wide applications in atomic scattering
and nuclear and solid state physics. In Sec. 11, we demon-
strate that using the Ecker—Weizel approximation (EWA|
procedure,'® the centrifugal term of the radial Schrédinger
equation can be combined with the central screening poten-
tial to generate an effective Eckart potential'” with energy
dependent strength parameters. Since it is well known that
the Schrodinger equation for the Eckart potential is solvable
for the s-wave, we simulate the /-dependence of the original
problem through the s-wave solution of the reduced Eckart
potential. This procedure is found to work well at least for
the bound states.'®

In Sec. III, we use our reduced Eckart potential in the
framework of Fuda and Whiting® for obtaining the off-shell
Jost solution which satisfies an inhomogeneous differential
equation. We find that although a compact expression for
the off-shell Jost solution f, (k,q,r) is obtainable, it is diffi-
cult to define the off-shell Jost function f5, (k,q) in the con-
ventional way'*’ for the finite screening coefficient A. How-
ever, certain limiting conditions can be achieved in the limit
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of a vanishing screening parameter. It is found that the Jost
solution and the Jost function in the limit 2 — O exhibit dis-
continuity at the point where the off-shell and the on-shell
momentums are equal. Similar discontinuity was noted by
van Haeringen® for the s-wave Hulthén potential problem.
In Sec. IV, we study the limiting properties of both off-
shell and on-shell Jost solutions and Jost functions for the s-
wave. Since our work includes the Hulthén problem which
has been thoroughly investigated by van Haeringen,” our
observations are relevant for the other two potentials, i.e.,
SSCP and ECSC. It is very interesting to notice that the
limiting behaviors of the Jost solutions and the Jost func-
tions are independent of the form of the screening potential
or of the approximation scheme. This clearly indicates a gen-
erality in the analytic properties of the scattering quantities
for a class of potentials having the same singularity structure
at the origin. In Sec. V, we make a few concluding remarks.

li. REDUCED ECKART POTENTIAL FROM EWA

For our discussion, we consider the following screened
Coulomb potentials:

Ve /r SSCP,
Vs(r) =1{ Vye = *cos(Ar)/r ECSC, (2.1)
Vide  */(1 —e~*) Hulthén,

where A is the screening parameter.'” In the limit 4 — 0,
these potentials smoothly go over to the Coulomb form

Velr)=Vo/r =2yk /1, (2.2)
in which ¥ is the Sommerfeld parameter.?® In order to dem-
onstrate the applicability of the EWA procedure, we consid-

er a specific case, say, the SSCP. The radial Schrodinger
equation for this potential is

and using the transformation of the variable

x=e *, (2.5)
Eq. (2.3) becomes
x(I —xpo; + (1 + 2a/2)(1 — x);

+ [(Vo/A N (x) = (11 + 1)/(1 — x))g(x)]v,(x) = O,

(2.6)
in which
Sx)=11 - x)/log x, (2.7)
and
glx) = (1 — x)*/x log? x. (2.8)

For screened potentials with a definite value of the screening
parameter A, it is reasonable to assume that the effective
maximum range of the radial coordinate 7, is of the order
~1/4. Consequently, from (2.5), we get x,_,, ~e~ . Accord-
ing to the prescription of EWA, ¢ the function f(x) which
varies slowly within the range e ' <x<1 (corresponding to
0<r<A ~') may be assumed to be a constant

y = — (1 — e~ “")/(AF), where Fis some mean radial distance
in the appropriate quantum state. The quantity g(x) is equal
to (1 — e ~*")/A7)%*" and this too is a slowly varying func-
tion, and thus g(x) may also be considered to be a constant to
the first approximation.

The advantage of considering both f(x) and g(x) to be
approximately constants is that Eq. (2.6) can be recast into
the standard hypergeometric equation. This approximation
amounts to the fact that one essentially works with an effec-
tive potential which is in the Eckart form.'” For the poten-
tials in (2.1), we thus obtain the effective potential

e~ Ar e Ar
a: Vel =V, 17, —, (2.9)
X0 gy ANy 0 3 l—e™* (1—e "7
" with

where we have used the units such that #i = 2m = 1. .

Following the standard substitution AVoll —e )_/ (47 SSCP, 12.10a)

Vi =4AV,[(1 — e~ *)/AF]cos( A7) ECSC, {2.10b}

X:(r) = exp( — arj,(r) (2.4) AV Hulthén (2.10c)
with and i |

a=y—E, V, =224+ 1)(1 — e~ ")/AF)%e". (2.10d)

J
For the bound state problem (with ¥, = — 1), the Schrddinger equation for the potential (2.9) has been solved to obtain the
eigenenergies (in atomic units)
[ 1 [ 1 (l—e"LF (n—1+B1 )
e ()] s 21t
1 1 l—e~* o (m=1+B T
o b (5 -t
. AT s cos{A7) ECSC, (2.11b)
_L[ I (n—zwu]z ,
WY} 3 Hulthén, 2.11¢)

with

B= =1+ [1U+ 101 —e~")/AFe" + 1] (2.12)

and the unnormalized eigenfunctions
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XYulr) =€~ (1 —e= P+
X FP(=n+1+1, n—=14+142a/A+2B;1 +2a/A, e ™). (2.13)
It turns out from Eq. (2.12) that > / for any finite value of A, and 3 equals / only when A vanishes. In this limiting case, Egs.

(2.11) give the Coulomb result £, = — 1/2n>
From Eq. (2.13), one restores the boundary condition

Xolr) ~ PO g (00) = 0. (2.14)

It is important to point out that y,,(r) provides for a slightly greater repulsion near the origin than is allowed in an exact
treatment of the problem. This is the price we pay for obtaining a simple analytic solution. One of the weaknesses of the EWA
procedure is that 7 cannot be determined from first principles. However, it has been observed'®?! that the choice,
F=1/(1/r) = n® + O(A) gives very good numerical agreement between the predicted energy values and the exact ones
obtained from the numerical integration of the Schrédinger equation for various values of n, /, and A. This gives us confidence
that the replacement of the [V(r) + ! (! + 1)/7*] term in the Schrddinger equation by an effective Eckart potential (2.9) with
coefficients depending on the energy-dependent parameter 7, can approximately simulate the effect of nonzero /.

IN. OFF-SHELL JOST SOLUTION: LIMITING BEHAVIOR

For obtaining the off-shell Jost solutions for the screened Coulomb potentials in (2.1) for nonzero /, we find it enough to
consider the radial s-wave van Leeuwen-Reiner equation®'? with our effective Eckart potential (2.9):
2
&k Ve |frlhogr) = (7 — g (3.1)
dr’
Here, k denotes the on-shell momentum related to the energy E = k ? + /¢, €<, and q, an off-shell momentum. The off-shell
Jost solution f,(k,q,7) is a solution of Eq. (3.1) with the prescribed asymptotic behavior:

Lim e~ 9f, ,(k,g.r) = 1. (3.2)
The on-shell Jost solution is related to the off-shell one by

Ssil £ k)= Lirrklfs,,(k, + g.1). (3.3)

P

Making the following substitutions stepwise,

fS.I(qu’r) = eikrvl(r)s (348.)

e V=x, (3.4b)
and

v,(x) = x*(1 — x)"'U,(x). (3.4¢)

Equation (3.1) becomes

x(1 —x)U;’+U,’[(2,u+1~—2§i)-—x(2,u+2v+1——21&)]

A
1 viv—1)
+ U ppe— 1) ——pp — 1) = 2uv—vly — 1) + ———
X 1l —x
2k \ u ( 2ik> ( 2ik> v, v, 1 ]
A W oYY I Ik IO’ I S ceiahiil) ISR S
+(1 /l)x M- )T T T T
_ Ik ‘=4 [xik =@/ =1 _ yitk - a2 ], (3.5)

/1 2
To identify Eq. (3.5) with the inhomogeneous hypergeometric equation,?* we require that the last bracket on the left-hand
side be independent of x. We thus get

p=0 (3.6a)
and

pw=1[1—(1+4V,/A%)""?]. {3.6b)
Using relations (3.6) in Eq. (3.5), one obtains

X1 —x)U7 + Uj[C— (A + B+ 1x] — ABU,(x) = (k> — g3/ ) [x" ' — x°], (3.7)
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where
A=v—ik/A+ik?>+ V)"?/A,
B=v—ik /A —ik?+ V)" /A,

(3.8)
C=1-2ik /4,
and
o=ilk—q)/A.
A particular solution of Eq. (3.7) is given by*?
Ujx) = ((k* — /A ) [, 4,B;Cx) — £, (4,B;,Cx)], (3.9)
in which the function £, (4, B; C; x) is related to a generalized hypergeometric function by
xa
" (4,B;C;x} = —————  F,(1,A + 0,B + 0;1 + 0,C + 0;x). 3.10
S BCx) =~ P ) (3.10)

This series converges when |x| < 1; it converges when |x| = 1 provided that Re(C — 4 — B)> 0. Inour case, x| = [e "*| < 1
for any finite A. For a vanishing screening parameter, |x| = 1, and in that case,

Re(C— A4 —B)=Re(l —2v)=(1 +4V,/A}"?50.
Using the recurrence relation??

(4 + o)(B + of, , ,(4,B;C;z) = 0(C + o — 1)f,{4,B;C,z) — 2°, (3.11)
we finally obtain, from Egs. (3.4a), (3.4¢), (3.6), and (3.9)—(3.11), a closed expression for the off-shell Jost solution for arbitrary /:

falban= (= w)veiqr[l e _A'[(A +0)B +0)— ( : 2[2 ki )}
1

mez(l,l +A+01+B+02+0,1+C+ a;e“’)]. (3.12)
ag

It is easy to see that our solution (3.12} gives the correct asymptotic behavior in Eq. (3.2). For the on-shell case, k = g, i.e.,
o = 0. Thus the on-shell Jost solution for the screened Coulomb potentials for any / is given by

AB
(14 o}C + o)
Although we have been able to obtain analytic expressions for the off-shell and on-shell Jost solutions for all /, it is difficult to
define the corresponding Jost functions for the /> 0 situation because of the factor (1 — e ~*")".

Ferlkr) = (1 —e“’“)”e”"[l +e= (1,1 + 4,1 + B;2,1 +C;e*"’)]. (3.13)

We shall now obtain the limiting relation of /5 ; (k,7) for a Lim f , (k.7)
vanishing screening coefficient, analogous to Eq. (34) of Ref. Ao
9. As A — 0, one finds, from Egs. (3.6b) and (3.8), ~e AN TLF (= 1+ iy, — 1 = 2ik /A — iy;
1 —2ik /Ae ). (3.16)
Ve~ -,

Further, using the relation®

A~ — 1+ iVo/2%k= —I+iy, ;
+i T 3.14) Lim ¢~ %,F,(8,6 + c;c;1 — 2/¢) = U(8,8 + b + 1,2),
B~ — 12k /A — iy, (3.17)

where U is an irregular solution of the confluent hypergeo-

C~1—2ik /A. . )
i/ metric equation, we derive, from small A,
Applying the connecting formula® (= 2ik /AY =7 F (= 1+ iy, — 1= 2ik /A — iy,
1) 1 —2ik /Ae =)
c —_—
F,(l,a,b;2,¢;z2) = ——W——— ~U(— i — 21— 2§
3 ) Za— 16 1) ~U(— 1+ iy, — 21 — 2ikr). (3.18)
X [LFy@— 1,b — Lie — 1:2) — 1], Thus from Egs. (3.16) and (3.18), we get
(3.15) (— 2ik /) = 7f5 (kor)
~ — Lyikrpr( o Y
and using (3.14), we obtain, from Eq. (3.13) after some simpli- ) =AnT e U (= 1+ iy, — 2h, — 2ikr). (3.19)
fications in the limit of the vanishingly small screening pa- It is known that*
rameter 4, UBez)=z'""UB+1—c2—cz) (3.20)
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and so we obtain, from Egs. (3.19) and (3.20) for small 4,
(= 2ik /A ) = f (k) ~(Ar) ~ fe™ (= 2ikry' !
XU+ 1+ iy,2l 4+ 2, — 2ikr)
= (—2ik /A )e T2 [e* T T2 — 2ikr) !
XU+ 1+ iy,2] 4+ 2, — 2ikr)]. (3.21)

The bracketed term on the right-hand side of Eq. (3.21) is the
Coulomb on-shell Jost solution®

Jeutkor) = e+ 72

X(— 2ikr! U + 1 + iy, 20 + 2, — 2ikr).
(3.22)

It is now easy to check that Egs. (3.21) and (3.22) give

Lim(2k /2) ™ s (kor) = fe ki), (3.23)

which indicates that the on-shell Jost solution for the
screened Coulomb potentials has no limit for 4 — 0 even
when / 0. Our Eq. (3.23) is the generalized version of the
van Haeringen result [Eq. (34) of Ref. 9] for any screened
Coulomb potential for arbitrary /.

From Eq. (3.23), it is also clear that we can define the /
nonzero Jost function only under the limiting situation
A — 0. We find

Lim Lim(2k /A)~ "f5 (k,7)
A

~0 r--0

= Lim(2k /)~ fy k) =feilk ), (3.24
where /-, (k }is the on-shell Coulomb Jost function. A similar
relation was obtained by van Haeringen [Eq. (40h) of Ref. 9]
for the s-wave case, and that is only for the Hulthén poten-
tial.

IV. s-WAVE JOST SOLUTION, JOST FUNCTION AND
LIMITING RELATIONS

Here, we derive explicit expressions for the s-wave off-
shell and on-shell Jost solutions and Jost functions for three
different screened Coulomb potentials given in (2.1). Since
van Haeringen discussed the Hulthén problem elaborately,
our observations are mainly concerned with SSCP and
ECSC potentials. For the s-wave, setting / = 0 we have

v=0,

A= —ik/A+ik>+ V)4,
(4.1)
B= —ik/A—ik*+V)"?*/A,
C=1-2k /A
From Egq. (3.12), we obtain the off-shell Jost solution (sup-
pressing the suffix for /)

fslk,q,r)

=eiqr 1+e—/lr AB
(1+ 0)(C + o)
X Fl,1+A+01+B+02+0,1+C+oe )

(4.2)
and the off-shell Jost function
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r(+al(C+oa)
Tl+A+ol(1+B+o)
(4.3)

Sslh.g) = Lim f{k.gur) =

In arriving at Eq. (4.2) from Eq. (4.1), we have applied the
technique of Baheti and Fuda.® For the on-shell case, one has
o = 0. Thus from Egs. (4.2) and (4.3), we obtain the on-shell
Jost solution and the Jost function

Sfslk,/)=e™*[14+e~*A4AB/C)
X3F2(1’1 + 4,1 +B’2,1 + C;ef/lr)],

filk) =G

I'(1+4)F(1+B)
Our expressions (4.2}-(4.5) are identical to the corresponding
analytic formulas derived by van Haeringen® for the Hulth-
én potential, except the fact that our 4 and B depend on ¥V,
which is different for different screened Coulomb potentials.
So for the finite screening parameter A, one essentially gets
different results for different potentials.

We have already shown in Eqgs. (3.23) and (3.24) that the
on-shell Jost solution and the Jost function show discontin-
uities in the limit A — 0. The same results are therefore true
for Egs. (4.2) and (4.5). Since there is no well-defined off-shell
Jost function for /> 0, we could not study its limiting behav-
1or. However for the s-wave, we have obtained the off-shell
Jost function for finite A for various screened Coulomb po-
tentials and it is worthwhile to study its limiting property.
From Eq. (4.3), we find

(4.4)

(4.5)

Lim f(k,q)
A .0

_ Tl +itk —q/A 1T [1— ik + q)/A ]
T(1+ iV, 2k + itk — q)/A )T (1 — iVoy/2k — ilk + q)/A)

(4.6)
Using the property
F(Z+a) a - f3 —1
il ol M 7 [1+0(z7")] as z—w,
rz+p) e ”
O<argz<m, (4.7)
we get
. k iv,/2k
Lim f,(k,q) = (&> . (4.8)
A .0 qg—k
Since, from Eq. (2,2), ¥, = 2yk, we finally obtain
. k7
Lim £y k) = ( L22)" ~ . k) 49
A .0 q—k

where /. (k,q) is the s-wave Coulomb off-shell Jost function.’
An identical expression was obtained by van Haeringen for
the Hulthén potential.

For the Hulthén off-shell Jost solution, van Haeringen
conjectured that it should smoothly go to the Coulomb off-
shell Jost solution [see Eq. (40k) of Ref. 9] when the screening
is switched off. We believe that this happens to other
screened Coulomb potentials also, and hence we expect

Lim fs(k.q.r) = fc(k.gor),  q#k. (4.10)

Finally, we find that Eq. (4.2) admits the following inter-
changeability of the limits:
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Lim Lim f(k,q,7) = Lim Lim fs(k,q,r) = fc(k.q)
r »0A -0 A0 r =0

and
Lim Lim f(k,g,7) = Lim Lim f{k,q,r) = fs(k),
ro«0 g -k g -~k r -0

which were shown to be true only in the case of the Hulthén
potential.

V. CONCLUSIONS

We have made an attempt to generalize the work of van
Haeringen® on the limiting behaviors of the s-wave, oft-shell,
and on-shell Jost solutions and Jost functions for a class of
screened Coulomb potentials. Extension to higher partial
waves has been achieved through the use of Ecker—Weizel
approximation procedure by means of which we construct
an effective s-wave Eckart potential for which the problem is
analytically solvable. Our analytic formula for the off-shell
Jost solution for any / has the same limiting behavior shown
earlier by van Haeringen for the s-wave Hulthén problem.
For nonzero /, the second term of the Eckart potential in Eq.
(2.9) remains, which means that there is a singularity ~ 1/r°
at the origin, and hence the usual definition of the Jost func-
tion is not applicable. However, for the s-wave, we obtain
closed analytic expressions for the off-shell and on-shell Jost
solutions as well as Jost functions for all the screened poten-
tials considered in this paper. We have been able to demon-
strate that certain limiting behaviors of these scattering
quantities are inherent properties of a variety of screened
Coulomb potentials. Finally we would like to mention that
there is no physical ambiguity in pursuing Ecker—Weizel ap-
proximation to the off-energy-shell region.
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A new semiclassical interpretation of the Lamb shift
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A modification of a previous semiclassical explanation of the Lamb shift is shown to be applicable
to all levels in hydrogenic ions. The phenomenon responsible for the level shifts has not been
considered explicitly in other quantum electrodynamic or semiclassical theories, but it is shown
that it should be a source of observable energy changes. An approximate calculation for hydrogen
s states gives AE;, = 0.25748 cm ™! (experimental AE,, = 0.2722 cm ™), AE,, = 0.03755

cm~! = 1125.7 MHz (experimental AE,, = 0.03528 cm™ '), and 4E;, = 0.01166 cm '
(experimental AE;; = 0.0088 cm '), but more important is the demonstration of an effect which
should apparently be involved in any theory of the Lamb shift.

PACS numbers: 03.65.Sq

There has been great interest in the Lamb shift ever
since the original confirmation of the small energy difference
between the 25, and 2P, ,, states in hydrogen by Lamb and
Retherford in 1947, and its almost simultaneous theoretical
calculation by Bethe by the methods of quantum electrody-
namics. It long remained a phenomenon which was consid-
ered purely as a manifestation of quantum electrodynamic
effects. The quantitative success of the QED calculations,
however, did not eliminate the desire for a simple intuitive
picture of the phenomenon. Along with the more recent re-
surgence of interest in semiclassical ideas, there have ap-
peared a number of discussions concerning the physical ori-
gin of the Lamb shift.! These have included both new
physical interpretations of the QED derivation and new se-
miclassical theories based on several alternative concepts of
its source.” The purpose of the following discussion is to
suggest another, different semiclassical interpretation of the
Lamb shift, which, although similar in spirit to recent neo-
classical ideas, is based on electromagnetic effects which
have been previously excluded from consideration. It is sug-
gested that the true source of the Lamb shift may be found in
the interactions involving the longitudinal electromagnetic
fields of the atom, rather than in the transverse field effects
almost universally assumed in both QED and semiclassical
theories. This is not to say, however, that the shifts predicted
by quantum electrodynamics, neoclassical theory, or ran-
dom electrodynamics are incorrect, or that additional effects
must be included in them, but possibly that none of these
theories has really correctly identified the actual source of
the shifts that they calculate. As indicated below, it is neces-
sary to mesh these hypothesized longitudinal field effects
with any effects of semiclassical radiation fields, which will
of course still be present during atomic transitions.

Modern QED interpretations of the Lamb shift can be
related to different ways of ordering atomic and field opera-
tors in the Heisenberg equations of motion for the operators.
It is thus possible to interpret the shift as a radiation reaction
effect, a vacuum field fluctuation effect, or a combination of
both.' The semiclassical analog of this QED calculation is
very similar and leads to an identical level shift which in this

® Previous address: Roane State Community College, Harriman, TN
37748.
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case can be ascribed only to radiation reaction. The semiclas-
sical calculation, however, predicts some higher order differ-
ences from QED, such as frequency “chirps” in the emitted
radiation and different emission line shapes. In fact, the fre-
quency variation obtained for a single two-level transition is
such that at its midpoint, the point of maximum emission,
there is no frequency shift at all.> Thus complete two-level
transitions show no net shift due to this semiclassical radi-
ation effect. The fact that there may be no overall observable
shift of energy levels as a result of atomic transition radiation
is important in the present context, however, since it allows
for the joint existence of both the transitory radiation reac-
tion effect and the semiclassical effect described below,
which is a permanent shift of energy levels unrelated to radi-
ation reaction and which will be observable, even when the
radiation field effects, although definitely present, will not.
Just as the neoclassical radiation reaction shift is the semi-
classical analog of the modern QED interpretation, the pres-
ent theory can be considered in some ways to be the semiclas-
sical analog of Bethe’s original QED interpretation of the
Lamb shift as an effect of shrouding an electron in a particu-
lar atomic state with its electromagnetic field.

In a previous paper,* it was found that the calculation of
atomic state energies in terms of the fields set up by the
charge and current densities®

p = ey,
i = (efi/ 2im)(*V — Vi)
— (&/mc)(k,/k,,) PUn*A, (1)
where ¥ was, in general, the transition wave function
1/’ = Z C; ¢ir (2)

provided a good way to examine certain energy adjustments
such as the Lamb shift. The energies were obtained from the
fields produced by the sources in Eq. (1) by means of

UF = 1 J‘ Ez d 3rs
T 87k,
1

B2d°r. (3)

B

- 8wk,

All electromagnetic fields of a single electron charge density
were included in Egs. (3); however, radiation fields, pro-
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duced while a transition was actually occurring,” made no
contribution to these integrals. The fields involved here were
thus solely stationary state fields.

For the particular case of the hydrogen 2S,,, — 2P,
Lamb shift, the orbiting electron in the 2p state was assumed
to create its magnetic field B by carrying its electric field E at
some velocity v. The fields created by this motion were thus

E; = y[E, + (V/c)k./k,,)" >V XB]
=E (1 + 187,
and
B = y[B, — (1/¢)(k,,/k.)"*VXE]
B = — /o), /k,)*vE = — vk, /k,)"/*BE, (4)

where y = (1 — B2~ /2 Tt was assumed that the electric
field of the electron itself was that of the u,, __, state and that
it had the same form in the electron and atomic systems
(aside from the ¥ factor). The magnetic field was calculated
from j,, , ;. Both fields were then perpendicular tov,, | ,
and therefore fitted Egs. (4). The motion of the electron thus
created B,,, and increased E,,, by 18 °E,,,. The energy shift
represented by these field changes was suggested as the
source of the Lamb shift, lowering the 2P, ,, state in energy
by an amount equivalent to Av = 1064 MHz = 0.0355
cm™ .

This simple line of argument is now revised to account
for s-level shifts, where the orbital current densities in Eq. (1)
are zero,® and to allow for inclusion of the nuclear field. The
need for such an extension is illustrated by the recent mea-
surements of the 15,,,-25, , transition in hydrogen by two
photon spectroscopy.® Although Jaynes “neoclassical” the-
ory, as mentioned previously, could possibly have been envi-
sioned as a “dynamic” radiation reaction complement to the
previous stationary state field theory for the nS shift in some
nS—n'P transitions,”® it could not be included as easily in this
15-2S case. In addition to this S state problem, there exists a
disagreement of the field velocity calculation as outlined
above with the results of recent 25, ,, — 2P,,, Lamb shift
measurements on various hydrogenic ions,” which show
roughly a Z * dependence on atomic number Z, whereas Eqs.
(1)~3) would imply

Up<Z, UgcZ?. (5)

The Z dependence of the Lamb shift, however, suggests
the proper generalization of the classical calculation. The
nuclear Coulomb field, E, = k, Zen/r?, contributes a fac-
tor Z in its interactions with the electron fields, and its effects
are certainly substantial since, for example, E, essentially
cancels the electron E_ over a large region of space around
the atom, which classically represents a large energy change.
This energy is, of course, easily shown to be equivalent to the
ordinary potential energy of the positive-nucleus negative-
electron combination.'® That is,

W:fp_V+d3r= !
87k,

f2E+-E_ d’r. (6)
It is therefore necessary for a classical calculation to begin
with a complete expression for the fields in the vicinity of the

ion. If it is again assumed that a nonzero expectation value of
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v or L for a hydrogenic state actually implies some sort of
movement of the charge density p = eyy* and that classical
electrodynamics applies to the resultant fields, then a mag-
netic field B’ will be created and the electric field E; will be
increased by a small amount as discussed previously [see Eq.
(4)]. These changes will affect the energies contained in the
total fields, energies which should reflect various potential
and interaction energies of the system. The total electric field
energy density is, with the integration being over increments
of electron charge p_(r}dV"’,

2
Uy (r) = [E+ + j(E” +E + %ﬁ’ZEI)dV']
— 1 ‘ [Ez + (J EI de)2 + (jiﬁ I2EI dVI)Z
8k, L * 2
+ 2E+-J E' dV’' + E+-fﬁ'2E1 av’
+JE’dV-JB'2E1 dV’]. (7)
Also,
ug = (1/87k,,) B> = (1/87k,)B%E> . (8)

The various terms in Eqs. (7) and (8) can now be related
to mechanical energies of the system as follows:

E, = self potential energy of nuclear p due
to its own field.

( SEdV')? = self potential energy of electron p.

(§B7PEQdV') = adjustment to above.

S EdV’ . § B'E'dV = electric field correction to e~ kinetic
energy.

(k,,/k,)B* = magnetic field correction to e~
kinetic energy.
2E_ -fE 4V’ = usual interaction potential
energy between nucleus and electron.
E - fB'E dV’ = correction to the interaction

energy of nucleus and electron.

The fourth and fifth terms in this list yield the hydrogen
Lamb shift value previously suggested. It is now apparent
that these terms should be grouped with the first three as
energies which do not affect the solution of the Schrodinger
equation for the relative motion and which are unobservable.
The sixth and seventh terms are related to the potential ener-
gy term which appears in the Schrodinger equation, and the
sixth at least must affect the wave function frequencies, since
it is the usual potential energy of an eigenstate. This identifi-
cation can easily be checked by a direct calculation. For
E_ =E,,,, for example,’

1
8k,

fJ-J2E+'E211Fsin Odrdode
= (= k. Z%)/4a) = — Z(68)V = (F)ayy. (9)

The last energy density listed above should then also affect

the wave function frequencies since it is evidently a part of

this same potential energy V. But calculations such as that of
Eq. (9) show that it has not been included. The energy value
calculated from this term,
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AU+ = o dr (10)

will dependon Z* and, because of 8% = (v/c)?, will be of the
same order of magnitude as the velocity dependent energies
previously calculated. Equation (10) is now hypothesized to
be the principal source of the Lamb shift.

Now the discussion so far leaves unresolved the prob-
lem of a velocity which would, through Eq. (10), provide an
explanation of an .S state Lamb shift, a shift which must be
recognized to exist and to be in good agreement with QED
calculations. Further consideration of the classical fields in-
volved suggests that there does appear to be one important
source of electromagnetic fields which has been omitted in
the previous discussion, but which might produce significant
effects. This is, of course, the spin of the electron. The spin
magnetic field is as large as the orbital magnetic field but,
although some of its effects are accounted for in the fine and
hyperfine structure of the energy levels, the charge density
velocities and field velocities that it must represent have not
been examined. It is shown below that such velocities will
produce energy level shifts which will account for the S state
Lamb shift in hydrogenic ions.

Does the electron spin magnetic moment represent
some current density which can be evaluated simply? There
is such a current density which can be derived from the
Dirac equation for the electron. The Dirac equation, written
in two-component form, with

¥ = (i’)
is

c[ p— (k./k,,) Xe/c)A]-ax + eV + mc?) b = Ed,
c[ p— (k./k,) e/c)A]-0d + (eV + mc)x =Ex, (11)
with a current density given by

j=cedtad A
—asell )

For a positive energy electron, the x spinor is small and can
be expressed, from Eq. (11), in terms of the large component
 as
c[ p— (k. /K, )”z(e/c)A] 0'¢
(E+mc* —eV)
Substitution of Eq. (13) in Eq. (12), simplification, and rear-
rangement yield

j = (iefi/2m)[(Vo)Té — 61V]
—(&/mc)(k, /K, ) *OTAD + (efi/2m)V X ( $T6). (14)

The second term here is the vector potential term which
provides for a semiclassical account of the Compton effect*
and spontaneous emission,” and the last is an expression for
the spin current density. It can be obtained nonrelativistical-
ly as the curl of the average magnetic moment density
= (e#i/2mc) (k,/k,,)" 2 Y6,

There will thus be electromagnetic field motion and
consequent energy level shifts for the u,,,,, = u,0 $ statesin
hydrogen, even though the orbital current densities of all

(13)
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these states are zero. The current densities for the 1s, 2s, and
3s states, from Egs. (1) and (14), are

Jioo = (eAZ /2may)K ;2e ~ 2x gin ge,

Ja00 = (€Z /2mao)K (x — 2)(x —4)e "

Ja00 = (€AZ /2ma)K ;(2x* — 18x + 27)
X (4 x* — 20x + 54)e ~***sin 62, (15)

where K2 =77 YZ /ay), K} = (327) " Z /a,), K 2

= (81)*(37m)~NZ /a,)’, x = Zr/a,, and &, is a unit vector in
the ¢ direction. It is now possible to obtain the electric and
magnetic fields produced by these states and use them direct-
ly in Eq. (10) to determine the resulting changes in energy,
but it is mathematically simpler to transform Eq. (10} to a
form involving potentials rather than fields. Thus by the use
of the relations B °E] = — B'X(B'XE'),E' = — V¥V, and
V2V'(r)= — 4mk, p’' d°r'8(r —r'),Eq.(10)canbeconverted
to

*sin 6é,,

=—fﬁw' (16)

This is the same expression as that obtained by using the
Lorentz transformed p = y(p, — ¢~ 'Bjy)= py(1 + 1B7) in
Eq. (6).

Equation (16) can now be used to find the energy level
shifts if a reasonable form for 3, can be found. Classically
one would expect that B = j/pc, which, for the 1s state, for
example, would give

B\, = Ji./ pi.c = (Z#/mca,) sin 62,. (17)

The expresstons obtained in this way, however, do not agree
with a Z component of angular momentum of 4# and in most
cases they become infinite at various points. So if these
charge and current densities are to be thought of classically,
there must be something more complicated involved than
just a single motion of an entire charge density, and exact
expressions must therefore await the correct description of
the internal spin motions of the electron.'? A reasonable ap-
proximate expression for 8,,, may however be obtained from
the expectation value of the spin velocity operator v,,, and
the form of Eq. (17). For the 2s state as a reference point, then

( Uspm

f (h/2m)| VX % & Uy, |d *r

=Jj¢/ed3r= wZ#/16ma,. (18)

Thus if it is assumed that B,
(16) gives

= (wZ#/16mcay) sin 68, Eq.

AU, == f B2k, Ze/r)psy dr
=0.03755cm ' =1125.7 MHz, (19)

which is very close to the QED and experimental values for
the 2s Lamb shift.

Now for the whole sequence of states 1s, 2s, 3s, ns, it is
necessary to examine how 82 and f p_ V', d *r must vary in
Eq.(16). {(#*) and § p_ ¥V d rboth vary as n % however the
expectation value of v* should actually be weighted by
V. «r~'. Theaverage value of v* will then vary according to
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TABLE 1. Comparison of § level Lamb shifts.”

ns au exp. QED
s 0.2575 cm™! 0.2722cm™' 0.2718cm™!
2s 0.03755cm ™! 0.0373cm~'  0.0353cm™!
3s 0.01166 cm—* 0.0083cm~'  0.0105cm™!
* See Refs. 2 and 6.
(V) ave = (D*/x)/{1/x) = 02 (2n*(x~2) — 1/n?), (20)

where v, = Z#/ma,. This gives (v*),, = 3v3, (v°),, = 1.75¢3,
and (v?),, = 1.222207. If the B2, values for n = 1 and 3 are
adjusted according to the ratios of these numbers, Eq. (16)
give the Lamb shifts 4 U, shown in Table I. Experimental
and QED values are also shown.

In order to provide an idea of the magnitudes of the
28,5, — 2P, ,, Lamb shift for various hydrogenic ions and
the corresponding predictions of the present Z * relationship,
the results are compared in Table II. The numbers for this
theory show simply the Z # variation and are unadjusted for
higher order effects which, as in the QED calculations, could
make important corrections.'? It should be emphasized that
AU, depends sensitively on £ and the values obtained here
are meant mainly to show that this simple semiclassical
method does give reasonable answers.

Finally, how does one reconcile the fact that both S and
P states now seem to exhibit a shift? The answer comes from
the fact that the spin effects must also be included in the
nP,,, states. This can easily be done as follows. The total
magnetic moment of the electron in any state, including both
orbital and spin motion, can be written as'*

= (e/2me)k, /k,, )% + s). (21)

Now forthenP,,,state! = 1,5 = 1/2,j = 1/2, and therefore
s and j are in opposite directions (j =1+ s). Thus u,,, = 0.
The orbital effects are cancelled by the spin effects, implying
that they are equal in magnitude. But then the net result is

that the nP,,, state is actually unshifted. For the 1S, state
!/ =0,5=1,j =1, and thus s and j are in the same direction,
implying that,,, = (k,/k,,)!'? (efi/2mc). Therefore only the
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TABLE II. Lamb shift frequencies for the 2°P, ;, — 2°S,, transition in hy-
drogenic atoms and ions.

Ion Experiment'? This theory®
hydrogen (H} 1057.8 MHz 1125.7 MHz
deuterium {D) 1059 MHz 1125.7 MHz
helium 14 040 MHz 18 011 MHz
lithium (SLi*?) 62 800 MHz 91 182 MHz
carbon (}?C*5) 780 GHz 1459 GHz
oxygen (!O*7) 2210 GHz 4611 GHz
fluorine ({ F **) 3339GHz 11257 GHz

*Values are uncorrected for any higher order terms, vacuum polarization,
or nuclear size effect.

nS,,, states actually have any net field motion and accompa-
nying energy shifts.
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New York, 1980), p. 31.
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It is shown that the Gel’fand-Naimark-Segal (GNS) construction can be generalized to real B *-
algebras containing an algebra *-isomorphic to the quaternion algebra by the use of quaternion
linear functionals and Hilbert Q-modules. An extension of the Hahn—-Banach theorem to such

functionals is proved.
PACS numbers: 03.70. +k, 11.15. — g
1. INTRODUCTION

In recent years, considerable effort has been made in the
development of quantum field theories with nonabelian
gauge fields.! Since the fundamental objects described by
theories of this type, the quanta of the gauge fields and mat-
ter fields, are not observed in experiment directly, it is a
logical requirement on these theories that they do not admit
direct observation of these objects. The lack of decisive re-
sults on this problem of confinement has led to the sugges-
tion that achieving a semiclassical understanding of the dy-
namics of such systems would be a useful first step.”

It is difficult to define and study a semiclassical limit for
afield theory of this type in three-space and one-time dimen-
sions, since there is no natural scale for achieving such a
limit. Khriplovich,? Giles and McLerran,® and Adler* have
suggested a direction for the development of a semiclassical
understanding of theories of this type, and in a series of pa-
pers Adler® has worked out a systematic procedure for ob-
taining dynamical equations describing field configurations,
and the static potentials, in a semiclassical framework.

The correspondence between Adler’s construction and
the usual approach taken in quantum field theory has not yet
been clarified. On the other hand, Biedenharn, Sepunaru,
and Horwitz® have shown that the algebraic structures asso-
ciated by Adler’s construction with the special case of an
underlying U(2) gauge group can be obtained from quater-
nionic quantum theory.

Originally proposed by Birkhoff and von Neumann,’
some quantum mechanical aspects of vector spaces over
quaternion multipliers (that is, vector spaces which are also
modules) were worked out by Finkelstein, Jauch, Schimino-
vich, and Speiser®; a more complete study describing a hier-
archy of scalar products linear over real and complex subal-
gebras, as well as quaternion linear, and the projection
operators into corresponding linear manifolds, was carried
out by Horwitz and Biedenharn.® The decomposition of the
space into complex linear subspaces was utilized® to con-
struct a tensor product and a procedure for second quantiza-
tion.

A direct construction of a Hilbert Q-module'® of the
type carried out by Horwitz and Biedenharn® involves a
somewhat ad hoc definition of the quantum state, and is jus-
tified formally through the Gleason theorem.'' The ap-
proach taken by Cassinelli, Truini, and Biedenharn'? utilizes
Mackey’s theory of induced representations of imprimitivity
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systems on a Hilbert @-module, but the same assumptions
are made on the structure of the states. In this paper, we shall
start with a B * algebra over the reals, which contains, as
additional structure, a subalgebra *-isomorphic (under the
same * operation) to the quaternions. With the help of the
positive linear functionals which map the B *-algebra into
the quaternions, and are two-sided linear {through the *-
isomorphism), we show that Gel’fand—Naimark-Segal
(GNS) type construction can be used to represent the B *-
algebra in a Hilbert Q-module. This procedure provides a
deeper insight into the meaning of physical states in a Hilbert
@-module. We prove the Hahn—-Banach theorem, which
shows that these states provide a Hausdorf topology on the
B *-algebra.

2. QUATERNION VALUED STATES

Consider a B *-algebra 4 over the reals, which contains
a subalgebra 4, *-isomorphic to the real quaternions; i.e.,

it Ap—Q (2.1)
is a *-isomorphism. There may be many such subalgebras; in

the following, we pick one of them.
Lemma 2.1: i is an isometry:

4, |l = Igl, (2.2)

whered € 4,,i(4,) = qeQ, ||a||isthe B *-norm ofain 4, and
|g| is the usual quaternion norm, the real positive number
Vg*q. The proof follows from the observation that #(4 *4,)
= |g|* implies A4 *4, = |g|*1 and the fact that 4 is a B *-
algebra (in a B *-algebra,'” ||x*x|| = ||x||*).

Let p be a linear mapping p: A—Q (we shall also use the
term functional to describe a mapping into Q).

Definition 2.1: We shall say that p is two-sided quater-
nion linear (relative to A, ) if

plA,ad,)=qplalg VYA, A;€Ay.
It is positive if p(a*a)>0 for all ac A. For positive p, if

pl) =1, we shall call it a state.
It follows that, for quaternion linear p,

pA ) =g (2.3)

Lemma 2.2: If p is positive and two-sided quaternion
linear, then

pla*) =pla)* VacA.

Proof: pl(a* + b *)la + b)) = pla*a) + p(b *b)
+pla*b) + plb *a)>0.
It follows that

Impla*b) = — Im p(b *a), (2.4)

© 1983 American Institute of Physics 2780



where we define

Img =g —q*),

Reg =g +4g*) (2.5)
Now, replace b in Eq. (2.4) by b4, . Equation (2.4) then be-
comes

Im[ p(a*b g + g*p(b *a)] = 0. (2.6)

Let us take g to be a pure imaginary quaternion (the real
component does not provide new information). Then, using
Eq. (2.4), we see that

Im{[Im p(a*b)lg — ¢[Im p(b *a)]}
= Im{(Im p(a*6)iq + g[Im p(a*b ]} =

since the symmetric product of two imaginary quaternions is
real. We are thus left, in Eq. (2.6), with

Im{[Re p(a*b)lg — g Re[ p(b *a)]}
= g{Repla*b) — Rep{b *a}} =0.
Since @ is a division ring, it follows that
Repl{a*b) — Rep(b *aj =

Together with Eq. (2.4), this completes the proof of the
lemma.

Lemma 2.3: Let p be a positive Q-linear mapping. Then,
the Schwarz inequality

lp(a*b)*<pla*alp(b *b)
is valid.

Proof: pla*a)>0 implies p(a*a) + A *p(b *b)
+ 24 Re p(a*b >0, for A real, and hence

[Re pla*b )P <pla*alo(b *b ).

From quaternion linearity, we may replace b by b4, to ob-
tain

Ya,be A 2.7

(Re( pla*b )g))*<pla*alp(b *b)

for |g|> = 1. Let us writep(a*b ) = |p(a*b )|u, where |u|*> = 1.
The maximum of Re(ug) is unity, since |ug|? = 1, and hence
Eq. (2.7) follows.

3. GNS CONSTRUCTION

Let V'be a vector space over the reals which is also a
right Q-module, i.e., a vector space over the quaternions Q so
that lf X, ye I/’ quqzeQ’

xq; + yg,€v,
(x +ylg = xq + yq,
x(q19,) = (x91)42,
and
x(g; + q;) = xq; + xq,.

Suppose, moreover, that there exists a binary mapping
{x, y) of ¥ X Vinto Q with the following properties:

(i) (ep)* =(yx),
where * is the involution in Q,
(i) (x+y2) = (x2) +
(i) (x, yq) = (x, ¥lg,
i) (ex) = x>0,

{(».2),
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and is zero if and only if x = 0.

Definition 3.1: A right Q-module ¥ with properties (i}—
(iv), which is closed under the topology defined by the norm
||x]|, will be called a Hilbert Q-module.

Definition 3.2: The mapping A: % —% of a Hilbert Q-
module into itself will be called a quaternion linear (Q- -linear)
operator if A (xq) = (Ax)q and A (x+y) = Ax + Ay for all
geQ and all x, y in the domain of A

We are now in a position to state Theorem 3.1.

Theorem 3.1: Let 4 be a B *-algebra over the reals which
contains a subalgebra 4, *-isomorphic to the real quater-
nions Q, and p a two-sided quaternion linear state on 4. Then
there exists a representation 7,: A—~% (5, ), where %7, is a
Hilbert Q-module and #( 7, )is the set of bounded Q-linear
operators on % ,.

Proof: Let # be the left ideal consisting of all elements

ac A for which pla*a) = 0. Then 454 /.7 is a homomor-

phism for which /4 (4 ) is a Q-module over / (4, ). We define a
scalar product in 4 /.# by

(m.€) = plajac), (3.1)
wherea, , a, are elements of the equivalent classes 7,5 in 4 /

We define the multiplication 7q as the equivalence class
{ad, }. The scalar product (3.1) then has the properties

(€ +x)=n08)+ (n.x)
(1.£q) = (1§ )9
(3.2)
(7,6 )* = (&),
(n.7) = ||7]*>0,

and is zero if and only if 7 = 0. The first and second proper-
ties of Eq. (3.2) follow from the quaternion linearity of p, and
the third property from Lemma 2.2. The last property fol-
lows from the definition of 4 /.#". We therefore complete 4 /
< in the topology provided by the norm ||7|| to obtain a
Hilbert Q-module which we denote by 7, . Elements a of 4
are mapped onto operators 4 on %, by

{aa,} = A4n (3.3)

for ne#’, and a, any element of the equivalence class which
defines 7. The operatorA is bounded by the norm of @ in the
B *-algebra (the functlonal p is continuous; the proof'is as in
the complex case'?). A can therefore be extended to a bound-
ed (linear) mapping of 7, into itself.

4. HAHN~-BANACH THEOREM

The validity of the Hahn—Banach theorem implies that
the set of linear functionals p that can be constructed on the
B *-a]gebra is separating.

Theorem4.1: Let A be a B *-algebra over the reals which
contains a subalgebra 4, *-isomorphic to the real quater-
nions. Let A be a two-sided quaternion linear functional de-
fined on a subspace Y C A4, which is an 4,-module and is
bounded by the real function p(x) = ||x||. Then A has a two-
sided quaternion linear extension A, which is also bounded
by p{x) and coincides with A on Y.

Proof: We first remark that p{x) is quaternion convex,
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since
PlAax + Apy) = |[Aax + Apy||<p(d.x) + pldpy)
<pAq plx) + pldglp( y)
= lelplx) + |Blp(y) VA, Azedy.  (41)

The last equality follows from Lemma 2.1. Let
I{x) =Re A (x). (4.2)

Then / (x} is real linear and
3

Alx)=Y el(d*x). (4.3)

i=0
Equation (4.3) follows from the fact that
/{4 *x) = Re A (4 ¥x) = Re(e*1 (x)),

which projects the four real-valued components of A (x).
By the real Hahn—-Banach theorem, / (x) has an exten-
sion L (x) to all of 4, which is real linear and satisfies

Vxe A. (4.4)

We define the two-sided quaternion linear extension of A (x)
by

L (x)|<plx)

Ax)= Y eL [Pyd2x)], (4.5)
i=0
where
3
Poy=14 > A4, (4.6)

commutes with all 4, € 4, . The left linearity of A (x) follows
from the fact that the replacement x4 X induces a permu-
tation of the functionals in the sum (4.5) that is compensated
by the extraction of a factor e; from each of the ¢;. For exam-

ple,
Al x)= — L [PA%x)] +e,L [Pyix)]
—eL [PyfA¥x)] + &L [ Pol4 5% ]
= el{L [Polx)] + e, L [PO(A :,x)]
+e;L [Pold 2x)] +esL [Pofd %x)] }-
Since (4.7)
Pold 2x) = Py(xA %), (4.8)
the same argument illustrated in Eq. (4.7) shows that A (x) is
right linear also. Since A (x) is linear, it follows that for some

qllgl =1),
|A (x)| =gA (x) =A(4,x) =Re A (4,x)
= L (Pyld,x))<pld,x).
Furthermore, since p(4,x)<|q|p(x) = p(x) and
plx) = pld 5 4, x)<|q*|p(d,x) = p(4, x),
pld x) = p(x), 4.9)
i.e., A (x) is bounded by p(x).

We now show that A (x) coincides with A (x) for xeY.
Since Y is an Ay -module, 4 ¥xA4, €Y if xeY. Hence

L[PyA*x)] =1 [Pyl 2x)]

for xeY. However,

(4.10)
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I[Po(x)] = Re A [Py(x)]

3
=4iRe > A(4¥x4,)
i=0
3

iRe 3 e*d (x)e;.

i=0

From the quaternion multiplication table, it follows that

‘!‘.i efd (xJe, = Re A (x). (4.11)
Hence
{[Pyfx)] = 1 (x), (4.12)

which completes the proof of our theorem. We remark that
one could alternatively decompose every x in 4 uniquely into
a combination of four terms of type (4.6) with coefficients 4, ,
and use the real Hahn-Banach theorem for the extension of
real linear functionals on elements of type Eq. (4.6)in Y to
the subspace of elements of this type on the full algebra A.
One can then construct a two-sided quaternion linear exten-
sion of A (x} of the form Eq. (4.5).

Corollary 4.1: The weakest topology for which all of the
two-sided quaternion linear functionals are continuous is
Hausdorf.

ACKNOWLEDGMENTS

We wish to thank Professor M. Flato for suggesting the
problem, and for his hospitality at the University of Dijon
where this work was initiated. We also thank him and Pro-
fessor D. Sternheimer for discussions on this and related
problems.

'For a recent review, see, for example, C. Itzykson and J. B. Zuber, Quan-
tum Field Theory (McGraw-Hill, New York, 1980).

’I. B. Khriplovich, Sov. Phys. JETP 47, 1 (1978) [Zh. Eksp. Teor. Fiz. 74,
37 (1978)].

“R. Giles and L. McLerran, Phys. Lett. B79, 447 (1978); Phys. Rev. D 19,
3732 (1979); Phys. Rev. D 21, 1672 (1980).

*S. L. Adler, Phys. Rev. D 17, 3212 (1978).

*S. L. Adler, Phys. Rev. D 18, 411 (1978); Phys. Lett. B 86, 203 (1979);
Phys. Rev. D 19, 1168 (1979); Phys. Rev. D 20, 1386 (1979).

°L. C. Biedenharn, D. Sepunaru, and L. P. Horwitz, X International Col-
loguium on Group Theoretical Methods, Cocoyoc, Jan. 23-27, 1980, edited
by K. B. Wolf, Lecture Notes in Physics, Vol. 135 {Springer-Verlag, Berlin,
1981), p. 51; L. P. Horwitz and L. C. Biedenharn, Weak Interaction as
Probes of Unification, edited by G. B. Collins, L. N. Chang, and J. R.
Ficenec, AIP Conf. Proc. No. 72, Particles and Fields Subseries 23 (AIP,
New York, 1981), p. 553.

’G. Birkhoff and J. von Neumann, Ann. Math. 37, 823 (1936).

*D. Finkelstein, J. M. Jauch, S. Schiminovich, and D. Speiser, J. Math.
Phys. 3, 207 (1962); 4, 788 (1963).

L. P. Horwitz and L. C. Biedenharn, “Quaternion Quantum Mechanics
and Second Quantization,” Duke University preprint 1981. See also, J.
Rembielinski, J. Phys. A: Math. Gen. 13, 15 (1980}); 13, 23 (1980).

'%See, for example, M. J. Dupré and P. A. Fillmore, in Topics in Modern
Operator Theory, edited by Apostol et al., Operator Theory: Advances and
Applications, Vol. 2 (Birkhauser Verlag, Basel, Boston, Stuttgart, 1981),
and references contained therein.

'"'A. M. Gleason, J. Math. Mech. 6, 885 (1957). See also, C. Piron, Founda-
tions of Quantum Physics (Benjamin, New York, 1976).

2G. Cassinelli and P. Truini, “Quantum Mechanics of the Quaternionic
Hilbert Space based upon the Imprimitivity Theorem,” Duke University
preprint 1981; P. Truini, L. C. Biedenharn, and G. Cassinelli,” Imprimiti-
vity Theorem and Quaternionic Quantum Mechanics,” Duke University
preprint 1981.

*M. A. Naimark, Normed Rings (Noordhoff, Groningen, 1964}, p. 189.

A. Soffer and L. P. Horwitz 2782



A one-fixed-point Killing parameter transform

J. P. Krisch

Department of Physics, University of Michigan, Ann Arbor, Michigan 48109

(Received 14 September 1982; accepted for publication 5 August 1983)
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The method is applied to several examples.
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I. INTRODUCTION

There has been much recent interest in generating new
solutions to the vacuum field equations by transforming
known solutions.’~® One very useful transformation method
was developed by Geroch,* who generalized the work of
Ehlers® and Harrison.? The original method is applicable to
spaces which have one timelike Killing vector. Given a met-
ric g, with timelike Killing vector £ ¢, this transformation
technique will produce a new metric g, with the same Kill-
ing vector. As described by Geroch,* the new metric is gener-
ated from the base metric by projective transformations on
the scalar norm A and scalar twist w of the Killing vector,
where

/l = g ﬂé‘ a’
(1)

W, = é-abcdé‘bv §d (0)
The transformations are performed in the three-dimensional
manifold defined by the Killing trajectories. The covariant
derivative in this space is D,,.

The transformation is expressed in terms of a complex
Ernst potential 7 = w + id. The transformed potential is
given by

T'=(ar+b)/lcr+4d). (2)

In this original formulation, a particular parametrization
waschosen,a = d = cos yand b = — ¢ = sin y. This choice
is one of the simplest to make. It also has the nice physical
consequence of making the transform a rotatlon of potential
functions in the orbit space.®

This choice of parametrization has some other conse-
quences. Any bilinear transform leaves up to three points
fixed. The single parameter form has two fixed points corre-
spondingtor = (w, 4 ) = (0, + 1). Oneof the fixed points can
beidentified as infinity, where A takes on its asymptotic Min-
kowski value. The second fixed point is difficult to interpret.
Using Schwarzschild parameters, for example, the second
point occurs at » = M, a point inside the event horizon. Be-
cause of the ambiguity in the second fixed point, it is of inter-
est to examine the one-fixed-point form. The purpose of this
paper is to discuss the one-fixed-point transformation.

The next section contains a brief review of the formal-
ism and the one-fixed-point transform is written down. The
parameters of the transform are discussed. In this section we
derive the differential equation obeyed by the parameters. In
the last part of the paper, the transformation is applied to
some specific examples.
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Ii. THE TRANSFORMATION
A. The formalism

Start with a vacuum solution g, possessing a single
timelike Killing vector £ °. The norm A4 and twist @, of the
Killing vector are given by Eq. (1). The solution g, is de-
scribed by a set of equations on a four-dimensional space M:
£.- Geroch® has shown that g, is also described by a set of
equations written on the three-dimensional manifold H: A,

of Killing trajectories 4,, = A (g, — £,£,/4 ):
R, = —2r =7 *(D,7D,,7), (3a)
D?*r =2(r — 7)Y (D7)(D7), (3b)

where 7 = w + iA, and D is the covariant derivative in H.
Ernst’ has demonstrated that Eq. (3b) is derivable from an
action and is equivalent to the field equations in the axially
symmetric case. He gives a prescription for generating met-
ric components from potentials satisfying this Ernst equa-
tion.

To generate a new metric g,, fromg,,, one may goto H
and look for a new solution 7’ of Eq. (3b). Geroch’s 7’ is of the
form (2) which he writes as

= (cos(y)r + sin(y))/( — sin(y)r + cos(y)). (4)
It is easily verified that 7 will satisfy the Ernst equation for
constant y. Using 7', new metric components can be con-
structed.*

The fixed points corresponding to Eq. (4) are found by
setting 7' = 7. One obtains 7, = 7, = + i. The positive fixed
point corresponds to infinity, A = 1. The negative one is dif-
ficult to interpret. The choice of a fixed point at infinity is a
good one since it ensures the asymptotic behavior of the Kill-
ing norm and twist. Instead of Eq. (4), write down Eq. (2)
with the single fixed point 7§ = 7, = (0,1). One obtains®

/N — 7o) =l — 7} + B, (5)

where B’ is possibly complex. This equation can be put into a
linear form by defining the Ernst function

E=i—T/li+T7). (6)
With this substitution, Eq. (5) becomes
E'=¢ +iB, (7)

B = 23’. The usual projective transform has f a constant. In
the next section we will discuss the conditions that 8 must
meet in order that £’ represent a solution to the field equa-
tions. We will find that allowing B to be coordinate depen-
dent leads to interesting solutions.
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B. The parameter
1. Differential equation for the parameter

Equation (7) is to generate a new solution £ ' to the equi-
valent field equations. It is necessary that £ ' satisfy an Ernst
equation equivalent to Eq. (3b),”

(%'~ )DE' =26 ¥D'E"DE . )

This requirement can be used to determine 3. Substituting
Eq. (7) one obtains

(¥’ +B% — D" =2¢(D'Y-D 'y — D 'Br-D 'By)
+ 48D YD By, (9a)

(" +B% — 1D "B
= —2Bx(D'Y-D'y — D'Br + D 'fBr)
+ 44D 'Y-D By, (9b)

whereyy = & — Im( B),5r = Re{3). Wehaveassumed £ real
for simplicity. The covariant derivative in the transformed
space H' with h,, = h/, isD".

In order that £’ be a solution to the field equations, it is
necessary that 3 satisfy Eq. (9). One immediately notices the
only constant 3 solution is the trivial transformation /3,

= const, B, = 0. Physically significant solutions will have 8
coordinate dependent. This is a broad generalization of the
usual constant parameter projective transform. In order that
Eq. (5) still represents a fixed point at o« we require
lim , (B /r)=0. The fixed-point condition is satisfied in
this limit.

2. Interpretation of B

In order to understand the physical significance of the
real part of 3, examine the asymptotic form of Eq. (5). As-
suming /3 real, the imaginary part of Eq. (5) is

@ = w(1+ﬁlw)+ﬂl(ﬁ_l)2 . (10)
(1+ B0l + (B4 —1)

Consider H: h,, to be asymptotically flat in the sense of Ger-
och® and Ashtekar and Ashtekar.'®'! This means there ex-
ists a conformally related manifold H,: £2 *h,,, which at A,
the point at infinity, is smooth on the completed manifold.
Choose the conformal factor to be 2 = (4 — 1)?,
' =R =132 withlim , 2 =1lim_, £2'~1/r" Defin-
ing asymptotic twists w, = lim_ , w/{2, and w;

=1lim_, »'/£2 ', and noting the imposed convergence of 5,
lim_ , B'/r = 0implies lim B'w = 0, we have

wl =w,+ lim B, (11)
—A

The one-fixed-point transform is a simple translation of a
scalar twist defined at infinity. In the case where the base
space is static, lim__, ' can be identified as a projected sca-
lar twist at infinity. This identification helps in understand-
ing the coordinate dependence of 5. Adding rotation to a
static space could, for example, reduce the symmetry from
spherical to axial. A coordinate dependent 5’ accomplishes
this.

2784 J. Math. Phys., Vol. 24, No. 12, December 1983

HIl. APPLICATIONS
A. Schwarzschild metric

We will take the base space to be the Schwarzschild
metric in prolate spheroidal coordinates. The convenience of
this choice has been stressed by Vorhees.'” In these coordi-
nates § = x, with x = r/m — 1, r is the usual polar radius
and y = cos 6. In their usual form, the coordinates are nor-
malized to unit distance between foci. This is acceptable for
one space, say the base space, but is an overly restrictive
assumption to impose throughout the transformation. In
general we have

1 (9 gyl
(x* —dzyz)(ax x ! Ox
D’A'D’B:—.o 1 ((xz_dz a_Aa_B

(x? — d*?) ox dx

ad 04
D4 = +—(1— 2—),
8y( y)ay

(12)
- a—B>-
dy dy

Substituting into Eq. {9), one finds a solution for 3,
ImB=0,Reff=cy=ccos b, withc> +d>=1.

This solution generates the Kerr metric withc = — a/
2r,.

B. § = §(X)!B :B(y)! Breal

Again using prolate spheroidal coordinates we assume
£ is a general function of x, and /3 a real general function of y.
We will investigate what kinds of base spaces satisfying this
will generate new solutions & ‘(x, y).

Using Eq. (12) we see the last terms of Eq. (9) vanishes.
Equation (9) becomes

D”§(x)/E(x)= —D"B(y)/B(y)=const=c,, (13)
which is Legendre’s equation. £ (x) and £ { y) will both then
satisfy a Legendre’s equation in their own coordinate with
¢, =L(L + 1). We have

Be(y)=a, P (y)+ b, QL(y)

(14)

§.(x) =1L P, (x) + 8, O (x)

We can then say that for any space whose & are either
polynomial or logarithmic in x, we can generate new solu-
tions. The Schwarzschild solution of part A is obviously a
special case of this with L = 1 and imposed asymptotic fat-
ness and regularity."’

C. Slow rotation

The identification of real 8 with an angular speed allows
Eq. (9) to be written in a slow rotation approximation, to first
order in 3, assuming /3 real. We obtain

(*—1)D"?f=2D'¢-DE,
(15)

(2 —1)D"?B=2BD'E-D'E +4£D'E-D'B.

The first equation merely says that in the slow rotation
limit, £ will continue to satisfy an Ernst equation in the new
metric. The second equation determines 3.

For example, using the solutions formed from £ = £ (x),
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and general S (x, y) = B, (x) B,( y), we have two separated
equations from Eq. (15). One gives

B,(y) =2 a,PL(y)+b.Q.()); (16)

and the other is

d’B. . dE X =1
dx? % dx £2—1 b
22— 1) dE , _
(et vl =o (17)

When these equations are applied to the general Weyl solu-
tions, & = ((x 4+ 1)° + (x — 1)9)/((x + 1)° — (x — 1)°), the
slow rotation solution of Tomimatsu-Sato'* is reproduced.

In conclusion we have presented a one-fixed-point
method of generating solutions to the field equations. We
have shown that the method is especially adapted to base
spaces where & {x} is polynomial or logarithmic in the dis-
tance coordinate. An equation determining new solutions in
the slow rotation limit for general £ = £ (x) is derived.

The one-fixed-point method is significant not only be-
cause it generates new solutions but also because of the in-
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sights it provides about the importance of asymptotic behav-
ior. The matching point of the base and new space-times is

conformal infinity. At conformal infinity the transformation
is a simple translation of the angular speed.
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Necessary and sufficient conditions are derived for a solution of Einstein’s vacuum equations to
depend on an arbitrary function of some scalar function ¢. Unlike the case of the scalar wave
equation the constant surfaces of the function ¢ need not be null. This apparent anomaly is

discussed.

PACS numbers: 04.20.Jb, 02.30. + g

1. INTRODUCTION

While many exact solutions of Einstein’s equations
have been discovered by now, these generally depend on a
finite, or at best countably infinite, number of parameters.
The only exception known to the author are the plane-front-
ed waves,' which can depend on an arbitrary function of a
null coordinate u. Yet it is a feature of hyperbolic differential
equations that they often have classes of solutions with arbi-
trary functions in them. It is the purpose of this paper to
investigate this situation in general relativity. We shall find
necessary and sufficient conditions for a one-parameter fam-
ily of metrics to be generalizable, by which we mean that the
metrics are still solutions of Einstein’s equations after the
parameter is replaced by an arbitrary function of some given
function ¢.

Section 2 sets the scene. The scalar wave equation in
Minkowski space is discussed in detail, conditions being de-
rived for a solution of the form F (x,f(¢ )), where f'is an arbi-
trary function of a given function ¢: a similar treatment of
Maxwell’s equations is outlined. Two main features are
worth noticing in these cases. Firstly ¢ must satisfy the null
condition

¢-ﬂ ¢,vg my = O!
i.e., the surfaces ¢ = const are null hypersurfaces. Secondly,
no solutions of the form

F=Fx/f(¢,¥)
depending in an arbitrary way on two functions ¢, ¥ can
exist.

In Sec. 3 we consider a one-parameter family of metrics
&, (x4 ). The Riemann tensor is computed for its generaliza-
tion, which consists of replacing A by an arbitrary function

f(#). Conditions are then derived for the one-parameter fam-
ily to be Riemann generalizable, i.e., in order that the result-
ing Riemann tensor should be obtained from the original
one-parameter family of Riemann tensors by simply the
same replacement of A by f(¢ ).

Section 4 is the key section. Here the same procedure is
applied to the Ricci tensor, and somewhat surprisingly it is
found that the conditions for Ricci generalizability are iden-
tical with those for Riemann generalizability, at least in the
case of Riemannian or Lorentzian metrics. We now have all
the conditions necessary for a one-parameter family of vacu-
um metrics to be generalizable.

In Sec. 5 we discuss one-parameter families of vacuum
metrics which arise by simply applying a one-parameter

2786 J. Math. Phys. 24 (12), December 1983

family of coordinate transformations to a given metric. The
example of plane waves shows that this seemingly trivial
procedure may lead to nonequivalent generalizations.

Section 6 discusses a particular specialization of the
conditions derived in Sec. 4, in complete detail. All exact
solutions are found which fall into this subcase, but unfor-
tunately all turn out to depend on the arbitrary function in a
trivial way whenever ¢ , is non-null.

Finally in Sec. 7 we discuss in greater detail the unex-
pected conclusion that the generalizing function ¢ is not nec-
essarily a null coordinate in the case of general relativity. At
first sight this seems to be at variance with what is known of
the characteristic surfaces of Einstein’s equations. It is
shown that while in the case of the scalar wave equation or
Maxwell’s equations the constant surfaces of the generaliz-
ing function ¢ must be characteristic surfaces, this conclu-
sion does not follow in the case of Einstein’s equations. The
way is therefore open for ¢ to be spacelike or timelike. How-
ever nontrivial examples will have to be more complicated
than any analyzed in this paper.

2. GENERALIZABLE SOLUTIONS OF THE WAVE
EQUATION AND MAXWELL’S EQUATIONS

Suppose we search for solutions of the wave equation

Cy=¢L =0 (1)
of the form
Y=F(x[f(d)) (2)

where f(¢ ) is an arbitrary function (subject to suitable differ-
entiability conditions) of some scalar function ¢ on Min-
kowski space (the argument x is shorthand for the four argu-
ments x°, x', x %, x7}.

On setting /= A = const we see that

v=FxA) (3)
is a one-parameter family of solutions of the wave equation
OF=0.

We shall say that such a one-parameter family of solu-
tions (3) is generalizable by a (nonconstant) function ¢ if
¥ = F(x,f(¢ ))is also a solution of the wave equation for arbi-
trary functions f.

What conditions must F (x,4 ) satisfy in order for it to be
generalizable by ¢ ? From (2] we clearly have

U, =F.(xf6)) + 3—5 (xS BN ()0, »
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where
’ —_— _dz_' —

f(¢)‘ d¢’¢u ¢..u'

A more compact way of writing this equation is

b.=F, +Kf'($)8, (4)
where

F, = IFxA) ,

axH
Kixd)= < Flxd) (5

and placing a bar over a function involving the parameter 4
means that all occurrences of A are replaced by an arbitrary
function /(¢ ).

Differentiating again and substituting in (1) gives

o — - , JK
0= OF +/(¢)2K, 6" +KOd) +f"%8) —— .8
+/"p)KS.b " (6)
Sincef (¢ )istobearbitraryitisclearthatinorderfor F (x,4 )to
be generalizable by ¢ the coefficients of £'(# ), f'*(# ), f " ()
must vanish separately. This results in the following condi-
tions:

Fi=0 (7)
$.9“=0, (8)
2K, 6 “ + Ko =0. &

Equation (7)is of course merely a restatement of the fact
that F is a one-parameter family of solutions of the wave
equation. Equation (8) says that the ¢ = const surfaces are
null hypersurfaces, i.e., characteristic surfaces. This feature
is not surprising in view of the fact that discontinuities of
solutions of the wave equation (e.g., choosing f " discontin-
uous) can only occur across such characteristic surfaces.
Equation (9) is a first-order linear partial differential equa-
tion for K, which can be solved for any given ¢. Note that it
has been possible to remove bars from the equations arising
out of Eq. (6}, since for any one-parameter set of equations it
is evidently true that

H(xA)=0H=Hxf($)=0.

Some typical examples of generalizable solutions are
(i) F = F (y,z,A4 ) any one-parameter solution of the two-
dimensional Laplace equation

F,+F,=0
is generalizable by the functions ¢ = ¢ 4 x.

(ii) F = Ar~", where r = (x* + y? + z%)"/? is generaliza-
ble by functions

g=t+r

(iii) F = u(x,y,24, ¢ =t — v(x,p,z). This general case
has been solved by Friedlander.?

If we had posed the above problem with fan arbitrary
function of two independent variables ¢,1 we would have
obtained from the coefficients of /,, , f,,, and f,, respec-
tively

$ud*=9,9"=¢,9"=0.
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Since no two linearly independent null vectors may be or-
thogonal to each other in a Lorentzian metric, this condition
is impossible to fulfill. Thus no solution of the wave equation
may contain a general function of two variables. In non-
Lorentzian metrics this is not true, since

‘/In + ¢ww - l/lxx - 'rbyy =0
has solutions
Y=f(t+xw+y), [ arbitrary.

A similar treatment for Maxwell’s equations

F/w.p + F"Po# +Fp#-v =0,
FIW‘V: 0,

yields that a one-parameter family of solutions F,,, (x,A ) is
generalizable by a function ¢ if

JF,

Km0 = K
satisfies
Kuv ¢p + KVP¢H +KP#¢V =0
and
K, 6 =0
It follows from these equations again that
$,67=0

and also that

Kuv = ¢[y qv ]E%(¢Iu qv - ¢vq;4 }’
where ¢, is a spacelike vector satisfying

é.9"=0.

3. RIEMANN-GENERALIZABLE METRICS

Letg, 6 =g,.(x.A)be a one-parameter family of gen-
eral-relativistic metrics (i.e., four-dimensional with signa-
ture — + + -+ ). Again we adopt the convention that if ¢ is
a given function on the space time we set

g,av (x) = gy.v (xxf(¢ ))’
where fis an arbitrary function [i.e., g, actually represents a
class of metrics arising from g, (x,4 ) and ¢ ].

We set
Kbod) = 22 g, 0 ) (10)
# 2 A
and raise and lower indices by g, g™
K*, =g"K,, ,
1 4
K# —ghagBr g
88 s 2 aA
Then
d o
ﬁr,ﬁv ZPﬁv;a’ (11)
where
P =K/6,+KP6 — K, 8. (12)
Now if F = F(x,A ) is any function, then clearly
= _+ , OF
Ep = ‘F:p +7f (¢)¢p’ (13)
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whence
r/fv @)Egpa(gap,i_*_ gw,y - gyv,p)
=L +P6. f(d)
Applying (13) againto I" %, (g) and using (11) we obtain

the following expression for the generalized Riemann ten-
sor:

R/ =R ,m(g) +f (¢)[P'°5a¢a Plad,

+f'2(¢ 165 [Pl‘i Pff— P P
aPLe P -
OB g B ]
a aA

+S" (P Wads [P LS,

We call the family of metrics Riemann generalizable by
the function ¢ if

R/.@=R..(g) (15)
i.e, if replacing A by an arbitrary function f(¢ ) implies the
Riemann tensor components are obtained simply by replac-
ing all occurrences of A by f(¢ ).

Since fis arbitrary we may set the coefficients of f”, f %,
and f” separately to zero, and as in Sec. 2, we may remove all

bars in these equations. Using Eq. (12) the coefficient of
S (@) results in

¢[qu][\'¢a] =0, (16)
which holds if and only if there exists a vector field ¥, (x,4 )
such that

K, =¢ 4. +1.0.. (17)

The last two terms in the coefficient of £ ' are just d /94
applied to the coefficient of f ”, hence they vanish as a conse-
quence of Eq. (16). On the other hand, from Eq. (17) we
obtain

b P =20"4,9., (18)
whence the first two terms of the coefficient of /' also van-
ish. Hence no further information arises by setting the coeffi-
cient of /2 to zero.

Turning now to the coefficient of /(¢ ), when Egs. (17)
and (18) are substituted in this equation we obtain

—Pp8,]17. (14)

¢;4L p[v¢a] :Ly[v¢a]¢p7 (19)
where

L;u' = zﬁ,u:v + l/}v:u E£1/fgyv ’ (20)
That is, L, satisfied the same equation as X,,, whence

L;u' = ¢}la1’ + a’LL¢V (21)
for some vector field

a, =a,xA)

4. RICCI-GENERALIZABLE METRICS

Contracting Eq. (14) over p and ¢ we obtain conditions
for a one-parameter family of metrics g,,, (x,4 ) to be Ricci
generalizable by a function ¢, i.e., for

R,.(8) = R,.8). (22)
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In this case the coefficient of /" (¢ ) gives rise to the equation
¢/3K Bp¢v + ¢BK Bv¢y - Kuv¢a¢ &~ K¢y¢v = O’

(23)
where
K=K7,.
If ¢, “5£0, then it follows at once that
K, =8.¢. + 14,0, (24)

for some ¢, = ¢, (x4 ).

If ¢4 © = 0 however, we can only conclude from
Eq.(23) that ¢, is a (null) eigenvector of X,

¢,K?, =1iKo,. (25)

Again the last two terms of the coefficient of £'? vanish
on taking d /dA of the f ” equation, while the first two terms
give rise to the equation

bobp(PSP L — PIaP P = 0.
In the case ¢, ¢ “#0, substitution of (24) immediately guar-
antees that this equation is fulfilled, but in the case ¢, ¢ * =
one obtains from (25) the condition

(3K * — KK )¢, ¢, =0. (26)

If we assume the metric is Lorentzian (signature n — 2,
where n = dimension of space) then (24) again follows from
(25) and (26). To see this, let o, be a second null vector nor-
malized such that

UI'UV=¢V¢ V=0’ 0v¢v= 1’
and let e(i = 2, ... ,n — 1) be an orthonormal basis of the
tangent subspace orthogonal to ¢, and 0, i.e.,
0, e,e/'=9,;.
Itisclear that¢,, p, e/ form a basis of the tangent space and
K,,, may be expanded in this basis

Kuv = OO¢;¢¢V + K01(¢u0v + Uy¢v) + Kl lapa\'

’— Ho__
o.el =¢,el =

+ ZKOi(¢/,teiv + eip¢v) + Kli(a-,ueiv + ei,uav)

+ z K'Jem v

Equation (25) then gives

K=K, =0, z K; =0,
while (26) implies

2 K;=0.
Hence K, = 0 for all ij and Eq. (24) holds with

1
lp,u = 7K00¢,u + Konay + z KOiei,u'

It is easy to convince oneself that if the signature were
other than Lorentzian (or Riemannian} the conclusion (24)
would not in general be justified. In general relativity (n = 4,
Lorentzian) we may however adopt Eq. (24) as being equiva-
lent to the f” and £ equations.

There remains the equation arising from setting the co-
efficient of /(¢ ) equal to zero,

P;fga ¢ _P,upa ¢v +(P/,lp:/z¢a) Ppa¢a
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On substituting Egs. (12) and (24) we obtain

¢, 7L, — L0 "—¢,L,6°+L)B.8, =0,
where L, is given by Eq. (20). Thatis, L,,, satisfies the same
equation as K., [Eq. (23)] and again we may conclude that
L, has the form given in (21). In summary then

Theorem 1: A one-parameter family of Riemannian or
Lorentzian metrics g, (x,4 ) is Ricci generalizable by a func-
tion ¢ if and only if there exist vector fields ¢, (x,4 ) and
p,.(x,4 ) such that

1 J
vaE ? Eigpv = ¢;L l//v + ¢y¢v (27)
and
L=t + ¥ =8.p +P.9. (28)

Since these conditions are exactly the same as those ob-
tained in Sec. 3 we also have the following result:

Theorem 2: A one-parameter family of Riemannian or
Lorentzian metrics g,,, (x,4 ) is Ricci generalizable by a func-
tion ¢ if and only if it is Riemann generalizable.

Perhaps the most surprising aspect of these theorems is
that ¢, is not necessarily a null vector. We shall return to this
point later. To conclude this section we just wish to remark
that as in the case of the scalar wave equation, no metrics are
Ricci generalizable by arbitrary functions of two indepen-
dent variables f{(¢,¥) (with ¢,,, ¥, linearly independent vec-
tor fields).

This follows by setting up the equations (22) and setting
to zero all coefficients of £, f,, etc. The coefficients of

Soss Fous Sou Yield, respectively

$.a, +a,¢6, —Ké ¢, =K, .¢$,6° (29)
B, +B.Y, — K¢, =K, 4, 9", (30)
Yoa, +a, ¥, + 6.8, +B.6, — KB ¢, +v.9.)

=2K,,8.¢" (31)
where

=K., 8% B, =Kup¢p'

By taking suitable linear combinations of ¢ and ¢ it is easy to
see that for Riemannian or Lorentzian metrics there is no
loss of generality in assuming that

PP “#0, ¥, Y*F#O0.
Equations (29) and (30) give at once that @, and 5, must be
linear combinations of ¢, and ¢,

a, =ad, + by, B,u =ch, + dy,
and substituting back in (29) and (30) results in

K;Lv = B‘¢#¢v + ¢,u¢v)’

where

b=B¢,¢° a=d=Bs, Y c=By,y".
Finally substituting into (31) results in B =0, i.e.,

K, =0,
which proves the desired result.

The most interesting case arises in general relativity
when R, (g) = O leads to R, (g) = 0; we call this situation

vacuum generalizable. Theorems 1 and 2 clearly apply to this
case.
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5. COORDINATE TRANSFORMATIONS

A particularly simple way of generating a one-param-
eter family of vacuum metrics is to apply a one-parameter
family of coordinate transformations

yr=yHxA),
with inverse
x#=x"pA})

to a given parametrized vacuum metric g, (X,A.4, ...)(§,.
may of course depend on no parameters at all). This new

family
G 9t ) = B il Vgt ) T () O

B
o V) 50

(32)
is of course geometrically equivalent to the original family
8,..» but if it is vacuum generalizable there is no guarantee
that its generalizations by a function ¢ are so equivalent.

Unfortunately Theorem 2 implies that the simplest pos-
sible procedure, namely, to apply a one-parameter coordi-
nate transformation to flat (Minkowski) space does not lead
toanything new. For in this case the Riemann tensor vanish-
es for the entire family, and hence all its generalizations also
have vanishing Riemann tensor and are therefore flat. How-
ever, for curved vacuum metrics the procedure may result in
new metrics.

Differentiating (32) with respect to A gives the transfor-
mation of K,

o o] B
Ko d) = Kopletrd)4) 25952 e (33)
dy* dy
where
B a B
§opa)= -2 = X

I 9 ax*’

and *;” refers to covariant derivative with respect to g, (all
other parameters y, ... have been suppressed). A similar
analysis for any tensor f’;f;jj: (x,4 ) yields the general result

a ( J = ) ay*  ax”
— T =(-— T e £, TB
(9/1 p (y!/l ) (9/{ ¥8... axa ayp [l 7
where
° 22 a '
Tov(p, i) = To(xip,d )4 ) 2 O
ax*  gy”°

Examples

(1) Suppose g,,..(v,4 ) is a one-parameter family of vacu-
um metrics, generalizable by a function ¢, i.e., suppose
Egs.(27) and (28) hold. If p, = O, then

¢y;v + lpv;y - 0!
i.e, ¢, is a Killing vector and from (27) we have

K. = S
where

§u =269,

Hence g, (v, ) is obtained by applying a coordinate trans-
formation to §,,(x) = g, (x,0), given by

W pu_ _ M
YR '3 26 W)yt )
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subject to
yHx,0) =x*
(2) Plane-fronted waves':
ds’ = — 2Hdu® + 2dudv + dx* + dy*,
where
H = Hux,y)
is subject to
H,,+H,,=0 (34)

x" = u, x" = v, x* = x, x* = y). All such metrics satisfy Ein-
stein’s vacuum equations. Thus, it is clear that H = H (4,x,y)
gives rise to a one-parameter family of metrics which are
vacuum generalizable by ¢ = u. All conditions of Theorem 1
are satisfied since

JdH
wy ﬁu.uu\ ’
whence Eq. (27) holds with
1 gH
O T
and (28) follows with
__ &H
P axrn

Theorem 2 is easily verified by computing the Riemann ten-
sor, whose only surviving components are
Roios = H 45(4,B = 2,3).

Clearly A isreplaced by f (#) in these components, hence these
solutions are all Riemann generalizable. Flat space occurs if
H s linear in x and y. Plane waves arise if H is quadratic in x
and y, and may be regarded as generalizations by ¢ = u of
the two-parameter metric having

H=1/x"—p%) —24,xp.
If weset A, = cos 24, A, = sin 24, then

K/u' = gl/l.\'b’

where §, = (0,0, — y,x). In this case the one-parameter fam-
ily is obtained from

dS’= —2X"—Y?)du'+2dudv +dX* +dY*
by performing the one-parameter family of coordinate trans-
formations

x=XcosA+ Ysind

y= —Xsind 4+ Ycos .
However the generalizations obtained by setting A = f'(u) are
not in general equivalent to g,,, , since the generalizations are
plane waves with variable phase and amplitude while g, has
constant phase and amplitude. So here is an example where
the original one-parameter family of metrics are all equiva-
lent but their generalizations result in genuinely inequivalent
metrics.

6. A SPECIAL CASE

It turns out that if we set ¢, proportional to ¢,,, the
generalizable metrics can all be written down explicitly. The
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analysis is rather long and we will only outline the main steps
here.

If ¢, is a null vector field, then Eq. (28) immediately
shows that it is shear-free and twist-free. All such metrics
have been discovered by Kundt® and need not be discussed
further here.

If ¢, is non-null, let us postulate it to be timelike (the
spacelike case is similarly analyzed) and set x° = ¢. From
Eq. (27) it is easily shown that coordinates x/{i = 1,2,3) may
be found such that

ds® = — N*x,A J(dx®) + g;(x)dx' dx .
Since ¥, = f(x,4 )¢,., Eq. (28) shows that
O:¢li;j) = _Fg' = - %N_zgij‘o’
whence g, = g;(x', x*, x*). Now the spatial part of the Ein-
stein field equations gives
R} =N"'N,
i
where | refers to covariant derivative with respect to the

three-metric g;.

Since R |7, being constructed from the three-metric 8>

has no A dependence it can be verified that

& =~ 90)
oA/,

ijs

satisfies

§u g = 0
and is therefore a hypersurface-orthogonal Killing three-
vector. We can therefore cast the metric in a Weyl form

ds’ = — & T HdxP + e(dx') + e d dE,  (35)
where

§=x*+ix’,

p=pCl) =758 a=al’ x'LE).

The Einstein equations may now be written out in full:

E=x"—ix},

a +aa; =0, (36)

ay +ai +e* " MAug + 8upz + 2apup + 2azu,) =0,
(37)

g +agap +agup +agp, =0, (38)

@ +ai +2a (e — ve) + 2 + 2uf — dvepu, =0, (39)

and

Vg g iy =0 (40)
Now Eq. (36) implies that

e =G x° x") + F(x°5,8). (41)

Case (i): 2, = 6,=2% 0.
Ix
Substitution of (41) into (39) gives

e + 1 — 2V =0.
Together with the results of differentiating Eqgs. (38) and (39)
with respect to & and ¢, respectively, this results in

g — g — Het =0,
which is clearly only consistent with Eq. (40)if v,z = 0. Now
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at this point a computation of the Riemann tensor compo-
nents would show them all to vanish, so there is no need to
proceed further with this case as it can only result in flat
space.
Case (ii): a, = 0.

In this case, Egs. (37) and (38) result in

(e ¥)z =0,
whence

e*=e *[f(x°6) +F(x°5)]

and

g\ +7) + iz fr +pefe =0, “2)
Let ¢ = f(0,{ ) and set

K(xLL) =+ ¢ +d) (43)

We are clearly only interested in the case K #const, else
there is no x® dependence in the metric at all. Equation (42} is
clearly equivalent to the pair of equations

2#g§(¢+a)+#§¢g +/‘g€z§ =0 {44)
and

Koz + Kzpe =0, (43)
while Eq. (39) implies

26+ @y — 20v, +p)d + 8 =0 (46)
and

(e~ ¥K,); =0, (47)
where

v —Ing+ )
Hence

Kg =.7’(XO,Z ]9277 KZ‘ =P(x0’§ )eZT
for some function p(x°,£ ). From Eq. (45) one sees that

p = P(x°b (¢ ) for some real function Pand complex function
b (§). Defining a complex function Z (£ ) by

dz_ _ i

g b{)

we see that 4 = u(x) where we have set Z=x + iy. By
changing the complex coordinates ¢,¢ to Z,Z it is now a
relatively straightforward matter to integrate Eqs. (43)-(47).
Apart from some removable arbitrary constants, there are
three distinct cases, arising from

(@')"'=x, sinx, or sinhx.

The first case leads only to flat space whilst the second re-
sults in the metric
ds* = (1 + cos x*{ — [4 (x%)e” + B (x°)e ~?]1}(dx°)?
(1 — cos x) dx'2.
(1 4+ cos x)
At first sight it appears that one has here a vacuum metric of
the desired kind, exhibiting arbitrary functions 4, B of a
timelike coordinate x°. However, further inspection reveals
that the two-metric

— [4(x%)e” + B (x°)e ~*]%(dx") 4 dy?

has constant curvature {curvature scalar = 1). As any such

+dx* + dy*} +
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two-metric can be brought to a canonical form, it is clear that
coordinate transformations exist which eliminate the arbi-
trary functions. The resulting space time is then a very spe-
cial Weyl static axisymmetric solution. The case

u#' = (sinh x)~ ! is similar.

7. RELATION TO CHARACTERISTICS AND
CONCLUSIONS

The structure of solutions to Einstein’s equations in-
volving arbitrary functions has been shown to possess remar-
kably simple properties. Perhaps the most surprising aspect
of the results in Theorems 1 and 2 is that the gradient of the
function ¢ need not be a null vector, as is the case for the
scalar wave equation or Maxwell’s equations. This is espe-
cially surprising in view of the fact that characteristic sur-
faces of Einstein’s equations {i.e., surface ¢ = const across
which the curvature tensor has a discontinuity) are known to
be null surfaces.*’ Since such discontinuities can apparently
be generated by setting the arbitrary function f to be discon-
tinuous, it seems at first sight paradoxical that this conclu-
sion does not follow. A detailed look at Pirani’s treatment of
characteristics reveals the reason for this apparent discrep-
ancy.

In the case of the scalar wave equation, a discontinuity
in f”(@ ) gives rise, via Eq. (6), to the usual characteristic
condition (8). Similarly in Maxwell’s equations a discontin-
uity in (¢ ) gives rise to the characteristic conditions

AF;.tv =¢lyq1']’ ¢,u¢ a =0’ ¢”q,u =0

obtained on replacing K,,, by 4F, , .

For Einstein’s equations it is not strictly allowable to set
/(¢ )discontinuoussince this violates theusual C *-differentia-
bility conditions. If one sets " (¢ } discontinuous, this does
indeed result in the discontinuity of the Riemann tensor

AR,0 =20,.K, 6,141 "(d),
while the condition 4R ,, = O results in
0=4R,, =K, ¢."~$.K..¢" —¢,K,.¢"
+K4,6,)41"(8),

which implies in turn

ARP,UU‘V¢&¢ *=0.

At this point it is argued thatif 4R ., #0 (i.e., the
surface ¢ = const is a characteristic), then ¢, ¢ “ = 0. How-
ever, our discussion has shown that it is precisely the case
4R, ., = 0 which occurs here since R,,,,,, depends only on
f(¢#) and not its derivatives. While it is tempting on this ac-
count to permit f{(¢ ) to be discontinuous there appears to be
no guarantee that this violation of Lichnerowicz conditions
can be undone by a (discontinuous) coordinate transforma-
tion. It should furthermore be recognized that these contin-
uity conditions are an integral part of the proof of the null-
ness of characteristic surfaces.

Nevertheless one’s feeling that this problem is intimate-
ly connected with characteristics goes deep, and this paper
only goes a little way to disturbing it. The detailed example
given in Sec. 6, at first looks most promising in its goal of
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obtaining a family of solutions depending in an arbitrary way
on a non-null function, only to dissolve in the final analysis
through a series of coordinate transformations. Whether the
same phenomenon would occur in general, without the re-
strictive ansatz ¢, « ¢,,, is impossible to say at this point. In
conclusion, it is perhaps worth pointing out the existence® of
a family of solutions of the Einstein dust equations,

G,, = pu,u,, which have in them arbitrary functions of a
spacelike coordinate. It is not inconceivable that interior so-
lutions like this, which permit a certain amount of arbitrary
variation of the matter distribution, could not lead to exteri-
or solutions similarly dependent on an arbitrary function.
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The exterior Cauchy problem is discussed for the fourth-order theories of gravity derived from the
Lagrangian densities . =+ — g (R + JaR > + bR, R*") — k.Z,,. When b #0, the Cauchy

problem can be solved by the standard method already used in general relativity. When b = 0, the
problem cannot be formulated as in the case where b 0, since the corresponding fourth-order
theory is shown to be equivalent to a second-order scalar—tensor theory. This scalar—tensor theory
is proved to coincide with one of the models of gravity proposed by O’Hanlon in order to present a
covariant version of the massive dilaton theory suggested by Fujii. This result is generalized: The
models of O’Hanlon are shown to be indistinguishable from the fourth-order theories derived

from the Lagrangian densities . =y — g F(R } — x.2°,,, where Fis any real function such that

F"(R) does not identically vanish.
PACS numbers: 04.50. 4+ h

I. INTRODUCTION

In recent years, the quantization of the gravitational
field has given rise to much interest in the fourth-order the-
ories of gravity derived from the Lagrangian densities'?

2L =y —gR+aR*+ bR, ,R*)— kL, (1)

where R denotes the scalar curvature, R ., the Ricci tensor,
% . the matter Lagrangian, « a coupling constant similar to
the Einstein constant, and a, b two parameters with dimen-
sion of a squared length. Moreover, the effects on cosmologi-
cal solutions of adding quadratic terms in the curvature ten-
sor to the usual Einstein—Hilbert action have been
considered by a number of authors.?

The purpose of the present work is to study the exterior
Cauchy problem for the two-parameter family of field equa-
tions derived from (1). Stelle* has already touched on this
problem for the linearized equations by using the de Rham
transverse-traceless decomposition of the metric. Although
this procedure presents the advantage of exhibiting the var-
ious helicity components of the gravitational potentials, we
employ in our investigations the classical method developed
by Lichnerowicz® and others for general relativity. Indeed
this method brings very fruitful information about the in-
trinsic structure of the theories examined here, particularly
in the case where & = 0.°

Section II is concerned with the exterior Cauchy prob-
lem in the case where b #0.

The other sections are devoted to the field equations
obtained when b = 0. For these equations, the Cauchy prob-
lem cannot be solved if one formulates it as in Sec. II. To
remove this difficulty, we are led to construct a second-order
scalar—tensor model equivalent to the fourth-order equa-
tions (see Sec. III). Using the new system of equations, we
reformulate and solve the Cauchy problem in Sec. I'V. In Sec.
V the scalar—tensor model constructed in Sec. I1I is com-
pared with one of the models of gravity proposed by O’Han-
lon’ in order to get a covariant formulation of the massive
dilaton theory suggested by Fujii.® It is then proved that any
model of O’Hanlon is equivalent to a theory of gravity in-
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volving fourth-order derivative terms. Section VI contains
our conclusions.

Il. THE EXTERIOR CAUCHY PROBLEM FOR b#0

In this work, we consider a Lorentzian space-time V, in
which the connection is the Christoffel connection formed
from the metric tensor g,,,.. The variation of the Lagrangian
density (1) with respect to the g **yields the fourth-order field

equations’**
G, =«T,, (v=0123), 2

where
G,, = bRw‘/1 +(a+ib)g,, 0OR
- (a + b )R;y.;v + aR (R;tv - %Rgpv)
+2b (R,upva - Ztlgvapa)R P7+ R,uv - %ngv’(3)
1 6%,
T, = —.
Jy—g %8
The Ricci tensor R,,, and the scalar curvature R are defined
by

Ruv =R'{Mv’ R =g;wa’

Rep =g p—Lig, + T3l 5 — Tl

We use the signature{ 4+, — , — , — ) for the metric ten-
sor. The I fw are the Christoffel symbols of the second kind
formed from the metric g,,. The symbol ( ), denotes the
ordinary derivative and ( )., the covariant derivative: O is
the d’Alembertian operator acting on a scalar function.

Contracting the field equations (2}, one finds

(3¢ + 2b)R — R =«T, (4)
where T'is the trace of the energy—momentum tensor 7,,, .

The geometrical tensor G,,, satisfies the conservation
identities

G*, , =0 {5)

vip
sothat T, satisfies the conservationlaw 7%, , = Owhen the
field equations are verified.

In our approach, we suppose that the space-time is a
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differentiable manifold ¥, of class C* and piecewise of class
C . Moreover, the metric components 8., are assumed to be
of class C? and piecewise continuous of class C>. Our aim is
to study the Cauchy initial value problem in an empty space-
time. Then, the field equations are

G,, =0. (6)

Let 2 be a hypersurface oriented everywhere in space
and described, at least locally, by x° = 0. The Cauchy data
consist of the values on ¥ of the metric components g,, and
of their partial derivatives g,,, 5, £,.,.00, and g,,, 000 - The spa-
celike orientation of X is equivalent to the condition g% > 0
on 2. The index of any partial derivative of a potential g,,,, is
defined as the number of times this potential is differentiated
with respect to x° °. The Cauchy data of index n<3 are as-
sumed to be of class C* .

The fourth-order derivatives of the potentials of index
<3 can be directly calculated on 2 from the Cauchy data by
differentiation. They are continuous. In order to examine the
behavior of the derivatives of index 4, let us write the field
equations (6) so that these derivatives appear explicitly. If we

*
define g¥ and 4 by

*

g =g"—g%%/g® (i,j,=123), (7)
4= gijgij,OOOO’ ®)
we get
Gy= — 4H8*) [ b8j00 + (2a + b)dg; | + F;(d.C) =0,
9)
Go=4¢" [ b8"Z 0000 — (28 + 514880 ] + Fo(d.C)) = ‘(’ )
10
Goo= — 18"(b8"8 ;0000 + [(2a + b)80o 8% — 2(a + b)14 }
+ Fo(d.C.) =0, (11)

where F,,(d.C.) denote quantities which can be determined
on 2 from the Cauchy data by algebraic calculations and by
differentiations.

There is no derivative g,q,0000 in the above equations.
This fact is not surprising, since there exist coordinate trans-
formations of class C * and piecewise continuous of class C ©
which alter neither the Cauchy data nor the derivatives
80000, Dut reduce the g, o000 to any specified values (see
Appendix A). This implies in particular that the discontinui-
ties in the derivatives g, s00 have no physical meaning and
do not play an essential role in the problem.

Given the quantities G; and Gg,, it is possible to deter-
mine the G 2. Conversely, if g #0, one can derive the quan-
tities G, from G, and G, by using the relations

gOOG'U = G?_iju9
(8%)°Goo = 8°G§ — 8°G? + 8°8%G;.
It follows from these relations that if g°°0, the system of

Eqs. (9) and (10)—(11) is equivalent to the system formed by
Eqgs. (9) and by the four equations

G =0. (12)
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Let us suppose Egs. (9) to be satisfied. We can prove as
follows that Egs. {12) remain valid in a neighborhood of =
once they are satisfied on 3.

Identities (5) may be written as

Goo +T0uGo —T'5,GS + G,
+T4GL —TLGi =0. (13)
When Egs. (9} are satisfied, the quantities G ; are con-
nected with the G2 by the relations

876 =56,
. *
§°G} =5°G3 +£"GY. (14)

Since we have assumed g% continuous in a neighbor-
hood of T and > 0on S, we have g > 0in a neighborhood of
2. Hence relations (14) determine G | and G|, from G .. Then
identities (13) become four linear and homogeneous partial
differential equations of first order in G-

Goo=4",G%, +B.GY, (15)

where the coefficients 4 #, and B are continuous. For the
initial conditions G 3,5 = 0, the only solution of Eqgs. (15) is
G? = 0. Thus it is proved that the field equations (6) are in
involution in the sense of Cartan.

A straightforward calculation shows that the quantities
G° contain no derivative of index 4. The conditions

as =0 (16)

must be therefore imposed to the Cauchy data: They consti-
tute a set of four initial constraint equations.

Hence the initial exterior Cauchy problem is split into
two distinct parts:

(1) the problem of finding Cauchy data which satisfy the
constraint equations (16) on 3;

(2) the problem of integrating the dynamical equations
{9) for these Cauchy data.

Let us now assume the constraint equations (16) to be
fulfilled by the Cauchy data (problem 1) and let us try to
solve problem 2. Using the relations

*
£"'8m =8, (17)
*..
and contracting Eqgs. (9) by g, we get

;J'GUE — (3a + 2b)(g*P4 + Q‘f'ﬂj(d.c.) =0. (18)

A.Case 3a+ 2b#0

If 3a + 2b #0, Eq. (18) determines 4 on 2 from the
Cauchy data. Inserting the expression obtained for 4 in Eqgs.
{9), we can determine the fourth-order derivatives g;; 5000 OR
= fromthe Cauchy data, since we assume b #0andg™ ; > 0.
Thus it is proved that the g; o000 are continuous across 2.

If we restrict the solution to the class of analytic func-
tions, the Cauchy-Kowaleska theorem shows that the sec-
ond problem admits a real analytic solution which is unique
to within a transformation of coordinates leaving unaltered
the coordinates of any point on 3 and the Cauchy dataon 2.
It should be noted that the g, can be analytic in empty
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regions of the space—time free from gravitational shock
waves, but that discontinuities would appear in the fourth-
order derivatives of the g, across hypersurfaces separating
the matter from the vacuum. However, more work is needed
on this question, and we shall not go far away in this direc-
tion.

B.Case3a+20=0

If 3@ + 2b =0, 4 is not determined by (18) since this
equation is reduced to

§G, =g'F,(d.C) = 0. (19)

This relation constitutes a new constraint on the
Cauchy data, which is different from the four constraints
{16). This fact is easy to understand. If 3@ + 2b = O, the trace
equation (4) implies in the vacuum

R =0. (20)

Hence, the values of R on X being completely determined by
the Cauchy data, we must impose the additional constraint

R =0. (21)

But in the case of 3¢ + 2b =0, (21) is equivalent to (19) pro-
vided that Eqgs. (16) are satisfied. Indeed, the following iden-
tity is valid for any symmetric tensor G

nv?

*

£'G; = G —g*G%/g", G=g"G,, (22)

and G = — R for the tensor (3) when 3a + 2b =0.

Moreover, (20) implies R , = 0 and R, is determined
by the Cauchy data on 3. Hence the Cauchy data must also
satisfy the supplementary constraint

Rgs=0. (23)

We demonstrate in Appendix B that the exterior
Cauchy problem can be split into the following parts:

1. The problem of finding Cauchy data which satisfy the
constraint equations (16), (21), and (23) on 2.

2. The problem of integrating the dynamical equations

G; =0, (24)
where
G, =G, + 148G % /g")g; + b URg,
= — 16 (8%)g;,0000 + F;(d.C.), (25)

the F‘,-j (d.C.) being quantities which can be calculated on X
from the Cauchy data.
Since we assume b (g°°)?#0 on 3, Egs. (24) yield the
80000 0n 2 from the Cauchy data. As in the case of
3a + 2b #0, these derivatives are continuous across 2.
This study shows that there is no possibility of deter-
mining the g, 0000 if g5 = 0; ' is then a characteristic hy-
persurface. Thus we see that any characteristic hypersurface
in the vacuum is described by a local equation of the form

fx%) =0,

where fis a solution of the equation

8% s =0.
Therefore, the characteristic hypersurfaces are null hyper-
surfaces, exactly as in general relativity.
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1. FIELD EQUATIONS WHEN b =0

When b = 0, the Cauchy problem cannot be solved if
one formulates it as in Sec. II since the g;; 5000 are not present
in the field equations (9). However, we shall demonstrate in
this section that the fourth-order theory may be replaced by
an equivalent second-order scalar—tensor theory. In this new
version, the Cauchy problem is formulated differently and
can be solved properly.

In the case where b = 0, the field equations (2} are

G..=(1+aR)S,, +}aR’,, +ag,,OR —aR,, =«T,

pv?
(26)
where S,, =R, —1Rg,,.
Now let us consider the set (g,Q ) constituted by a metric
tensor g and a scalar field Q. We associate to (g,Q ) the scalar
field K and the symmetric tensor L,,, defined by

K =400 - 10, (27)
L, =(1+aQ)S,, +(Q+1aQ%g,, —aQ,.. +Kg,,.(28)

The tensor L, and the scalar K verify the identities

L—3K=(1+aQ)Q—R), L=g"L,, (29)

L*,, =%@—R)Q,. (30)

It is easy to show that if we except a very particular case,
the fourth-order equations (26) can be replaced by the fol-
lowing set of second-order equations relating g and Q to the
source of the gravitational field,

L, =«T,, {31)
K = T. (32)
Let us suppose that a metric g satisfies the field equa-
tions (26). Then, we can associate to it a set (g,Q ) solution of
Egs. (31)—(32), where Q is given by

Q=R (33)
If (33) holds, we have indeed

L,=G,,
and Eq. {(32) becomes the equation obtained by contracting
(26).

Conversely, let (g,Q ) be a solution of Egs. (31})—(32). In
order to demonstrate that g is a solution of (26), it is sufficient
to show that (33) is valid.

Taking into account identity (29), Eqgs. (31)—«(32) imply
that at any point of ¥,

(1+a@)@—R)=0. (34)
Differentiating this equation we get
(1+aQ)@—R), +a@—-R)Q, =0. (35)

Let us suppose now that there exists a point pe¥, such
that Q # R. Then it follows from (34) and (35) that at this
point

14+a0=0, Q, =0. (36)

Differentiating (35) and taking (36) into account, we get at p
Q;,u;v =0.

Therefore, at the point p, OQ = 0, and Egs. (31)—(32) are

reduced to
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(1/4a)g,, = KT

uvs  1/a=«kT. (37)

Since the cosmological constant is taken here to be zero,
such an expression of 7,,,, is excluded in a vacuum (7,,, = 0)
or in a pure electromagnetic field (7 = 0). The same conclu-

sion is true for a matter fluid described by

T, =(p+pPWputt, — Puv + Tpw
with the usual condition 7, u* = 0, u* being the unit 4-ve-
locity of the fluid and p the matter—energy rest density. Mul-
tiplying 7,,, by u*u” and comparing with (37), we find

Kkp = 1/4a. (38)

But it results from (27) and (32) that @ must be assumed
<01in order to avoid a tachyonic propagation for the scalar
field Q. On the other hand, the coupling constant x must be
> 0 in order to ensure an attractive predominant force of
gravity. Hence (38) contradicts the natural condition p >0,
which proves that (37) is not possible for a realistic fluid
when there is no tachyonic field.

Finally, we can conclude that if the no-tachyon condi-
tion a < Ois realized, then Eq. (33} is valid everywhere for any
usual energy—momentum tensor, and particularly for 7,

= 0. The same conclusion could be drawn with a cosmologi-
cal constant A #(4a)™".

It should be noted that if Eqs. (31)~(32) are satisfied, the
energy-momentum tensor 7, is divergence-free. Taking
into account identity (30) and Eq. (35), the field equations
(31) imply

kT*,, =1a@—R)Q,
= — 41 +aQ)Q—R),.
Now applying (34) we get immediately 7%, , = 0.

IV. THE EXTERIOR CAUCHY PROBLEM FOR b =0

We turn now to study the exterior Cauchy problem for
the system of second-order equations (31)—(32). Given a
spacelike hypersurface 3 (x° = 0), the Cauchy data consist of
the valueson 2 of g,,,, 8,,..0, @, and Q. The differential
properties of the space-time and of the metric g are supposed
to be the same as in Sec. II.

We assume g% continuous and g% 5 > 0. Hence g% is
> 0 in a neighborhood of 2. By a method similar to that
which has been already employed in Sec. 11, one can easily
see that in this neighborhood of X, Egs. (31}-(32) are equiva-
lent to the set of equations

L= —1g%(1 + aQ g0 — Bg;) + Kg,; + H,(d.C) =0,

(39)

L%=H?(d.C)=0, (40)

K =ag"Q + E(d.C.)=0, (41)
where

B= gklgk/,oo (42)

and H;(d.C.), H 9(d.C.), and E (d.C.) denote quantities which
can be computed on 2 from the Cauchy data.

There are no derivatives g,,,, in the above equations.
As in general relativity, these derivatives do not play an es-
sential role in the problem since they can be reduced to any
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specified values on X (provided that they are continuous
across ' ) by an admissible local coordinate transformation
of the form

=t ) i,
where @ 4)(x) are functions of class C * and piecewise contin-
uous of class C . (It is easy to verify that neither the Cauchy
data nor the derivatives g,;o, are modified by such a coordi-
nate transformation.) The indetermination of the g,,, o can
be supplied by imposing four coordinate conditions consis-
tent with the Cauchy data.

The quantities L © contain no derivatives of index 2.
Therefore, the initial conditions

LY =0 (43)

constitute a set of four constraint equations which the
Cauchy data have to verify.

Let us prove now that Egs. {39)}-(41) are sufficient to
maintain the validity of Egs. (40) in the neighborhood of =,
once the constraint equations (43) are satisfied. First, the
quantities L ; are connected with the L &, by relations similar
to (14), where the G 3 have to be replaced by L 5 . Asa conse-
quence, identities (30) yield the equations

L% =C*,L%, +D.LY +1aUQ,, (44)
where U is defined by

U=Q-R
and C*_ and D denote continuous quantities built from

8.p and g, Secondly, differentiating identity (29) with re-
spect to x° we get

Lo=(1+4aQ)U, +aUQ,. (43)
But Egs. (39) imply

L =g"L°%/g%.
Thus, Eq. (45) may be written as
(1+aQ)Uy +aUQ, = (8°/8%)L 0o + (8°%/8%) oL 5 (46)

At this stage, let us assume that 1 + @Q is continuous
and

1 +aQ, s #O0. (47)
Consequently, 1 + aQ #0 in a neighborhood of 2. Hence
L ° and U satisfy five linear and homogeneous partial differ-
ential equations of first order, namely Eqs. (44)—(46), which
are resolublein L %, and U, . For the initial conditions L J,
=0and U,y = 0 [this last condition being a direct conse-
quence of identity (29) and of the field equations on 3'}, the
only solution of Egs. (44)—(46) is

L =0, U=0.

Therefore, Egs. (40) are maintained once they are satisfied on
2, provided that (47) is realized. Moreover, we recover
@ = R in the particular case of a vacuum.

The assumption (47) is essential. Indeed, if we suppose
I + aQ = Oat a point of Z, the coefficient of the g; o, vanish-
es in Eqgs. (39): In this case, the evolution of the metric is not
determined by the initial conditions.

We conclude from these results that the initial exterior
Cauchy problem must be split into the following parts:

P. Teyssandier and P. Tourrenc 2796



1. The problem of finding Cauchy data on 2 which sa-
tisfy the constraint equations (43) and the condition (47).

2. The problem of integrating the dynamical equations
(39)-(41).

If the problem 1 is solved, Eq. (41) enables us to calcu-
late Q o, on 3 from the Cauchy data, since g°° ; is assumed
#0. Then inserting the value of Q, in Egs. (39) and con-

*
tracting by g7, we get

* *
g'L,=g"(1 + aQ)B + g'H,(d.C.) = 0.

This equation determines B on 2 from the Cauchy data.
Hence the derivatives g, o, can be determined on 2.

When g%, ; =0, it is impossible to determine the g, -
Consequently, the characteristic hypersurfaces coincide
with the null hypersurfaces, as in general relativity.

V. THE SCALAR-TENSOR VERSION OF THE THEORY
WHENbL =0

In order to solve the Cauchy problem when b = 0, we
have been led to replace the primitive fourth-order theory by
a second-order scalar-tensor theory. This equivalent version
can be deduced from a variational principle. In fact, the La-
grangian density

& =V —gl(l+aQ)R — 10?1 —« %, (48)
yields the field equations
(1 + aQ )S[AV + ‘ltaQ 2g‘uv + agvaQ - aQ;y;v = KTyv’
(49)
Q=R, (50)
which are strictly equivalent to the starting equations (26).
The Lagrangian density (48) belongs to the class of La-
grangian densities proposed by O’Hanlon’ in order to pres-

ent a covariant model of the massive dilaton theory suggest-
ed by Fuijii.® Starting from densities of the kind®

L= —gleR +m’flp)] — 877, (51)
where @ is a scalar field, O’Hanlon takes for the potential
Sflp):

f@)=32@0) (g — Po)*- (52)

With this potential, the Lagrangian density (51) is equi-
valent to (48). It is easily verified by defining

@ =8k (1 + aQ),

@o=8mk"', m’= —1/3a.

Such an equivalence shows the purely geometrical na-
ture of the theory corresponding to (52). This result is the
more interesting as it is not isolated. Indeed, we will now
demonstrate that the class of the scalar-tensor theories de-

rived from (51) coincide with the class of the fourth-order
theories yielded by the Lagrangian densities

L=y —gFR)—«k"L,,, (53)
where Fis any real function of class C* different from the
affine function.

Varying (53) with respect to g**, we get the field equa-
tions'?
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FIR#V - %Fg;ﬂ' + F”(g#VDR - R;#;V)

+F"@g, R;R*—R, R, )=«T,, (54)
where a prime denotes a derivation with respect to R. Using
the identities

[F'(R),, =F"(R)R,,, +F"(R)R, R,
Egs. (54) become!!
F'R,, —\Fg,, +8,0F —F, =«T,,. (55)

Now the variational principle applied to (51) leads to
the equations

@R, —i[Rp + m*f(p)lg,, +¢&..0¢ — @, =8xT,,,
(56)

R= —mfp), (57)
where the prime denotes here a derivation with respect to ¢.
We may note that the propagation equation for the scalar ¢

given by O’Hanlon is obtained by contracting Eqs. (56) and
inserting the expression (57) of R:

30¢ + m2(@f’ — 2f) = 8#T. (58)

Equations (55) are changed into Egs. (56) under the Le-
gendre transformation (R,F )—{(g, f) defined by

kp =87F'(R), (59a)
— km*f(@p)=8mRF' —F). (59b)

This transformation is formally regular if F " (R ) does
not identically vanish. [Note that F “(R ) identically null cor-
responds to the Lagrangian function of general relativity.]
Differentiating (59b) and taking into account (59a), we get

—~m?df=Rdp,
relation equivalent to Eq. (57).

Conversely, Eqgs. (56) are changed into Egs. (55) under
the dual transformation of (59),

R=— m2f"(¢ ))
87F(R) = —km’(@f’ —f).

VI. CONCLUSIONS

The solution of the Cauchy problem for the fourth-or-
der theories derived from the family of Lagrangian densities
(1) depends upon the values of the parameter b.

A. When b #0, the Cauchy problem can be solved for
Cauchy data consisting of the potentials g, and of their
derivatives g,,, o, £,..00» 8uv,000 ON a spacelike hypersurface =
locally described by x° = 0. Two cases have to be carefully
distinguished:

1.If 3a + 2b #0, the Cauchy data must satisfy four ini-
tial constraint equations, exactly as in general relativity.

2. If 3a + 2b = 0, two supplementary constraint equa-
tions, R ; = 0and Ry = 0, are implied by the field equa-
tions. Moreover the six primitive dynamical equations must
be written in a modified form consistent with these supple-
mentary constraints.

In each case, the constraint equations are propagated
by the dynamical equations once they are fulfilled on 3.

B. When b = 0, the Cauchy problem cannot be solved
for the Cauchy data specified in the case where b #0 since it
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is impossible to determine the g;; 400 from the dynamical
equations. As a matter of fact, the fourth-order theory ob-
tained when b = 0 is equivalent to a second-order scalar—
tensor model of gravity. The unknown fields of this model
are the ten potentials g,,, and a scalar field Q which happens
to coincide with the scalar curvature R as a consequence of
the field equations. Hence the Cauchy data consist of the
values of g, ,..0, @ and Q, on the initial hypersurface 3.
These data must satisfy the condition 1 + aQ, > #0 and four
initial constraint equations. Once they are fulfilled on %, the
constraint equations are propagated by the dynamical equa-
tions of the model, and consequently the equality Q = R
holds in a neighborhood of 2. In that theory, the scalar cur-
vature R plays the role of a massive scalar field, and its values
must be given on the initial hypersurface X together with its
normal derivative in order to ensure the determinism.

Moreover, we have shown that the scalar—tensor model
which corresponds to b = 0 can be identified with one of the
theories of O’Hanlon. We have generalized this conclusion:
The class of the scalar—tensor models of gravity proposed by
O’Hanlon has been proved to be indistinguishable from the
class of the fourth-order theories derived from the Lagran-
gian densities .¥ = — g F(R) —«.Z,,, where F(R }isany
real function of R such that ¥ “(R ) does not identically van-
ish. This result should be very useful to treat the Cauchy
problem related to this class of theories.

APPENDIX A

We have to show that there exist some coordinate trans-
formations of class C * and piecewise continuous of class C ©
which reduce the derivatives g, 0000 t0 any specified values
on 2 but affect neither the Cauchy data nor the g;; 0000 0n 3.

Let £2 be an open subset of ¥, such that 2% #Q. We
call 2 * (resp. £2 7) the part of the open £2 corresponding to
x°> 0 (resp. x° < 0). For a function f: 2—R, which may be
discontinuous across 2, we use the classical notation

fHE)= lm S, f5 k)= lim fix0)

x4+ X0 —

Let us now consider the coordinate transformation de-
fined on £2:

x =x"+ [(x9/120]¢ ' Yix) on 27,
xt=xt on N3, (A1)
' =x" 4+ [(x°°/120]¢ ~*(x) on £2 7,

where the ¢ *“(x) [resp. ¢ ~*!(x')] are functions of the x’
of class C * and piecewise continuous of class C ®on 2 * (resp.
£2 7). Thistransformation does not change the coordinates of
the points on 3, since 2 is described by x° = 0.

Clearly the coefficients of transformation associated
with (A1),
ax(z'
axt’
are of class C * and piecewise continuous of class C > on 2. On

the hypersurface 2, we have indeed
A=A =145)s =65, (A2)

ALz

a
A§ =
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AS

Aptyopi, 2

=49

a ) +
Apythy 3

=47

A,y =0 for n<3.

Consequently the coordinate transformation (A1) is of class
C* and piecewise continuous of class C°.

The metric components are transformed as

gyv =A Z’A e’ga'ﬁ" (A3)

Differentiating (A3) with respect to x” an appropriate
number of times, then substituting d, with 4 § .., and using
(A2), we find that the Cauchy data are not modified by the
transformation (A 1):

gyv\z = g‘u'v'\“: ""’g/.tv,000|2 = g;t'v’,O'O'O’!E .

Now, the derivatives of index 4 are transformed as

80000 = A4 ,(:A /\?IA g;’A :)VA g'A é’g(z'/]',y'e'n'/t'

+ (A ;[:,()OO()A /13 + A :iA (},(XXX) )g(z'ﬁ’ + ["']v

where the symbol [---] denotes quantities which vanish on 3
according to {A2). Taking into account the following rela-
tions,

A f{:u.uzmi\i =4 g:u.m;t;.i )§ = g:ﬂnﬂzﬂxi)g =0,

A Z‘x#z/‘v{ B3 = (A Z‘llh#,\/{ ); = (A Z’hl-‘zl‘v/l ))-T = 0’

a’ + + {a)
(A 0.1, 12,0 )2 - 5#]05#20(5“‘0(]) ’

(A g’:“kl‘zﬂxo )2 = 5#.06#206#10‘}7 a (a]’

we get

80000z = Bry00005>

(g,u(),OOOO s = (gu’o’,O’O’O’O' s+ 5,;0‘17 * ‘a]gao +¢
(gy0,0000 s = (gu'o’,O’O’O'O’ g + 6;40¢) B (a)gao +@ ® )gyB'
Therefore, the derivatives g, 0000 can be reduced to specified
values on each side of the hypersurface X by an appropriate
transformation (A1), while the derivatives g oo remain un-

changed. In particular, the functions ¢ *'* and ¢ =’ can
always be chosen so that the g, o000 are continuous across 2.

+bg

APPENDIX B

In the case of 3a + 2b = 0, let us suppose solved the
problem of finding Cauchy data which satisfy the constraint
equations (16), (21), and (23) on 2. Our purpose is to prove
that the field equations (24) are equivalent to Eqgs. (9) when
a= —3b.

1. Let us assume that Egs. (9) are satisfied by the metric.
Since the constraint equations (16) are supposed to be satis-
fied on 2, Eqs. (12) hold in the neighborhood of 2. {The
analysis of Sec. II is valid even in the case where
3a + 26 = 0.) Hence R = 0 in the neighborhood of 2. Con-
sequently, it follows from the definition (25) that

G,=G;=0.

Therefore, Eqs. (24) are satisfied by the metric.
2. Conversely, let us admit that Eqgs. (24) are verified by
the metric. Then the identity

¢'G,= — R + 1b0R

yields the equation
—R+10OR =0.
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The unique solution of this equation satisfying the ini-
tial conditions (21) and (23) is

R=0,
which implies that (1R = 0. So Egs. (24) are reduced to
Gy = — %G /88 (B1)

It results from (B1) that the G are related to the G S by
the relations

876G} =8"G} —18G.4;,
§9G, =48°G} + (g’ —18°87/8™)G?. (B2)
Because of thege relations, the conservation identities
(13) give four equations similar to Eqgs. (15):
b0 =A4"",G, +B'.GY, (B3)

where the coefficients 4 *_, and B "2 are continuous quanti-
ties built from the g,,; and their first derivatives. [As in the
discussion of Egs. (15), we suppose g% > 0.] For the initial
conditions (16), the only solution of (B3) is

G’ =0.

Hence Eqs. (B1) are reduced to Eqgs. (9) in the case where
3a + 2b =0, and Egs. (12) are satisfied. Q.E.D.
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A probabilistic rejection test for multivariable sensitivity analysis is presented. The test is applied
by randomly changing all the assumed unimportant (those having low sensitivity values) input
parameters simultaneously and calculating the appropriate response. It is shown that by
repeating this procedure N times, where V is much smaller than the number of input parameters,
it is possible to assign a probability limit to the assumption that a high sensitivity parameter exists.
The application of the test is demonstrated in a nuclear waste disposal problem.

PACS numbers: 06.20.Dk, 02.50.Cw

1. INTRODUCTION

The development of large computer codes is enabling us
to model in great detail many physical systems. Such codes
provide solutions while taking into account large numbers of
physical effects. However, due to the fact that there are
many input parameters involved and the cost of running the
computer is high, there are difficulties in performing survey
studies. These difficulties are reflected in sensitivity ques-
tions which arise in all design and safety analyses. In such
analyses, the effect of changes in the input parameters on the
calculated results is important, namely, sensitivity analysis.

There are three approaches to sensitivity analysis. The
first one is based on the use of adjoint functions.'! Although
this approach was successfully applied to many engineering
and physics problems, it has the drawbacks that it is neces-
sary to solve an additional set of equations for each response
studied. For large and complicated codes which consist of
many equations, an additional set of equations requires a
considerable amount of effort. The second approach is one of
the forms of the response surface method.” A variety of ex-
perimental design theories® are used in order to change the
input parameters. These altered data sets are used for calcu-
lating the changes in the response of interest. These calculat-
ed results are then used to construct the response surface,
which is fitted with a simple functional from the sensitivities’
derivations. The advantage of this approach is that the origi-
nal computer code is used for calculating the sensitivities.
The main limitation is the number of computer runs needed,
which in practice limits the number of input parameters that
can be considered. The third approach is the “brute force”
one. By this approach, each of the input parameters is
changed slightly and the change in the response is calculated
and so is the sensitivity component. The advantage of this
approach is the straightforward usage of the code. The limi-
tations are the number of runs which is dependent on the
number of input parameters, and it is limited to small varia-
tions of the input parameters.

In many practical situations, we have systems with hun-
dreds or thousands of input parameters. Treating such cases
with the current response surface or “brute force” method is
impractical, without screening of the important input pa-
rameters.

In most of the physical systems, the number of impor-
tant parameters is small. By important parameters we mean
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those parameters with high sensitivity values. Physical sys-
tems with many important input parameters tend to be un-
stable.

In many cases, intuition or previous knowledge enable
us to know in advance which of the input parameters is im-
portant. So instead of dealing with many input parameters,
we can consider only the few important ones, by using the
response surface or the ‘“‘brute force” methods. However,
intuition might fail and previous knowledge might be incom-
plete. However, we are assuming that the probability that
there are no important parameters after screening is not van-
ishingly small. As a result, one can rely on such screening
only if we have a test to validate our choice of important
input parameters. Such a test was suggested,® however, with-
out mathematical rigorousness.

This test was inspired by the “statistical screening” pro-
cedure suggested by Durston and Krieger’ and later by
Krieger.®® Although the procedures of the “statistical
screening” procedure and the suggested rejection test are the
same, the fundamental bases of the two procedures are dif-
ferent.

The purpose of this paper is to present such a rejection
test with all the mathematical rigorousness. The application
of the test is demonstrated by an example from nuclear waste
disposal analysis.

2. THE REJECTION TEST

Given the problem of estimating the relative sensitivity
of a model response R to many modeling parameters «,, the
following methodology can be developed. Assume first

M OR
SR~ —éba,, (1)
,-;1 a;
where R = R — R,, R is the perturbed response value, and
R, is the base case response value; da; = a; — a@,,;, and ¢; is
the perturbed parameter value and ay, is its base case value;
and the number of the input parameters is M.
Equation (1) can be rewritten in relative terms as

M da: M
%ZZ IR /R, 02 _ S Sa;, (2
0 i=1

da./a, ay
whereS; = {IR /R,)/(0a;/a,;)iscalled the sensitivity of R to
aand q; =da,/a,.
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Consider that by previous knowledge we have screened
P, important parameters. The number of remaining param-
eters is K = M — P,. These are the parameters to which we
assign low sensitivity, namely, S, are small. Due to the fact
that our previous knowledge is not complete, there is a non-
zero probability that among the K parameters there are some
parameters which have high sensitivity. The aim of the rejec-
tion test is to find the probability that there are high sensitiv-
ity coefficients among the K parameters. Changing the input
parameters by + 1% or — 1% randomly, Eq. (2) will have
the form

§R£ x100= 3 Sir, ()

1) i=1
wherer, = + 1. Making N different runs so that in each run
the input parameters are changed by + 1%, we will have

OR;

N N<K.
(4)

If for N runs 8R;/R,~0, what is the probability that
there are S; components different from zero?

Assume that there are I components of the vector S
which are different from zero. The value I<K is unknown.

The nonzero components of the vector S can be consid-
ered as a new vector S’ with a dimension 7 satisfying the
equation

I
S(l).aj = 2 S,a;, =0, (5)

n=1

X 100 = 2 Sy =Sr, j=1,..,

0 i=1

wherej=1,..,Nand a,, = + 1 or — 1. The vectors a, are
subvectors of the vectors r;. For j = 1, we have

I
sVa, = ¥ S,a,, =0. (6)
n=1

For a given vector S'” there are other vectors with com-
ponents of + 1 beside a, which are orthogonal to S'. For
example, a, = — a, will also be orthogonal to S". The num-
ber of vectors of the type a which are orthogonal to S' de-
pends on the particular nature of S"". Define a value Q, as
the number of vectors of the type a which are orthogonal to
S Since the nature of the vector SV is not known, the value
Q, is unknown. The number of all possible vectors of type ais
27, Thus the probability of obtaining Eq. (6) when the vector
a, is chosen randomly is

pULL ) =Q,/2% (7)
The probability of obtaining Eq. (5) for N random runs
will be

P N)=(Q,/2")", (8)

namely, the probability that a certain vector S with 7 non-
zero components will satisfy Eq. (5).

The value Q, will be the largest when the vector S"" has
the property of §|, =S, =8, = ... = §, for I even, and

S, =8, =-=58,8, =285, for I odd. The proofs of these
statements are given in the next chapter. Thus,
Q<2(1_1)f1dd 9
or ,
<A1+ 12 ° ©)
2801 J. Math. Phys., Vol. 24, No. 12, December 1983

Q,<(1£2) for I even. (10)

Thus the probability that any vector S with I nonzero com-
ponents which satisfies Eq. (5) will be bounded by

L NIQU)/2'TY. (11)

Thus the probability that any vector with nonzero com-
ponents will satisfy Eq. (5) is

P(K,N)= ip(l N)<K/2 1)/221]

1+ 1 /221] (K/2)+ 1)/2K]N

=R(K,N) (12)

for K even, and

P(K,N)= E ol N)<(K_W2 ])ﬁzl

221]
[
for K odd.

The values of R (K, N )and T (K, N )are givenin TableI.
From these values, it is obtained that for N>>10 the upper
bound on the probabilities practically does not depend on
the number of input parameters. Furthermore, for N> 10,
the probability of obtaining nonzero coefficients with the
rejection test is very small.

Assume that a given system can have two possible
states: Ay, 4,, (404, = D) such that the probability ratio
P(A4,)/P(A4,) is known to have an upper bound P (4,)/P (4,)
<y. Let Cy, denote an “event,” i.e., a possible outcome of an
experiment £ done on/with the system such that the condi-
tional probabilities P (C, |4,) = 1 and P(Cy|4,)<ay and
C, can be chosen such that &, ¥ <€1. One now wants to reject
the hypothesis that the system is in state 4, by stating that if
P(4,|Cy)<B ( Bbeingapredetermined limit, say, 10~ 3), then
A, is rejected. Now

T(K,N) (13)

TABLE I. Rejection criterion.

K The rejection
N Number of input criteria
Number of trials parameters RorT
6 15 0.0211218
8 15 0.004 494 6
6 20 0.0202510
8 20 0.004 445 6
10 20 0.001 044 2
12 20 0.0002530
14 20 0.000 062 2
6 25 0.021 207 4
8 25 0.004 497 7
10 25 0.001 047 1
12 25 0.000 2532
14 25 0.000 062 2
6 30 0.0202510
8 30 0.004 445 6
10 30 0.001 044 2
12 30 0.000 2530
14 30 0.000 062 2
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P(A4,|Cy)P(Cy) = P(Cy|4,)P(4)), (14)

P(AOiCN)P(CN)=P(CN|AO)P(AO)’ (15)
and, upon division,
P4,|C
P picya, 2 (¢
1 — P(4,|Cy) P(4o)
yields

PIChlAPUNVPUL)
L+ P(CylA)P(A)/PA,)

P(4,|Cy) = (17)

One then conducts the experiment choosing C,, to be such
that a,, <B/y. If Cy comes out in the experiment, A4, is re-
jected, and the system is assumed to be in state 4,

Let us now proceed one step further: Let

{Cnin=i
be a set of possible outcomes of the experiment E with the
conditional probabilities P(Cy |4,) =1 V Nand P(Cy
|4,) = ay, N = 1,...,c0 known. One may thenset alimit B (a
rejection limit) and conduct the experiment E. If the out-
come C,, is such that o <8/, the possibility that the sys-
tem is in state A4, is rejected. Now suppose that 4, is a state
composed of the union of K mutually exclusive substates

K
A= vy B,, BinB, =0, VI#J
=1
and suppose that P(Cy|B,) is known. Then

K

P(CN|A1)=121P(CN|BI)' (18)

This is the general structure of the suggested test, with
the following identifications:

A,-(the vector S = 0, all its components are zero), 4 -
(at least one component of S differs from zero), B,-(exactly
I components of S differ from zero), E-the experiment
(pick up N vectors 8; = (,...,¢}) such tha @, = + 1 with
probability } and calculate the N sums D; = S'"a;), Cy -the
event (All sums are zeros, i.e., D, =0V j.

To identify the above parameters with the previously
mentioned quantities, it is easy to see from the definitions
that P(C, |B,) is identical to p(I,N ) of Eq. (7) and, conse-
quently, p(K,N ) is identical to P(Cy |4,).

Thus we have two events: 4 -there are nonzero ele-
ments in the vector S. 4,-there are only zero elements in the
vector S. A priori we have P (4,) and P (4,). It might be that
P(A4,)ismuch larger than P (4,). However, on the basis of the
test, we have the assumption that P (4,)/P (4,) is finite. Also,
although ¥ may be as large as we choose, it nevertheless has
to be finite. The estimation of the value of ¥ [P (A4,)/P (4,)<¥]
is determined by our confidence in the screening of the im-
portant parameters. The more confidence we have in our
screening procedure, the lower is the value of y. The value
a, in Eq. (17) is bounded by

ay<R(K,N), K even, (18a)

ay<T(K,N), K odd. (18b)

It can now be seen from Eq. (17) and the following dis-
cussion that
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P(4,|Cy)<P(Cy|A))[PA,)/PA)I<P(CylAi)y

= Y P(Cy|B)y = IZZP(I» Ny

I=1
=P(K, N)y<ayy. (19)

Thus the rejection test can be stated as follows: the as-
sumption is that the vector S fulfills Eq. {5) and has 0 < /<X
nonzero components. P (K, N )y is an upper bound for the
probability of the assumption being true. If P (K, N )y is
smaller than a predetermined value 3, we reject that assump-
tion. What is actually checked against SisR (K, N )yor T' (K,
Ny, yet if they are smaller than 3, so is P(K, N )y.

A simple example of the test is given in Appendix A.

3. COMBINATION OF VECTORS

Let S, = (5,,5;,--..5,) be an n-dimensional vector. We
define a combination of a vector as a number obtained from
S, by adding and/or subtracting all its terms, i.e., let a,

={a,,...,a,) be a vector such that |¢;| = 1,/ =1,...,n, thena
combination of S, is the number x = S, -a. In general, there
are 2" different possible a’s and thus 2" possible combina-
tions. Given a number x one may ask how many combina-
tions of a vector U yield x. This number is denoted by N (U, ,
x) and we can then ask: For a given x, which is the vector U2
for which & (U2, x) is maximum. We thus denote

K, (x) = Max {N(U,, x)}, (20)
where E, is the n-dimensional Euclidean space. If N (S,,,
x) = K, (x), we say that S, is maximum for x.

We first show that in order to discuss X, (x), it is suffi-
cient to consider only positive component vectors.

Lemma I: Given a vector S, = (sy,...,5,) and the num-
ber of combinations S, that yield x is ¥ (S,,, x), then for the
vector S¢ = {|5,1,15,],-.,]5, |}, we get N(S7, x) = N (S, x).

Proof: Let a be such that S, -a = x. Then {|a,| = + 1)
S,-a=sa, +ay,+ - +a,s, =a,0;s5

+ a,8,8, + -+ +a,b,ls,| =x,whered, =s,/|s;| = + 1.1t
is clear that the vector a8° = (@,8,,...,4,,8,, ) fulfills S;a° = x.
Thus to every combination of s, that yields x, there exists a
unique combination of S% that yields x. The opposite is also
trivial to show.

From now on, we will consider only vectors with posi-
tive components.

Lemma 2: K, (g) is independent of g#0.

Proof: Let S, be the maximum for g, and let E, be the
set of all vectors a such that S,-a = g,. Let g,#g, and
a = g,/g,. Consider the vector S), = a-S,,. Then if acE, , we
get Sl.a = aS,-a = ag, = g,. This means that N (S,,,
g, = K, (g,). If weassume that X, (g,) > N (S, , &), then there
exists a vector W, and a set of K, (g,) different vectors a? such
that for each a, W,a®> = g,. In that case, let us consider the
vector W2 = W, /a; clearly for each a*, W} -a> = g,. Thus
N(W2,g,)=K,(g,) and this leads to N (W}, g,)> N (S,,,
g.) = K, (g,), which is an obvious contradiction. Thus X, (g)
is independent of g.

The conclusion of the above lemma is that the maxi-
mum number of combinations to yield a nonzero number is
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the same for any such number (though a different vector may
be maximum for different numbers}. We will thus denote
that maximum by X, (1) and, for the case that g = 0 (which is
not included in the above lemma), we denote by K, (0).

The objective of the following discussion is to find X, (1)
and K, (0). Noting now that if S,.a =g, then S, ( — g
= — g, we also conclude that N (U,g) = N (U, — g).

Lemma 3:If S, = (s,--s,,) is maximum for g, then the
vector S, | | = (5,5, &) is maximum for zero.

Proof: Let us denote any combination of S, by C, and a
combinationof S, , , by C, . ,. Let us consider the combina-
tions of S, |, that equal zero.

Cn+1 =Cn +g:0_)cn == _g

or
C

n

1 =C,—g=0-C, =
Thus we may write
N(s,,,00=N(S,,8)+NIS,, —8
=K,(g) +K,(g) =2K,(g).
Let us next consider any general (n + 1)-dimensional vector
U, (uy-u,, )and U, = (u,--u,). Let us denote a combi-
nation of U, | by C,, , and a combination of U, by C,.

Then the combinations of U,, | , that equal zero may be ob-
tained by

C

n

+ &

1=C,+tu,,, =0, C,=—u,,
or
C,,1=C,—u,, =0, C,=u,, ,.
Thus
NU,,,O)=NU,,u,, ) +NU,, —u,,)
=2N(U,, 4, . ,)<2K,(1).
Corollary: K, | (0) = 2K, (1).

A, Combinations that yield more than one number

In order to proceed, it is now necessary to consider
sums of combinations that yield more than one number. Let
U, be any n-dimensional vector and let x, = (x,x,,...,x,,} be
a set of p positive different numbers. Let, as before, ¥ (U, x;)
be the number of combinations of U that yield x;. We now
define the quantity

B(U, xy, x5 .., x,) =B(U,,x,) = z NU,, x;), (21)

i=1

which is simply the total number of combinations of U that
yield any component of x,,. For a given vector x,,, we may
inquire for which vector U,,, B(U,, x,) is maximum and de-
note

B, (x,)=maxy {B(U,, x,}.

Then we may ask for which x, B, (x,) is maximum and de-
note

(22)

D, ( p) is the maximum possible number of combinations of
an n-dimensional vector that yields p positive values. Clearly
D, (p)<p-K,(1).

Equality will imply that a certain vector can simulta-
neously be a maximum for p different numbers. At this
point, an important observation should be made. Suppose we
divide x,, into two separate vectors x,, , x, such that
P21+ p, = p. Then by virtue of the fact that

max{B(U, x,}} =max{B(U,x, )+ B(U, x,}]
<max{B(U, x, )} + max{B (U, x, )},

Dn(p) = maxxP{maXU,,(B (Un’ Xp))}'

we obtain the relation

D, (p)<D,p,) + D,(p2), P+ pr=p. (23)
With the aid of the above concepts, we now prove the follow-
ing lemma:

Lemma 4: Let S,, _ | be a(2n — 1)-dimensional vector
with the property

Dy, (p)=B(S;,, 1,8 38 58 -, (20 — 1)g).
That is, the maximum possible combinations to get p positive
different numbers for any (2rn — 1)-dimensional vector is
equal to the number of combinations of the vector S,, _ | that
yields any one of the p positive different numbers g,
3g,....(2p — 1)-g. Note that putting p = 1 implies that S,, ,
is also maximum for g. Let S,, , , be the vector obtained
fromS,, _ | by adding two components each of which equals
g 1e,8S, . =(S,,_1,88),thenS, | alsohas the prop-
erty

Dy 1 (P)=B(S3, 41,8 38 -, (2p — 1)8).

Proof: Let us first consider the combinations of S,,, , |
that yield any component of the set {g, 3g, ..., (2p — 1)-g). Let
us denote by C,,, , | a combination of S,, , |. Then for each
combination of S,, _,(C,, ), there are four combinations
of S,, . 1, namely, C,, , , = C,, _, + (g +g)- Thusgis ob-
tained when

(24)

Cop1 =60, +lgt+g=8-C,,_, = —¢g
or

Con1=C_ 1 +8—8)=8-C,, ., =8¢
or

Coni1=Cpu_y —g—8=8-C,_, =8¢
or

Cori1=C_, —g+8=8-C,,_ =%

Following the same procedure for 3g, 5g, ..., (2p — 1)-g, one verifies that any of these values is obtained by a different
combination of S,, , |, when C,,, _, takes any one of the following values:

—& g g 3g toget
g 3g 3g 5¢g toget
to get

3g 5g 5g 7g

-3 (o—1lg (p—1lg (2p+lg
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to get

g
3g
5g

2p — 1jg.
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With the above considerations and using the maximum property of S,, _ ;, we may now write
B(S,, 11,838 - (2p—1)8)=B(S,,_ 1,8 38 ..., (2p — 3)g)
+B(S;,_1,8 38 .., (20— 1)8) + B(Sy, 1,8 38, ... (2p — 1)g)
+B(S,, 1, =838 - 22+ 18)=Dy_(p— 1)+ 2Dy, _y(p)+ Dy _,(p+ 1)

Equation (24) states the fact that the p different values of
C,, ., , are obtained from 4p values of C,,, _;, which are not
all different. 4p is divided into four setsof p — 1, p,p, p + 1,
values such that in each set, all values are different. Now let
U,, ,, beany (2n + 1)-dimensional vector and (x,,...,X,) any
set of p positive different numbers. We then wish to show that
B(U2n+ 1y Xps -oos xp)<B (S2n +00 & 3gs e (zp - 1)'g)

Let us denote the last two components of U,, , ; by @ and b
and assume with no loss of generality a>b. And let us denote
a combination of the first (27 — 1) termsof U, , ; by G, _ ;.
Then a number x, may be obtained as a combination of
U,, ., by the following four possibilities:

Copy +la+b)=x,
Copy +la—b)=x,
Coy —l@a—b)=x,
Cony —l@a+b)=ux,.
Denotinga + b = >0anda — b =a>0(a <f), we get for

]

(25)

XpperX,
G +B=x—C;, =x,—fB=bl,
G, 1 +a=x—-C,, ; =x —a=b),
Cpo—a=x—C, =x+a= i

C2n7] _Bz’xl_»Canl :xl-{-B:b}“
Cznfl +B=x2—>c2n—l =x2_ﬂ:b%)

_ _ 2
Cop_1+a=x-C,,_,=x,—a=bj,

Cy  +B=x,-C,,_, =x, —B=05%,

C, ta=x,-C,, ,=x, —a=>0%,

C, —a=x,-C,_,=x,ta= s

Cop_y —B=x,-C,,_, =x, +B=b%.
We see that the p values of x,,...,x,, are obtained in different
combinations when C,, _, takes any one of the 4p values of

blb),..,b%. If all 4 values are different, then we immediate-
ly obtain

B(Uz i 13 X1y X)) =B(Up, 1, b1, .0, b5)<Dy, _(4P)<Dyy 1 (p = 1)+ 2D, ((p) + Doy _y(p + 1)

=B(S;,11:8 - (2p— 1)g).

Thus we have to find what are the maximum possible identical (in absolute value) numbers in the set b | ---6%. This under the

cons.traints that x,---x,, are all positive and different and 5> a>>0. A close examination of all the possibilities reveals that the
maximal number of identical (in absolute value) terms is obtained if the following choice is made:

x;=a=b=5>0pF=25a=0 b= —3s b =s bl=s b} = 3s then
X, =X, +25=13s —bl=5 bi=13s b3 =23s bi=>5s
X; =X, +25=>5s —b? =135 b3 =>5s b} =35s b =1s
X, =X, | +2=(2p— 1) —bf =(2p—3)s, bi=02p—1)s, b5=(2p—1)s, bI=(2p+ 1)

(The choice x, = @ = bis made with no loss of generality and
any other x, could be taken instead. The same holds for every
step.) Thus we may write, arranging b | --b% in four groups,
B{U,, . 1, X4 s Xp)
=B(U,,_,,bi,b},b%,..,b%)

+B(U,, ,b3,b3,..,06%)

+B(U,,_,,b3,b63,..,65)

+B(U,, .,b%, b, b}, b5, ..,b%)

<Dy ((p— 1)+ 2Dy, (P)+ Dy 1 (p+1)

=B(S:,+1,8 38 - (20 — 1)8): (26)
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Lemma 5: If the vector S, = [54,...,5,,) has the property
B(S,,0,2g) = D,(2), then the vector S, | = (5,5, g) is
maximum for g.

Proof: Again with the notation of C, | ;, C, being com-
binations of S,, , ; and S, correspondingly, we obtain g from
S,+1by

C

a1 :Cn+g:g—->cn:0
or

C,,.,=C,—g=8—-C, =2
Thus

Y. Ronen and A. Dubi 2804



N(S,.1,8)=NI(S,, 00+ N(S,, 2)
=B(S,,0,2¢)=D,(2),
and it is easy to verify (as in Lemma 3) that the number of
combinations of any (#n + 1)-dimensional vector that yields a
positive given number cannot exceed D, (2).

Theorem: (a) For any odd integer (2n — 1), the identity
vector

S2n —1 (g) = (g’ gy g, eeey g) g)
(all components equal to g) is maximum for g and

B(S,,_.8),8 38 -, (2p — 1lg) =D,, _,{p), (27)
and the vector

Sln —1 (0) = (Zg) g, g’ weey g)
{first component equals 2g, all others = g) is maximum for
Zero.

{b} For any even integer 2n, the identity vector

SZn(O) = (g’ & - g)
is maximum for zero and

S2n(g) = (28, g! weey g):

is maximum for g.

Proof: The above theorem is proved using the following
induction.

Let us assume that the vectors S,, _,(g)and S,, _,(0)
are given as in the theorem with the properties stated in the
theorem. Given this, we will prove that S,,,(0) and S,,,(g)
have the properties stated in the theorem and the identity
vectors S,, , 1 (8) = (8,8,---8), 5; =g and S,, . ,(0)

= (28,8,-8), §; = 28, 5; = &, i = 2,...,2n + 1 have the same
properties as S,, _;(g) and S,, _,(0).

From Eq. (21), it is clear that

B(S;,_1(8) 8 38) = Dy, 1 (2);

s;i=gi=1,..,2n

5, =2g, 5;=g, i#1

also
B(S,,_.1(8).8 38) =N (S:,_1(8), 8 + N(S,,_:(8), 3g)

_(2n—1)+(2n—1)_ 2n (Zn—l)
“\ n n+1) nei1\ n J
Let us now consider
B(S,,_,(0),0,28) =N (S,,_(0),0) + N(S,,_,(0), 2g)

=)+ [0+ (o)
- nzﬁr—l l(znr: 1)'
Thus
B(S;,_,(0),0,28) =D,, ,(2). (28)

From Eq. (28) and Lemma 5, we immediately conclude that
the vector

2n

e P
S,.(8) = (28.8:8:8--8) = (S1,_1(0), 8)

is maximum for g. And since S,, _ , {g) is maximum for g, we
conclude, using Lemma 3, that the vector S,,,(0) = &9 is
maximum for zero.

We now note that
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%= ()

and
2n
K=, 27 ) thus Koot <Ksu00)
Also we get

Thus S,,(0) is both maximum for zero and 2g. Thus
B(S,,0)(S,.{0),0,2g) = D,,(2). And again using Lemma 5,
we get the result that

N(S.,(0, 280 =( 2"

2n +1

o .
S,...18=.8 .8 si=gi=1.,2n4+1

is maximum for g. And using Lemma 3 on S,,, (g), we get that

SZn +1 (0) = (2g1 g’ g)’
is maximum for zero. Furthermore, using Lemma 4 we see
that S,, , ,(0) has the property

B(Sy, . 1(8)8 38 s (2p — 1)8) = Dy i1 (D).

This concludes the transfer from (2n — 1) to (2n + 1)
through 2#. Let us now consider thecasen =2,2n — 1 = 3.
Clearly, S;(g) = (g.8,8). It is maximum for g. And B (S;(g), g,
3g) = 4, which is the largest possible number. Thus,
B (S5(8).8,38,58;.-,(2p — 1)g) = D( p). Also, S,(0) = (28.8.8)
is maximum for zero!
Starting from (2n — 1), we may now proceed by the
proven induction to see that the theorem holds for every ».
Conclusion: From the above results, we have

s, =2g, 5, =g i=2..,2n+1,

2
K. (0)= ( n"), (29a)
2n
K=" ), Kul0)> Koyl (290
2

Ko 1(0)= 2(n : 1), (29¢)
2n + 1

Ko=) KooK 250)
2n+ 1 2 1

Dz,,\l(p)=k_z 1( ”: ) (29¢)

4. APPLICATION OF THE TEST TO A WASTE DISPOSAL
PROBLEM

The test described above has been applied to a heat
transfer problem in a hypothetical waste repository.® The
temperature profile within salt in the repository was deter-
mined to be the quantity of most interest from a design point
of view for this test problem. This response was selected to
provide the focal point of the sensitivity demonstration prob-
lem. A near-field single-level storage repository of spent fuel
in salt® was chosen to model the thermal behavior of a gen-
eric design. The disposal horizon of the repository was as-
sumed to have a thermal loading density of 60 kW /acre (15
W/m?) and its time behavior, as well as all the input param-
eters, are the same as those used in ORNL/ENG/TM-14,'°
and are also given in Appendix B. The computer code used
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to calculate the thermal conductivity for this analysis was
HEATING 5.'! This code uses finite-difference methods to
solve heat transfer equations and solves both steady-state
and transient heat conduction problems with spatially- and
temperature-dependent thermal properties and time-depen-
dent heat generation rates.

For this problem, 49 input parameters were considered.
These parameters included all the material properties,
boundary conditions, and modeling parameters in the repo-
sitory (see Appendix B). The sensitivity coefficients S,

i =1,...,49, were estimated for R, = T, where T, is the mid-
plane temperature at the interface between the spent fuel
assembly and the salt five years after burial.

The numerical accuracy of the temperature profile cal-
culation by HEATING 5 with convergence criterion of 1077
was about 0.01 °F. Since the value of R, is 155.69 °F
(68.72 °C), the error in any response change is no better than
SR /R, = + 6.42x 1075, Therefore, the minimum value of
S, that was termed to be useful was + 6.42x 107> and im-
portance in terms of sensitivity coefficients was defined to be
|S;|>0.01. Eleven sensitivity coefficients were assumed to be
important.

The exact sensitivity coefficients for these parameters
were then obtained exactly by rerunning the code for each
individual parameter change. These were the important sen-
sitivities:

(1) sensitivity to the salt density p,

(2) sensitivity to the heat capacity C,,

(3) sensitivity to the salt conductivity at 32 °F (0 °C)
[k(327)],

(4) sensitivity to the salt conductivity at 122 °F (50 °C)
(k(122°)],

(5) sensitivity to the salt conductivity at 212 °F (100 °C)
[k(2127),

(6) sensitivity to the initial temperature at 2000 ft (610
m) [T, (2000 ft)},

(7) sensitivity to the distance between canisters D,,

(8) sensitivity to the canister radius R,

(9) sensitivity to the thermal loading P,

(10) sensitivity to the initial temperature at 2250 ft (686

m) [T, (2250 ft)],

(11) sensitivity to the salt thermal emissivity #,.

[Note: For (3), (4), and (5), the conductivity is given at dis-
crete temperature points.]

In the second stage of analysis, these eleven parameters
were held constant in all cases, and the rest of the parameters
(M — P,) = 38 were then randomly changed. Eight such
runs were made to analyze the response temperatures for
these runs.

Thus values obtained for R ' = 6R /R, X 100 for this set
of runs were R "V~0, R "®~0, R"®~6x1073,

R™~ —6X10~° R"™~0,R "®~0,R ""~0,andR "®~0.

The practically R ‘' can be considered as zero. The rejec-
tion test was applied to this case. By this test, we have found
from the upper bound to the probability — a, that there are
sensitivity components different from zero which will yield
eight runs with R '~O0 less than 0.5% (see Table I).

Due to our experience with this type of a problem, we
were quite confident that we had screened out the important
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sensitivities. Thus we estimated ¥ to be less than 2. Thus by
the rejection test we found that the probability that there are
nonzero sensitivity elements is less than 0.01. We rejected
this possibility. We have randomly chosen some of the input
parameters and calculated their sensitivities. In all our
checks, we indeed found negligible sensitivity values.

5. SUMMARY

We have found expressions for the probabilities that a
certain unknown vector has nonzero components. It was
found that by applying the rejecting test, it is enough to ob-
tain a very low probability for the existence of a vector with
nonzero components. It was found that for 10 trials, the
probability of obtaining nonzero component vectors is less
than 1.1 X 10™? and for 16 trials the probability is less than
1.6 X 10> with a rapid reduction in the probability with the
increased number of trials. It should be noted that for a vec-
tor with a number of components greater than the number of
trials, the probability is almost independent of the number of
the vector’s components. Namely, the advantage of the re-
jection test lies in the fact that by making very few trials, we
gain information on the input parameters involved regard-
less of how many we have.

The input for the N runs in the rejection test are almost
identical to those used in the “statistical screening” proce-
dure.” A discussion on the “statistical screening” proce-
dure was published by Perey.'? The difference between the
runs in the two procedures pertains only to the variables that
are being subjected to the random increments. In the rejec-
tion test they are the variables being checked for having zero
sensitivity coefficients, while in the “statistical screening”
procedure they are all the variables that one believes can be
important, namely, those having large sensitivity coeffi-
cients. Thus, if S-a 0, the rejection test runs are not comple-
tely wasted. These runs, in some cases, can be used for the
screening procedure on the variable tested.

In the presented test, we required orthogonality
between the vectors S and a,. In a practical application, one
will always find S-a;, = ¢;, where |ej | is a small but finite
quantity. We believe that setting €, = 0 when |¢; | is below
some small threshold value will not invalidate the test. So far
we have not succeeded in supporting this assertion by a rig-
orous mathematical proof. This question is a subject for
further investigations.

It may be interesting to note that the problem of the
maximum combinations of a vector underlying the rejection
test has interpretations in geometry and the theory of games.
In the geometrical aspect, the problem can be interpreted as
finding a vector (with nonzero elements) in n-dimensional
Euclidean space; that is, perpendicular to the maximum
number of edges of an n-dimensional cube centered at the
origin. The edges of an n-dimensional cube centered at the
origin are of the form a = (a,,a,,...,4,), a, = + 1. We want
to find a vector S = (5,,5,,...,5, ), 5; 70, such that S-a = 0 for
the maximum number of edges. The theorems discussed in
this paper solve this problem. Thus, the maximum number
of cube edges that will be orthogonal to the vector is given by
Eqgs. (29a) and (29c¢). The form of such a vector will be
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S=(g,g ..,.8 forneven, All temperatures are given in °F, distances in ft, conduc-

S=(2gg ..8 fornodd tivities in Btu/yr ft °F, densities in 1b/ft>, heat capacities in
(this is not necessarily the only possibility). For example,ina  Btu/1b °F, and geothermal flux in Btu/yr ft*:
three-dimensional space, the vector S = (2,1,1) is perpendi- (1) concrete conductivity 4380,
cularto(l, — 1, ~ 1) — (1,1,1). This is the maximum number (2) concrete density 125,
of cube edges that can be perpendicular to any vector with (3) concrete C, 0.21,
nonzero components. (4) soil conductivity 8760,

In the theory of strategic games, we may consider the (5) soil density 120,
following game. A set of n-steps (s,,.-.,5,, ) is chosen. N (6) soil C, 0.2,
“scouts” start from the origin and follow the n steps in two (7) salt density 165,
directions; (b) steps must be followed in the order that they (8) salt C, 0.2,
appear in the sequence; (c) no two “scouts” are allowd to (9) earth surface temperature 60,
follow exactly the same route; (d) all scouts must finish their (10) geothermal flux 140,
route at a predetermined point of distance g from the origin. (11) radiative coefficient 4.886 10~
The problem is now how to choose the set of steps such that (Note: Stefan-Boltzman constant is multiplied by the
the number of “scouts,” N, is maximum. The solution of this Radiation shape factor.)
problem is given in Egs. (29b) and (29d). Salt conductivity Temperature
ACKNOWLEDGMENTS (12) 30 900 12

Thanks for stimulating discussions are due to E. M. (13) 25 400 122
Oblow and F. G. Perey of Oak Ridge National Laboratory (14) 21 300 212
and M. Kalai of the Hebrew University, Jerusalem. Thanks (15) 18 200 302
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(17) 14 000 482
18 572
APPENDIX A: A SIMPLE EXAMPLE FOR THE }19; ﬁ .6,88 662
REJECTION TEST (20) 10 500 752

Consider a die that can be either normal die or a loaded .
die. We thus have Initial temperature Depth (ft)

A, = {normal die} (A1) (21) 60 0
or {22) 63.20 200

_ . (23) 66.39 400

A, = {loaded die}. (A2) (24) 69.59 600
Let us assume that (25)72.78 800

P(A,)/P(Ao)<y = 10, (A3) (26) 73.77 1000
thus assuming that the chances of a fair play are large. (27) 75.01 1250

L L _s (28) 76.25 1500

Let us choose a rejection criterion 8 = 107>, and

) . . (29) 77.49 1750

E = experiment: N throws of the die. C-in all throws, face (30) 78.74 2000
up shows six dots. {A4) (31)79.99 2250
Thus we have (32) 81.24 2500
P(Cyldo) =1, (33) 82.50 2750
P(Cyld) =) (AS) (34) 83.76 3000

NI TR (35) 85.02 3250
Demand (36) 86.29 3500

P(A,|Cy)<1075. (A6) (37) 87.56 3750
Thus (38) 88.83 4000

(39)90.11 4250

¥ X 10°<107%, N> 10. (40) 91.39 4500

Thus, throw the die 11 times. If C,; occurs, reject 4. (41) 92.68 4750
Hence decide the die is loaded. (42) 93.97 5000

{43) distance between spent fuel assemblies 40,

(44) canister radius 0.6667,
APPENDIX B: THE INPUT PARAMETER DATA FOR THE (45) repository depth 5000,
PROBLEM (46) overburden thickness 800,

This appendix includes all input parameters used in the (47) room width 10,
problem design. The parameters are related to material (48) concrete thickness 8,
properties, initial values, and modeling parameters. (49) room thickness 25.
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A dense set of cyclic vectors for quantum field polynomial algebras
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It is shown that in the Hilbert space of a quantum field theory with a nonzero mass gap there exists
a dense set of vectors, each entire analytic for the energy-momentum operators, that are cyclic for
the polynomial algebra #2(R?) [and for the local polynomial algebras #7(7), for any nonempty
¢ C R?]. It is proven that for every vector @ from this dense set there exists an element

Q € Z(R?) such that Q& = 12, where 2 is the vacuum, and Qf2 = 0. A similar, stronger result is

proven for free field theories (including mass zero).

PACS numbers: 11.10.Cd

I. INTRODUCTION

As part of a program' intending to prove, for a large
class of quantum field theories, that symmetric field opera-
tors are essentially self-adjoint on their usual domain of de-
finition and that their unique self-adjoint extensions are lo-
cal, this paper proves a technical result, which we believe to
be of independent interest in its own right, which is em-
ployed crucially in that endeavor. We first indicate what this
technical result is and point out some of its immediate conse-
quences. There shall surely be other applications for this
result besides the one being developed in Ref. 1.

If (R} denotes the polynomial algebra of smeared
field operators, we shall call P € Z(R“) vacuum reducible if
there exists a Q € Z(R“) such that Q2 = 0 and QP2 = 12,
where £2 signifies the vacuum vector (assumed unique). Q
will be called an annihilator of P. We shall show that in a
quantum field theory with a nonzero mass gap there are
enough vacuum reducible P& Z(R%) so that the set

%= {P2 |Pe Z(R?) is vacuum reducible}

is dense in the Hilbert space %y, associated with the quan-
tum field. It then follows easily that every vector in & is R
cyclic for 7 (R?) (since £2is). Furthermore, every vectorin &
that is an analytic vector for the energy {and we show that
this subset is dense) is also cyclic for the local polynomial
algebra 2 (&), for any nonempty, open & C R“.

We recall that it is well known that every vector in a
Hilbert space &% carrying an irreducible *-algebra & of
bounded operators is cyclic for .. Indeed, the cyclicity of
every vector for .« is necessary and sufficient for the irredu-
cibility of .«7. The same, however, cannot be said for a *-
algebra 7 of unbounded operators, viewed as being defined
on a common, dense, invariant, linear domain D. To make
this clear, let us define the commutant Z' of the algebra &
as all those bounded operators B for which

(P,BPY ) =(P*P,BY), ¥ d,¥eD, ¥ PecF.

This definition provides the largest commutant %' (and &'
is not necessarily an algebra). One has taken to calling such
algebras Z irreducible’ if 2 is composed solely of multi-
ples of the identity operator 7 on J¥°, in analogy to one of the
many equivalent formulations of irreducibility for algebras
of bounded operators. But, if .# C D is a linear manifold

thatreduces 7, i.e., Z .# C _#,itisnot truein general that
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the self-adjoint projection £ , onto the closure of .# in #”is
in Z'. Thus, even if 2 is ‘“‘irreducible,” there could be a
proper reducing subspace for # in 5. Concretely, there are
examples of irreducible Z for which “many” vectors @ € D
are not cyclic. (For further details on these matters, see Refs.
5and 4.)

Therefore, although we are concerned here only with
irreducible algebras 2, it is not a triviality in general to
produce a dense set of cyclic vectors for &, much less show
they are generated by vacuum reducible operators, which is
what we shall actually need in Ref. 1. This will be possible for
the particular algebras handled here either because of the
straightforward structure of the algebra of the canonical
commutation relations in Fock space or because of the spe-
cial information provided by the mathematical structure of
the general theory of relativistic quantum fields. In fact, as
we show in Sec. I, it is easy to demonstrate in the former
case, for the examples of quantum mechanics with arbitrar-
ily many degrees of freedom and of free (boson) quantum
field theories with mass m >0, that every operator in 2 is
vacuum reducible. But the proof for interacting fields is not
quite so simple. In Sec. III we introduce the definitions, no-
tation, and some previously known results that we need to
prove, for a real, scalar quantum field theory satisfying
Wightman’s axioms generalized to localizable ultradistribu-
tions and having a nonzero mass gap, that the set & defined
aboveis dense. An exact statement of the main result is given
in Theorem 4.1. The vectors of & that we explicitly con-
struct in Sec. V are all entire analytic for the energy-momen-
tum operator, enabling us to prove (in Sec. IV} the conse-
quences mentioned above. The proof of Theorem 4.1 is given
in Sec. V.

We comment that the requirement of a nonzero mass
gap is an artifice of the proof in Sec. V (it is not necessary for
free fields in the proof in Sec. 11) and that, although we re-
strict outselves to giving details only for the real scalar field,
a similar argument can be applied to arbitrary spin fields.

Il. QUANTUM MECHANICS AND FREE FIELDS

The aim of this chapter is to prove the existence of a
dense set & of cyclic vectors for *-algebras of unbounded
operators with particularly simple algebraic relations—the
polynomial algebra of position and momentum operators in
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quantum mechanics with arbitrarily many degrees of free-
dom and the polynomial algebra of (generalized) free scalar
quantum fields—by showing that each operator P in these
algebras is vacuum reducible, in the sense defined in the In-
troduction. We shall also show that Wick monomials of free
scalar fields are vacuum reducible. The generalization to free
quantum fields with other spins will be clear after one has
seen the proof in the scalar case.

We begin with the simplest algebra—that of the polyno-
mial algebra of the position and momentum operators for
one degree of freedom. Let 4 and 4 T be the maps of #(R),
the Schwartz space of tempered test functions on R, into
itself given by

A=241/2(x+i>, AT=2—1/2(X_L)’
dx dx

so that
x=2""4+A4" and igd-ziz_”z(A—A*). (2.1)
X

They are to be understood as linear operators on the dense
domain #(R) in the Hilbert space L,(R). Let

¢0:77.—l/4e—x2/2 and ¢n :(n!)——l/Z(A ’r)n¢0, neN,

(2.2)
be the Hermite functions, which form an orthonormal basis
for L,(R). One has

AAT —AA=[4,4T] =1 (2.3)
on (R}, where I is the identity operator on L,(R}, and

A'¢, =n+1¢,,,, Ap,=Vné, \, n>1, (24)

with A¢, = 0. For obvious reasons 4 is called the annihila-
tion operator and 4 ' the creation operator. The symmetric
operator N = A 'A satisfies N¢, = ng, and is essentially
self-adjoint on

D = span{(4 )¢y} e »
which is, by {2.2), dense in L,(R). By (2.1), ¢, is a cyclic vector
for Z2, the algebra of all polynomials with complex coeffi-
cients of the operators x and id /dx. It is well known that &
isirreducible in L,(R) in the sense defined in the Introduction
(see, e.g., Ref. 5). (2.1) also implies that any P (x, id /dx) € &
can be written as a polynomial Q (4, 4 )in 4 and 4 !, which
in turn, using (2.3), can be rewritten as a sum of normal-
ordered monomialsin 4 and 4 ', i.e., all creation operators in
a summand stand to the left of all annihilation operators.
Since A¢, = 0, we have

d(p)

_g_ — + — f\n
P(x,z dx)qso 0, ANo= 3 (4o,

n=0

for some {c, }¢'2), C C, where d (P)denotes the degree of P.
Therefore, using (2.3) to commute the annihilation operators
through to the vacuum @, if m is the largest integer for
which ¢,, %0,

AP (x, ii)qﬁo =mlc,, b »
dx

since
A4 Yo = nldy
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and
A"AN"¢y =0,
if n > m. Thus, we have

Proposition 2.1: Given any nonzero vector @ in the
dense set # ¢, = D, there exists ac € Cand an n € N so that

cA "¢=c2“"/2(x +i)n¢=¢0.
dx

Therefore, any such @ is cyclic for & in L,(R).

It is clear how one may generalize this simple argument to
any number of degrees of freedom.

We next show that such straightforward considerations
yield similar results for free field theories and their Wick-
ordered monomials. For the reader’s benefit we summarize
those properties of the free scalar field of mass m>0in d
space—time dimensions that will be of relevance. For further
details see, e.g., Ref. 6. [We remark that for the special case
d =2, m =0, one must use a smaller test function space
than .%'(R?)—see Ref. 7—but that otherwise the arguments
are the same.]

If %, denotes the space of symmetric L, functions on
R"~VYand ¥, =C, let

F =9 F

n=0

and 2=1¢%5,.

n

Let S, be the symmetrizing projection of L,(R™¢ ~ ') onto
& , and D be the algebraic span in ¥ of {2 and vectors of the
form f(x,..., x,} = 8, (f(x)) - - - f{x,)). If a*(p) and

a(p) (p € R ') are the momentum space creation and anni-
hilation “operators,” and defining for any f€ ¢ (R? )
[real-valued functions #'(R¢ )]

b*(f) = f a*(—p)f(p)d = 'p
and

b(f) = Ja(p);(p,dmp,

where
F(p) = (2m) 44— 2 f e f(x)d 4 'x,

we have, for any f, g€ ¥, (R*~ "), b*(f)D C D,
b(f)D C D, and

[(6(f) b8 =(/8), g T [b(S)b(8)]=0,
(2.5)

on D (I is the identity operator on .5 ). Furthermore, for any
febDn¥,,

6* &) )Xy Xy 1)
=(n+ 1)l/2Sn+1 [glx, DS XX,

(6181 Ny 1) =172 [ g, Xty 4,
(2.6b)

(2.6a)

and
b(g2=0, Vge Lr(R*Y).
D is thus the algebraic span of vectors & *(f,) - - - b *( f, )42,
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neN, {f}7_, C #r(R?), and

b*g: F,nD>F,,,nD,
blg: F.nD—>F, . nD.
Ifo=(—4 + m?'? where 4 is the Laplacian ind — 1

dimensions, then the time-zero field @,(x) and its canonical
conjugate 7,(x) are given by

@ol f)=2""b* ™' *f) + b0~ 7)) (2.7)

and
7ol f) = i[Ho @o( f)] =272 (b *(0"*f) — b (0" /),
(2.8)

for any fe .% 5 (R? "), where H, is the free Hamiltonian.
The field at other times is given by

iHyt iHgt

Plx, 1) =e " @olxje ",

so that
pix, t)= 2"/2(217)’4/2fe”i""‘

X (¢Pa*(p) + ¢~ “"Wa( — plofp) !> d

(2.9)
where w(p) = (p'p + m?)"/?, and
m(x, t) =27 Y?(27) =42 f e X
X (e“P'a*(p) — e~ “*a( — plla(p)'*d " p.
We note that (2.5) and (2.6) imply
b(f)=2""polw"*f) + im0~ *f)), (2.10)

so that b ( ) € Z ,(R?), the polynomial algebra generated by
{@ol 8), 7ol 8)lg € 7 (RY)}, i.e., the time-zero polynomial
algebra of the d space-time dimensional free field, which is
irreducible in the sense defined in the introduction.

Let P, be the projection in .%¥ onto .%# ,. Given any
neN,{f}7_, C Z(R? such that

H¢um—

i=1

{f¢(x’t)ﬁ(x’t)dd_Ith]ﬂ #0;
=1
let n>>m >0 be the largest integer for which

PHq)

i=1

£)2 #0.

Since D is dense in %, we can find a collection
(R}, C F (R ") so that

( 1T o, ] o 1s12) 20 .11)
[recall # , L7, for n#m, and II]_ | b *(h,)2 € F, ]|. We
assert
P(,'Um bk, )Il:[] o(f

= 1 tk) [T ¢ /02 %0. 2.12)
This follows since
2811 J. Math. Phys., Vol. 24, No. 12, December 1983

1

Py 11 (h)H<P(f)ﬂ

i=m i=1

=P°[AH b(h,»)][l ][1‘[ ¢ (fi)|2

i=m i=1

= | T1 st|p | T o 1s0]0

i=m i=1

=11 st | 1T e11]o

i=m i=1

={nbw)zﬂn¢mn

i=m i=0 i=1

= Hb(h)]'[¢7(f

i=1 i=1

(2.13)

where we have used (2.5), (2.6), and (2.9), along with the fact
that

EP HfP(f)ﬂ pr(f)ﬂ

i=1 i=1
(2.12) then follows from (2.13) and (2.11). Therefore, the
proof of the following proposition is clear.
Proposition 2.2: Given any nonzero vector @ of the form

il n;
> (_[I ¢(ﬁ-,->)ﬂ, IeN, {m}i_, CN,

(£}, C ZRY,

or of the form

i(ﬁ¢M&WZIGNEMLICN,

j=1\i=1
() ,_0 C AR,

where @ §( f) can stand for either @ f) or 7y( f), there exists
an operator Q € Z ((R?) such that Q@ = 2 and Q2 = 0.
Therefore, every such vector is cyclic for 7 (R?) in ..

Proof: One chooses m to be the largest integer such that
P, @ #0, and argues as before.

Remark: The set of such vectors is dense in 7.

To close this section, we wish to extend this result to
vectors obtained from the vacuum by products of Wick-or-
dered free scalar fields. Given any
neN, { fi}l_, C #(R?), we define

c@plfil (L) 2=Po(fi)-- @2,
so that
pUf) @) 2= lj [2wl/2(277')‘d/2fef"""‘e""’“’)'
Xa*plo(p)~*d? 'pfilx,1)d? " 'xdt }2 .
Aswehavejust seen, forany set {4,]7_, C #x(R? ")such
that
(T esman [ o 2)20,
one has
P, _IJlb(h,.):lj o (f) 22
=1 b0h): [] ¢(/): 2 #0. (2.14)

i=n i=1
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The nth Wick power of @(x) can be defined formally by

t@":(x)= lim

XpperesX =X

L) x)

(see Ref. 6 for a rigorous definition) and gives a field satisfy-
ing the Wightman axioms.® Moreover, for any
neN, ge ¥ (RY), there exists a sequence of vectors

LoD D)2 fyen
converging strongly in % to: ¢ " : ( g}f2 and such that
{Q:117_,@(fY): 2} is strongly Cauchy for any polyno-
mial Qin the free field (see Ref. 8). Therefore,: ¢ " :( g)f2 isin
the domain of the closureof Q@ | D, and, in particular, in the
domain of the closure of [IT;_,b(k,)] | D, for any
neN, (h}j_, C SRR

There exists a set {4, }7_, C . x(R?") such that

<ﬁ b ¥k, :<p":(g)ﬂ>¢o,

i=1

(2.15)
so that there exists an N, € N for which

<H b *(h)2, :¢7(f?’)---¢>(f’nv):ﬂ>#0, ¥ N>, .
- (2.16)
(2.14) then implies

Ttk Tl e : 2=cnt2,

i=n i=1
where ¢y, is equal to the scalar product in (2.16). Using the
already mentioned strong convergence, it follows that

Hb(h,.)] o™ (g =c_2, (2.17)

where ¢, is equal to the scalar product in (2.15) and the bar
above the operator in (2.17) designates the closure on the
domain D. We have therefore proven the following result.

Proposition 2.3: Given any nonzero vector @ of the form
(@": (g2, neN, ge (R?), thereexists a closable opera-
tor Q € Z(R?) such that QP = £2 and Q2 = 0, where
0= [0 I D ]. Thus, every such vector is cyclic for
2 o(R%), in F, where Z (R} contains the appropriate
closed operator.

Remarks: (1) By using expansion formulas in Appendix
A of Ref. 8 and the arguments above, it is easy to extend
Proposition 2.3 sums of products of Wick powers of free
fields applied to the vacuum.

(2) All Arguments given above can be applied immedi-
ately to generalized free fields to obtain for them analogous
results.

i1l. BASIC ASSUMPTIONS AND NOTATION: GENERAL
THEORY OF QUANTIZED FIELDS

In the preceding chapter we have shown that a few spe-
cial, irreducible *-algebras of unbounded operators have a
dense set of cyclic vectors and that the operators in these
algebras are vacuum reducible. The proofs we have given
depend on the especially straightforward algebra of the ca-
nonical commutation relations in Fock space. In the remain-
der of this paper we wish to prove similar results for a large
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class of irreducible *-algebras of unbounded operators, aris-
ing out of relativistic quantum field theory, whose algebraic
relations are far from being simple, but which have an in-
volved and beautiful structure that we can employ to obtain
the desired results. The purpose of this chapter is to establish
notation and to recall those results of axiomatic quantum
field theory that we shall have particular use for. We shall
admit quantum fields that are more singular than the tem-
pered distributions of the standard Wightman theory.

We recall here the axioms of a strictly localizable quan-
tum field theory, although the arguments in Sec. V, with one
exception, would apply to any scalar field theory that can be
defined on a nuclear test function space containing test func-
tions with compact support in momentum space. In that case
the locality condition given below is then replaced by an
appropriate generalization (see Refs. 9 and 10) and the cru-
cial asymptotic decay property of the truncated vacuum ex-
pectation values (Theorem 3.6) is known to hold again.®'°
However, the proof of the density of the resulting vacuum
reducible vectors that we give does use strict localizability;
so aside from these remarks, we restrict our attention to test
function spaces with a dense set of elements with compact
support in configuration space, i.e., strictly localizable fields.
We take the trouble to handle this problem in this generality
because there are concrete field models with fields that are
not tempered distributions (see Refs. 11-13) and there is rea-
son to believe that other physically interesting models will
be able to be constructed, if at all, only in this framework (see
references in Refs. 12 and 10).

The most general setting for strictly localizable fields
would seem to be the theory of ultradistributions (see Refs.
14 and 15), which subsumes as special cases both Jaffe
spaces'! and the S-type spaces of Gel’fand and Shilov.'® We
recall the necessary definitions and briefly indicate the sa-
lient properties. Let w:[0, o) — R be a function satisfying
the following conditions:

(a) exp[w{x?)] is a real entire function on R? (x?
= 2?:7 olx? ;

(b) o(x + y)<olx) + @{y), ¥V x,y€[0,),

(¢) 55 [w(e®)/(1 4+ £2)] dt < ;

(d) o(x*)>In(1 + |x}?), V xR,

(€) 2w{x*)<w(dx?) + C, ¥ xR,

for some constants 4 and C. Condition (c), known as Carle-
man’s criterion, assures that there will be sufficiently many
local test functions in the space; condition (d) entails that the
test functions are in .¥(R?), and condition (e) will give the
nuclearity of the space. (This condition can be somewhat
weakened—see Ref. 17). In the general theory of ultradistri-
butions, condition (e} is omitted; we, however, shall need the
nuclearity. Following Ref. 17, we call any such function w a
Jaffe indicatrix.

Given a Jaffe indicatrix w, we define .# , (R“) to be the
space of all infinitely differentiable functions fon R? such
that

Pusl ) = £ = suple 1D (p)l} < o
pe

for each multiindex « and each constant A > 0. The topology
in .# , is then defined canonically in terms of these semin-
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orms. The space €, (R?) of inverse Fourier transforms of
M, ie,C, =F ""(#,) has acanonical topology deter-
mined by the seminorms

Taal£)= /115 = sup{e®#|DF(p)]} ,
PER

where
7(p) = (F Al p) = 27) f e T dx. (3.0)

F € ,(RY)— .« (RY) is a continuous isomorphism in
these topologies. If 7 C R?is compactand & (&) is the set
of all L,-functions with support in ¢ such that the semin-
orms

17 = [ Fple=ras

are finite, for every A >0, then & (£} is dense in Z (&)
(Schwartz’s test function space of C =-functions with sup-
port in #). And defining & , (R?) as the inductive limit of
DO, O, R, O, C O, .,V n,thesameis true for
2 (R C Z(R?). These assertions follow from condition
(c). The elements of the dual space &, of &, are called
ultradistributions. %'/, is a space of ultradistributions and
A’ is a distribution space, i.e., can be viewed as a subspace
of 2'.'"® We define %, (R?) = F ~{Z ,(R?)).

For easy reference in this paper and in Ref. 1, we collect
here some known results in a series of lemmas.

Lemma 3.1'%% The spaces .# , and ¥ , are topologi-
cal algebras under pointwise multiplication and convolu-
tion.

Lemma 3.2"*'% & isdensein .#_, and % .

Lemma 3.3'% The translation operator 7,, a € R*:

(7o f)x) =flx —a)
and the multiplication by exp(ix-a) are continuous operators
on.#,and 7 .

Lemma 3.4'>'7: The spaces .4 ,, ¢ ,,, and & , are nu-
clear.

Lemma 3.5": Corresponding to every open covering in
R, there exists a partition of unity in & _ (R?) [or .# , (R) or
¢ . (RY), as the case may be].

The Wightman axioms (Hilbert space structure, covar-
iance of the fields under the Poincaré group, the spectrum
condition, and locality) can then be formulated for a general
spin quantum field theory as usual (see Refs. 3 and 19), with
the configuration space test functions .%(R?) replaced by
% ., (R?)."! Thus, for any vectors @, ¥ € D,,, the invariant
common domain of the fields ¢{ f), f€ ¥, (R?), in the Hil-
bert space 7"y, associated with the fields, the form
(D, p( f)¥ ) is continuous in fin the topology of ¥, i.e.,
(D, p(-\W) € € (R?)'. We shall refer to this axiom as the
continuity axiom or Wightman continuity. It is due to
Lemma 3.2, i.e., due to the fact that in configuration space
there are enough test functions of compact support, that the
locality property does not need to be generalized. Jaffe (un-
published) and Constantinescu and Thalheimer'”'® (see also
Refs. 9 and 10 for even smaller test function spaces) have
shown that all the standard tools and results of axiomatic
quantum field theory (including analytic continuation of
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Wightman functions and edge-of-the-wedge theorems that
we shall use many times in the following) are valid for such
strictly localizable fields.

We shall denote with & (R?) the *-algebra (defined on
D) of polynomials generated by {@(f)| f€ € (R)} (we
shall henceforth suppress the index w, since all formulations
and results in the sequel will be valid for any Jaffe indicatrix),
with & _(R?) that generated by the operators
{@(f)l fe ¥ (R?)}, and with Z_(R“) that generated by
[@(f)| fe ZRY)}. If & C R, P(O) will designate the *-
algebra of polynomials generated by {@ ( )| fe Z(Z)}. In-
cluded in the Wightman axioms is the assumption that the
vacuum {2 is cyclic for Z(R?) in 57, and because ¥ (R9)
and Z(R?) are dense in ¢ (R?) [using Lemma 3.2 and
F ¢ (RY) — #(R%) a continuous isomorphism], the con-
tinuity axiom implies that 7 _(R*}M2 and Z,..(RY)2 are
also densein #°y, . It is well known that the uniqueness of the
vacuum, which also is assumed in the Wightman axioms,
entails the irreducibility of Z(R?) [thus of Z_(R?) and
2 \..(R?)] in the sense given in the Introduction.’ We shall
also be assuming below the existence of a positive mass gap,
i.e., the existence of a lowest nonzero eigenvalue for the mass
operator P. P = (P°? — 2¢Z1(P*)? (where
P=(P° P',., P? }is the generator of the space-time
translations on %7y, ).

Let us recall the connection between the Wightman
functions

W, (xpo X,) = (2, @(x)) - @ (x,)02)

and the truncated vacuum expectation values (TVEV’s)
Wlix,,..., x,}. The TVEV’s are defined recursively by

W, (xy..., x,)

T
= Z W,.] (x,“ yeery x,l_rl)WZ;(xlm yrary xlz,rz)

part.
. W,Tj()c;“1 s Xp ),

srg

(3.2)

where the sum on the right-hand side runs over all partitions
of the indices 1,..., n, and in each subset 1, ,..., 1, , the
indices are taken in natural order. Since the Wightman func-
tions and TVEV’s are translation-invariant, one may define
the difference value Wightman functions and TVEV’s:

W‘(r;r)(gl""’ §n) = W(nT) I(XO"": xn)s

+ Sk =X — X .

(3.3)

The Fourier transforms of the difference variable Wightman
functions satisfy

supp ¥ ,(q1-» q,) C {qr €V, , k=1,.,n},

where supp denotes support and ¥ , the closure in R? (with
Minkowski metric) of { p € R?| p - p>0}, and, since in the
TVEY the vacuum contribution is symmetrically subtracted
out, if there is a mass gap m > 0,

Supp %(ql""’ qn) C {qk € I_/ri » k = ly'“, n}ylg
where ¥ is the closure of { p € R?| p - p>m?} and
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P 42) = 21 [ exp(i 3 i)

k=1
XY &) T 4% - (3.4)
i=1
It might be worthwhile pointing out for later use that with
our conventions (3.1}, (3.3), and (3.4),

Wl finen fy) = f T s prrspn )

n—1

Jul=pa_ ) [T d%, - 35)

i=1

le(Pl)j;z(Pz —pi)--

We shall have need below of the following theorem
about the asymptotic behavior of (generalized) TVEV’s on
spacelike hyperplanes. Let

0u0)= [ Aubrrven koo bs) - @b, TT 4%
j=1
where f, € €(R*™), k = 1,..., N. Let O, (x, ) be the translate
of 0,(0), ie.,

Oulxi) =" ™Qu(0e ", x, = (0,x,) €RY.
We define the generalized TVEV

Fx) ={Qi(x;) - Onlxy)”
in analogy to (3.2) and let

p= max [|x, —X.|.
k

k=1, N
Then using ideas dating back to Ruelle,” the following
theorem can be proven.

Theorem 3.6%': Let ¢(x) be a real scalar quantum field
theory satisfying the axiom structure discussed above and
having a nonzero mass gap. Then for any set {Q, (0)}7_,
defined as above, |F(x)| converges to zero faster than any
powerof p~'asp — .

Remark: Although the proofs in Refs. 9 and 10 are car-
ried out in detail only for the TVEV’s defined in (3.2), it is
easy to apply the argument to the generalized TVEV’s we
have defined.

V. THE PRIMARY RESULT AND ITS IMMEDIATE
CONSEQUENCES

In this section we state the central technical result of
this paper, the proof of which is presented in the following
section, and demonstrate its immediate consequences. As
previously mentioned, the main theorem, Theorem 4.1, will
have other applications in our study of the essential self-
adjointness of quantum field operators. And there will surely
be other uses for the results of this section.

In the following, a “quantum field” shall be understood
to mean one satisfying the axioms discussed in the previous
section.

Theorem 4.1: Let ¢(x) be a real scalar quantum field
with mass gap m > 0. Then there exists a set & of vectors,
dense in the Hilbert space 7, associated with the field, of
the form

S (M eti)e

J=1 \i=1
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NeN, {n}Y, CN, {f,} C ¥RY),

such that there exists, for any such nonzero vector of this
form,ann, e Nandaset { g,}’_, C % (R?) so that the
following equations are satisfied:

i=1

i T ete) [ olfia=2,
(") ¢7(g1)‘{) =0, i=1,.., n

and

n n,
(1) H P (&) kH @ fi)2=0, Yj#jo.
i=1 =1

Remarks: (1) The set & is defined in the next section
[see, in particular, (5.15)].

(2) The @( g;)’s clearly act in an analogous manner to the
annihilation operators in Sec. II, and for this reason we have
taken to calling them annihilators.

(3) Since the test functions in the definition of the vec-
tors in & have Fourier transforms with compact support, &
is a subset of all finite energy—-momentum vectors in %", .
Therefore, vectors in & are entire analytic vectors for the
energy—momentum operators—that is to say, given any
Pe ¥,

S 12" ||

n=1 n!

"< oo, (4.1)

for all ¢ € C, where P represents any of the energy-momen-
tum operators P ¥

An immediate consequence of Theorem 4.1 is made
clear by the following remark. Given any vector

@ =3, [T/, @(f;)]2€ &, one has

=1

T (4.2)

[Z. = Z_.R")], which is dense in 5", . Therefore, we
have:

Corollary 4.2: Let @(x) be a real scalar quantum field
with mass gap m > 0. There exists a dense set & of vectors,
each of whose elements is cyclic for Z_(R?), Z(R?), and
P oo (RY).

Proof: (4.2) yields the claim for & _, and since, by
Wightman continuity,

7 R)® = PR)D = P, R)D, V deDy

(see Sec. III), the other cases follow at once.

Since, as already noted, the vectors in & are entire ana-
lytic for the energy, one may adapt a standard argument to
obtain:

Corollary 4.3: Let @ (x) be a real scalar quantum field
with mass gap m > 0. There exists a dense set & of vectors,
each of whose elements is cyclic and separating for # (&),
given any open & C R such that &', the causal comple-
ment of Z, is not empty.

Proof: As the argument for the case @ = {2 is well
known (see Ref. 3), we shall only sketch the proof (see also
Ref. 20 for the case of bounded algebras). Given such an &
and @ € &, assume there exists a ¥ € 5, such that
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(¢,P®) =0, ¥ PeP(0).

Let &, be a nonempty open subset of ¢ such that
O, + N C O, where ./ is a neighborhood of the origin in
“. Then we have (we continue to suppress o)

<W, H eta Pw(h )e iaj-P¢> =0’
j=1
V{Kj_ CDO), Vg, CH . (4.3)
Since @ is entire analytic for P #, u =0,..., d — 1, we may

employ the spectrum condition to analytically continue (4.3)
to

(4.4)

<W H e'”b(h e~ “Fep >,

37, C A beV
b, b € V s _]—1 ., n. There is no further restriction

onb, since @ is an entire vector. But the analytic function
(4.4) coincides in the specified domain of analyticity with the
analytic function

<llf He'z’P¢>(h et >

ji=1

where z; =a; +ib;, {a

with domain z; = ¢; + ib;, {c;}]i-1 CR, b, e?+ ,
b, —b eV, ,j=1,.,n Since (4.4) vanishes in an open

real neighborhood [by (4.3)], one may then conclude that

<q/ Hele h)e le >=0’
Jj=1

V (k). CD(0), V (b}, CR,

ji=1
using the edge-of-the-wedge theorem in the form of
Theorem 2.17 in Ref. 3. (For confirmation that the edge-of-
the-wedge theorem holds also for ultradistributions, see Ref.
17, which uses Lemmas 3.2 and 3.4). Thus, if { £, } isa
countable covering of R? composed of translates of 7,

k
<w, S P,,‘d>>=0, V {n};_,CN, VP e?d,).
i=1
(4.5)

Since there is a partition of unity in % (R?) (Lemma 3.5) cor-
responding to each open covering R? there exists a sequence
{X.}2-1 C €(RY)such that y, € (&), for each n, and
27_xnS=/ given any f€ € (R?), where the convergence
is in the topology of % (R¢) (by Lemma 3.1,

X.f€Z(RY), ¥ n).Thus,by the linearity of @ ( f)on % (R9)
and the strong continuity of IT_ , @ ( f,)@ in the topology of
¢ (R?) (follows from Wightman continuity), (4.5) entails that

(V,PP)=0, V PeZ(RY),

which, with Corollary 4.2, completes the sketch of the
proof.

We note here that the same arguments may be applied
to those cyclic vectors constructed in Sec. II for the free field
that are entire analytic for the energy—momentum operators,
to conclude that they are cyclic for the local polynomial alge-
bras, as well.
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V. VACUUM REDUCIBLE OPERATORS IN QUANTUM
FIELD THEORIES WITH MASS GAP

The object of this chapter is to prove Theorem 4.1. It
will be clear from the proof that we do not demonstrate the
strongest possible result, even using only the relatively crude
methods we have employed here. But it is not obvious that
one would not already have passed the point of diminishing
returns by squeezing out a few more operators with annihila-
tors. Nevertheless, it would be an interesting extension to
show Theorem 4.1 to be true for all Pe & _(R?) (we have
results to this effect in the weak-coupling limit, and, as al-
ready seen, it is true for free field theories)—but see Ref. 21.

We must begin by defining the special classes of test
functions with which we shall be working. Let

o \([RY) = [ fe ¥ R*)| f(p) =0 f(—p)=0]
(we continue to suppress the Jaffe indicatrix @), and

A HRY) = [ fe o (R — Polp (f)2 #0},
where P,, is the projection in #°y, onto the one-dimensional
subspace spanned by {2, and @(x) is a real scalar quantum
field. Let T, = { pe R*|0< p°<r} [p= (0% ", p? 7 1))
and, for any fe % (R9),

rp= inf{r|suppfn ¥V, CT,}.
Given any f'e o ,(R), let §,(x) be any element of .7 ,(R?)
whose Fourier transform ,( p) satisfies

supp &,(p) = [ peR?| — 1,
<ph<ry, p=0,..,d — 1}\(suppf)°,
where a set with a superscript O signifies its interior. Then for
any fe€ «/,(R?) and for any €0,

g (f+ 0,2 =@ (N2 + €lle)12]*>0
and

I — Po)p (f+ €6,)2 ||
= ||l = Po)p (12| + €|l — Polp (62| >0,

as is easily seen, since (supp @,)0 N (supp f)° = @. Further-
more,

[P +€8ip)=0 & fl—p)+eb(—p)=
We define now the set

B(RY) = [h(x)e ' (R)|h (x) = f(x) + €6,(x),

fe & R%), €>0, 6, defined as above] .

One notes at once that every element of 7 ,(R?) can be arbi-
trarily well approximated [in the topology of % (RY)] by
functions in % (R).

The first step in the proof of Theorem 4.1 is to verify
that it holds for vectors of the form @( f)f2, with f€ % (R?).

Lemma 5.1: Let ¢(x) be a real scalar quantum field with
mass gap m>0. Given any f€ % (R“), there exists a family
{ 85} sco.m C ¥ (R?)such that

(i) o(gslp(f)2=10
and

(i) @(gsM2=0,
for each & € (0, m).
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Proof: The hypothesis entails that (supp f)°
nsupp# ,n ¥ #@, sincesupp #°, C {0Ju ¥ and
0<||I — Polp (f12]?
= (2, ¢ (e (N)2) — {2, (/)12)]?
= (2, (Y (N12)"

= | Fiplfi-pldp,

p*>m’
using (3.2) and the support properties of T p) mentioned
in Sec. I11. The fact that f( p) = 0 if and only if /{ — p) = 0,
V fe Z(R?), completes the proof of the assertion.

Let

1 € d(supp f) N a7, nsupp ¥, (5.1)

where d applied to a set denotes its boundary. This intersec-
tion is nonempty, since #°,( p) is a Lorentz-invariant distri-
bution and because (supp f)° nsupp # ', n V7 #@,
Y fe Z(R?). The rather curious set Z(R“) was chosen ex-
pressly so that one could be assured of finding such a u for
each f'e Z(R“) (but see the remark following this proof). Of
course, for such functions one can find in general many such
1, but for our purposes it does not matter which one one
chooses. We henceforth presume that such a 1 has been cho-
sen for each fe Z(R?).

Choose a § € (0, m) and define g, , € % (R) by its
Fourier transform:

&5, P) = X5, P F(—D)*,
where 1>y, ,(p)>0is a C *-function that vanishes outside
of Bs(u) = { pe R?| | p — p|<8}. We have then (suppress-
ing the subscript u),

lp ()2 |2 = f 7\ o) g2) (05| —p)dp =0,
since supp %, C V', . Thus,

p(8:)2=0,
for any 6 € (0, m). In addition,

Wyl g.f) = j 7\ D)\ p) 7 — p) dp

{5.2)

= f P\ PWs, . PIF(— P> dp>0,

since #,( P2)>0 and p satisfies (5.1). We may then normalize
gs by multiplying by a positive constant, which, of course,
depends on 4, so that, retaining the symbol g, for the nor-
malized function,

W85, ) =2, p(glp(fI2) =1.
Defining

(5.3)

F(pq)=8lg —pPVf(—9) =xs.la —PV /(P —9)*(—a),
we note that for any g € ¥ i

(supp F(p, @)} n vro=¢, (5.4)

by construction. Let {4,}7_, C % (R?). Equation (3.2) tells
us that
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W, by h, 8f)= z WI()W—:;() e W-rl:() ,
part.

where the sum is over partitions of {4,..., 4,, g, f |, and in
each term of the sum, the arguments of the TVEV’s are the
functions in the suitable elements of the given partition, or-
dered naturally. But {5.2) and (5.4) entail that the only non-
zero terms in this sum are subpartitions of the partition
{hi.... h,}{ g f}, and by (3.2) this resulting sum is equal to

Wn(hlv"' hn)Wz( g’f) = Wn(hl’-"’ h,,) , (5.5)
using (5.3). Therefore, given any @ = I17_ , @ (h,)12,
{h;}7_, C € (RY), we have
(D, [plgp(f)—1102)

=(P,@(gp(f)2) — (P, N2)
=W, hrx. g ) =W, (h%.,h¥) =0,
by (5.5). Since such vectors are total in 77, ,
P8, eI =10, (5.6)

for all g5 ,, as constructed.

Remark: The freedom of choosing any 6 € (0, m) will be
important below.

Remark 5.2:In Lemma 5.1 we have restricted our at-
tention to test functions f'€ % (R?) for pedagogical reasons.
We wish to point out that, in this special case of one field
operator on the vacuum, more general test functions may be
admitted. If for example, f€ % 5 (R?) such that
(I — P,)é (f)2 #0, then f( p) = 0 if and only if f( — p) =0
and, as before, (supp]’)" N supp e N W;ﬁ@. However,
the supports of fand %", can be such that the intersection in
(5.1)isempty. In that case, since @(h 2 = O for any test func-

tion / such that supp 4 ( — p) n vn = 2, one can find a
test function A € %" (R¥) such that 4 ( p) vanishes for all

p € R? for which p°<0 [so that g{# )2 = 0] and 7, ,, is such
that

d(supp(f+ k) n 3T,

.., Nsupp W\ #<D .
Then one may carry through the construction for the test

function f + A tofind ag € % (R?)such that ¢( g)2 = 0 and

N=¢(ge(f+h12=p(gp(NN.

This argument is limited to only one field operator on the

vacuum, and we are interested in finding a dense subset of
% (R?) for which the construction may be pushed through
for arbitrarily many field operators on the vacuum. Hence
the choice of Z(R?).

Letnow { f;}7_, C %(R“)and define the correspond-
ing g,’s as in the proof above. We shall need to show that, for
suitably many f; € Z(R“), the vector
"_ @ (g)7_ @ (f,)2 is nonzero. Given any f€ ¥ (RY),
we define, for any ¢ € G, f,(x) € ¥ (R?) as the function with
Fourier transform

fp)=e"f(p),

where p = (p° p',..., p* ). We first note the following ob-
vious fact.

Lemma 5.3:LetneN, { f}7_, C ¥ (R?), and
{t;17_, C € be arbitrary. Then

W. Driessler and S. J. Summers 2816



(2 [ 02 ) = Wolfisronf)

i=1
is entire analytic in (¢,,..., £,) € C".
Proof: Obvious, due to the compact support of
]”,., i=1,..,n.
Corollary 5.4:ForneN, { f,}7_, C %#(RY) arbitrary
and { g;}7_, C JF (RY) as specified above, the set of all
(£15-s 8, _ ) € R" ~ ! such that

M elg) [ ofi)2=0 (=0

i=1 i=1

2

Remarks: (1) If fe B (R?), thensoisf,, V teC.(2)A
choice of 8, € (0, m), i = 1,..., n, is tacitly assumed. The re-

Proof: By Lemma 5.3,
|11 #ta) 1T o 02

i=1

=W ((f:)t"’ (f:— 1 )I,,_,’""( gl*)tl’ gl,t,""!f;t,t,,) (5.7)
is entire analytic in (¢,,..., £,) € C". By Theorem 3.6 and (3.2},
(5.7) becomes
using Lemma 5.1 in the second equality. Therefore, given
any open set  C R" ™', (5.7) cannot vanish for all
it cannot vanish for all (¢,,..., ¢, _ ;) in a set dense in % . Thus,
the conclusion of the corollary follows. In fact, using
analytic function of n variables form finitely many n — 1
(complex)-dimensional manifolds, one can show that the

To proceed further, we prove a straightforward result

relying on the support properties of the functions
{ &:17_, constructed according to the proof of Lemma 5.1.
For such functions, lete;, =g;, i = 1,..., n, and
partitions of the set {1,...,2n} (which we identify with any
ordered set of 2n elements).

is nowhere dense in R” ~ .
sult holds for each such choice.
i=1
after taking the limits ¢, — «, /= 1,..., # — 1, one by one,
i=1 i=1
(fisees B, ) € % . Indeed, since (5.7) is continuousin ¢, V i,
Theorem 24 in Ref. 22, i.e., since locally the zeros of an
mentioned set has Lebesgue measure zero in R” ~ ',
{fi}i—1 © #(R?) and of the corresponding functions
e, =f,_,, i=n+1,.,2n,and denote by /7 (2n) the set of all
Lemma 5.5: Let we Il 2n)and o = {i,,..., ;] e m. If

(ri —8;)> Z Tis
i+ neonfn + 1,...,2n}
wherer, =r,, i=1,.,n,then ®=1I;_,p (e, )2 =0.
Proof Forallp, eV, i=0,.., s — 1, the product
éjl(pl ‘_Po)éjz(Pz —p)- éj,( —Ds_1)s
Joewds€fn+1,..2n},
vanishes if

5

Po> X 1, (5.8)

n==1

as may easily be seen. And for py,..., p, € ¥, , the product

€, (P1—DPole;,(pr—py) - -+ & (P —Pi_1)>
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JiseeosJi € {1, m},
vanishes if

k
pPi< E_jl (r, —6,), (5.9)

by definition of the functions g;. Thus, for any
PP €V,
(sgpp & (Pr—Dole,(po—pi) - &(—p_ )V, =D,

0
given the hypothesis of the lemma. This implies, however
[see (3.5)], by the support properties of the Fourier trans-
forms of the difference-variable Wightman functions, that
the inner product of @ with any vector in Z(R? )2 vanishes.
In particular, ||@||* =0.

Corollary 5.6: Let ¢(x) be a real scalar quantum field
with mass gapm>0.IfneNand { £;}7_, C o ,(R) are
arbitrary, let p = Z7_, r,. Let further {4, }f_, C &,(R?)
by any set satisfying 2¥_,7, >p + 4, 4>0. Then if
{ g:]%_, is any set of annihilators for {4, }¥_,, as construct-
ed in Lemma 5.1, satisfying the additional constraint
3k_ .8, <4, we have

II #l8) H P2 =0.

i=1 ji=1

Proof: The argument proceeds as in the proof of Lemma
5.5.

Remark: We have employed our freedom to choose
8, €(0, m), i = 1,..., k, such that the additional constraint
3%_ .8, <A, for any given 4 > 0, may be satisfied.

Proposition 5.7: Let ¢(x) be a real scalar quantum field
with mass gap m > 0. Let 0 <4 <m and n € N be arbitrary
and { f;}7_, C %(R?) such that, withg;, i =1,..., n, as
constructed in Lemma 5.1 under the additional constraint
that 27_, 6, <4,

) [T ele) [[elf)2 #0;

i=1 i=1

then there exists a set {£,;}7_, C ¥ (R“) such that

i ez [[ene=2,

i=1 i=1
(i) @(&M2=0,
and

@ 11 ete) [ oA2=0, ¥ S (L}

i=1,.,n,

P=1

Remark: Here we have again used our freedom of
choice of §; € (0, m) that the construction in Lemma 5.1 al-
lows us, in order to satisfy the additional constraint, for fixed
n € N. Thus, the annihilator g; for the element f; in the set
{fi}7—1 C #(R?) depends on n, as well as on f;.

Proof: { g,}7_, is simply chosen to be {c, g;}7_ ,, with
fc;17_, C Cselected so that

[T o201 ets0

i=1 i=1
which, by (i), is possible. Then (iii) follows from Eq. (5.2). We
next verify (ii).

If there exists a o, € 7 € 1T (2n) such that

=1, (5.10)
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S (n—6)+m< > v, (511)
‘Etfkoﬁ“ ..... n} i+ "EUko"’l" +1,....2n}
then, clearly, there must exist a o, € 7 such that
(5.12)

[note that (5.11) cannot be satisfied by o, = {1,...,2n}, so
there must always exist another g, € 7, if (5.11) obtains],
since otherwise

VY o, €m with o, #0, ,

implies with (5.11)

25,>m,

=1
which contradicts the hypothesis. As in (5.8) and (5.9) in
Lemma 5.5, one sees that for any 6, € 7 with §, n {1,..., n}
={ipewijand o, nin+ 1,20} = {ij, sy, 0f
preV, , k=1.,1+s—1,
(S:pp e {Py—poe,{pr—pi) & (—Prys 1))
nNVn =@,

unless

(5.13)

I+s

Z(r—6)+m< DR

j=1 j=1+1
But in this latter case there exists a o, € 7 such that (5.12)
holds, which implies, by Lemma 5.5, that the associated pro-
duct on the vacuum vanishes.

We are thus in the position to prove that for any
{h, 1,-1 C ¢R),

(2. 11 ot [T o120 T o102

= <r), il;‘[:wh,-)ﬂ)‘(#ﬂ ’[Ilcp(g,) H <P(f)ﬂ>
(5.14)

To see this, we use (3.2) to decompose

W2n+l(hlvm: hl’gl’"-’én’fl"“’fn)
= 2 AW L) e W (o)

into a sum, over all partitions of {A,,..., #,, 815..., &,

S5 S }» Of products of the appropriate TVEV’s. Since the
Fourier transforms % ¥( p,,..., p, ) of the difference-variable
TVEV’s #T(€,,..., £,) have support only in ( V'™ )", the
only nonzero terms in the sums on the nght-hand side of the
equation above are terms arising from subpartitions of the
partition

(Ao B} 8y 8o f1on £} -

But the sum over such subpartitions, again by (3.2), is equal
to

Wilhyeo ROW o, (815 8ns frros fu) 5
which yields (5.14). Then, as in the proof of Lemma 5.1, one
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uses (5.14) and (5.10) to show that (ii) is indeed correct.
(iv) follows from Lemma 5.5, once one notices that

i (r, —68,)> E r,
i &

i=1
forany 4" S {1,..,n},sincer;>m, ¥ i,and 27_ .8, <m.
This completes the proof of the proposition.

We can now define the set of vectors € mentioned in
Theorem 4.1 and prove the assertions made about it. Let &,
be the set of all vectors

AL

i=1
satisfying condition (i) in Proposition 5.7—that is to say, for
fixedneN, { f;}7_, C B(R?), the vector I’_ @ (/)2 is
in & | if for some choice of 0 <4 <m and {8;}7_, C (0, m)
satisfying 27_ 5, <4, and with g, ; an annihilator, corre-
sponding to f; 5 , constructed in Lemma 5.1, the vector

Hcp 8is,) H¢(f)ﬂ

j=1
does not vanish. With eachset { £;}7_, C Z(R?) we associ-
ate the numberp = 37_ | r,. We define the set & as the set of
all vectors

i (H ¢;(f))n NeN,

Jj=1 V=1

{m,}I_, CN,

., neN, {fi}i_, C BRY,

(f,) € BERY),

such that Ililefp(f}j).{l e, Vji=1,..,
there exists a j, € { 1,..., N } so that

P >Pi» VY j#jo j=1,..., N,and so that the 4 (0 <4 <m)
for which condition (i) in Proposition 5.7 is satisfied by the

(5.15)
N, and such that

vector [T, | pls, )H, e (f,-jo).(l satisfies

A<p, —p;» V j;éjo One sees that Proposition 5.7 and
Corollary 5.6 then yield assertions (i), {ii), and (iii) of
Theorem 4.1 for each such vector. It remains, then, only to
show that & is dense in 77, .

Lemma 5.8: Let @ (x) be a real scalar quantum field with
mass gap m > 0. Then the set & defined above is dense in
K-

Proof: By Corollary 5.4 and the strong continuity in ¢; of
vectors of the form Il ( f;, )2, and because, as already men-
tioned, Corollary 5.4 holds for each choice of 0 <4 < m, all
the vectors in the set

21( i w(ﬁ,))ﬂ INeN,
(I CN, (£} C B(RY)]

are limits of strongly convergent sequences from & . Since, as
previously remarked, every element of &7 ,(R?) can be arbi-
trarily well approximated in the topology of % (R?) by ele-
ments of Z(R9), the vectors in the set

9=|3 ( I w(ﬁ,))mzveN,

“‘j%j:x CN, {f,}} - .MZ(R"]

are, as well, limits of strongly convergent sequences from & .
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We recall next that, for any compact ¢ C R? and any
h € Z(0), the vacuum {2 is separating for (4 ). Thus, if the
vector

[[etle (k). C u D),

i=1 #CR
is nonzero, one must have ¢(h;}2 #0, V i=1,..., n. In-
deed, unless

glh)= (2, @h)2)I,
one must have (I — Py)p (h; )2 #0, V i=1,..,, n. Since
& \(RY)is dense in ¥ (R?) and every function 4 € Z(R¢)isa
limit of some sequence { f;} C % (R“)in the topology of
% (R%) [since ¥ (R?) is dense in € (R?)], it follows at once
that every vector of the form

N

> ( I w(ﬁ,))ﬂ» NeN,

J=1 \i=h

(m}Zy CN, £} C 2R, (5.16)

is a limit of a strongly convergent sequence from &. But
vectors of the form (5.16) are dense in 7y, , since Z(R?} is
dense in Z(R?).H

Remark: This is the sole result whose proof depends on
the existence of (sufficiently many) strictly localizable test
functions. If there were another class .# of test functions
dense in % {R?) such that (2 is separating for {@ (g)| g€ # |,
then one could do without strict localizability.
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Any operator that commutes with the S matrix and is additive, i.e., transforms an asymptotic

incoming n-particle state as a sum of its constituent one-particle states, is called a symmetry of the
S matrix. The structure of local S-matrix symmetries in Galilean field theories is known. In this
paper, S-matrix symmetries that are nonlocal, i.e., may transform asymptotic fields into nonlocal
operators, are investigated under the assumption that there is a finite number of such symmetries

in the theory.
PACS numbers: 11.10.Lm, 11.10.3j, 11.20.Fm

1. INTRODUCTION

In Ref. 1, symmetries of the $ matrix have been consid-
ered in the context of Galilean invariant field theories. A
symmetry of the S matrix Q in a theory of asymptotic fields
@ $M{x) with corresponding annihilation and creation opera-
tors a®*(p,a), (@°*(p,a))*is defined to be an additive operator,
i.e., one that is bilinear in incoming fields,

0= f d°p d*40* (p.q)a"(p.))* a"(q, )

(summation convention) and which, in addition, commutes
with the S matrix

(S*Pin/Qd) = (Q*¥™/SP™) (1.2)
as a form on a suitable domain. Those S-matrix symmetries
that acted locally, i.e., for which Q,¢ &{x) is again a local
Galilei field, had special properties:

1. (i) Q¥ = O for m, #mg, where m,, is the mass of the
state (a*(p,a)}* 2.

(i) @ % = ¢*#(p,d) S(p — q), where ¢* is a polyno-

mial in p and derivatives in p,, k = 1,2,3.
Furthermore, in a theory with scalar particles and with non-
trivial scattering in the sense that the particles can be so
ordered that the elastic two-particle scattering amplitude,
for any two consecutive particles, does not vanish in some
open subset of the sets of momenta allowed by energy and
momentum conservation (some particies may be counted
more than oncel),

(1.1)

2.¢°* =5 {a(2m)"'p* + bp + ¢d
+d*(p; O —pi 9))
+e[pidi]. +f0? +8 (1.3)

with constants @, b, ¢,,d*, e, f, and g “*. Here m = m,,
= my since, by (1.1), it suffices to consider a single mass
multiplet. Thus, Q is a linear combination of generators of
the 12 parameter Schrodinger group .S together with transla-
tion invariant generators (given by g *) which, however,
need not commute with the Hamiltonian. The situation is
thus fairly analogous to the relativistic case where S is re-
placed by the Poincaré group P in statement 2.

2 This work contains parts of the author’s *“Habilitatiensschrift”, accepted
by the Physics Department, University of Gottingen.
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Now, it is easy to construct nonlocal S-matrix symme-
tries, at least in a free field theory. Consider a single scalar
free Schrédinger field ¢ (x) with corresponding annihilation
operator a(p) and define

0= fdin d’qa*(p) alq) explp — g% (1.4

which is additive but for which [Q,¢ {x)] is not a field obeying
Galilean locality. Statement 1 is thus manifestly false.

Even for nonlocal S-matrix symmetries, one could try
to retain the physical idea that a finite set of quantum
numbers should suffice to label free particles. This would
correspond to the assumption that only a finite number of S-
matrix symmetries should be present in the theory. It will be
shown in the next sections that this assumption is quite re-
strictive. With it, statement 1 can again be proven so that, in
fact, Q turns out to be local and statement 2 is valid, too. The
finiteness assumption can even be relaxed somewhat. State-
ment 1 is true under the weaker hypothesis that infinitely
many S-matrix symmetries are allowed which must, how-
ever, be grouped into finite-dimensional spaces invariant un-
der the Galilei group. This will now be shown.

2. POLYNOMIAL DEPENDENCE IN DERIVATIVES

Consider a theory of Galilei covariant asymptotic in-
coming fields ¢ "(x) with creation and annihilation operators
(@™(p,2))*, a™{p,a) obeying Galilei covariant commutation
relations

[a"(p.a)@™(a, B)*] . =b.56(p—a)
which transform as follows:

(2.1)

U ~'(a) a"(p,a) U (a) = exp{ — ipa} a™(p,a), (2.2)
U~'(b)a™(p,a) Ub)

= exp{ib((2m,)”'p* + W,)} a"(p.a), (2.3)
U~ '(v)a"(p,a) U(v) = a"(p — m,v,a), (2.4)
U '(R)d"(p,a) URR)= (DR )),s a"(R ~'p, B) (2.5)

under space translations, time translations, boosts, and rota-
tions, respectively. Here, m,, is the mass of ¢ [7(x) and the
constant W, is the inner energy; D * denotes the irreducible
{2s + 1)-dimensional representation of the rotation group.
Any S-matrix symmetry of the form (1.1) has, by Barg-
mann’s mass superselection rule,” vanishing matrix elements
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between states of different mass multiplets. This fact, proved
again as Lemma 2.1 of Ref. 1, has nothing to do with locality
as was emphasized there; part (i) of statement 1 holds in
general. It is therefore sufficient to consider, from now on,
only fields of the same mass multiplet 2, = m.

To prove part (ii) of statement 1, it will be assumed in
the following that the space of all S-matrix symmetries de-
composes into subspaces that are invariant under the Galilei
group and are finite dimensional.

Let E be such a finite-dimensional space of S-matrix
symmetries, and consider an S-matrix symmetry Q€ E.
Since any Galilean transform of @ is again of the form (1.1)
by (2.2)-(2.5), and since E is invariant under the Galilei
group G, U ~'(g) QU ( g) is again in E for any g € G. Hence,
there exists an operator D ( g): E — E with

U-'(g)QU(g)=D(g)Q, g<G.
Inanybasis Q,,..., Q, € E, D ( g)issimply afinite-dimension-
al matrix of complex numbers depending on g. It is even a
representation of G since U ( g} is. By (2.1), the kernel Q * of
Q is, as a distribution, given by

Q ““(p.q) = (la"(p.x))*2 /Q (a"(q, B))*2)

and D ( g) can be evaluated on Q *? for different elements of
g € Gif (2.2)+2.5) are used:

D(a) Q “/(p,q) = expfilp — q) a} @ “(p,q),
D(b)Q“(p,q)
=exp{ — ib(2m)"'(p* — &) + W, — W,)} @ “(p,q),

(2.2a)

{2.3a)

D(v) Q “*(p,q) = Q **(p — mv,q — mv), (2.4a)
D(R)Q“(p,q)

=D")R),, D" (R)gs Q™R ~'p,R ~'q. (2.53)

Since rotations and translations are continuous automor-
phisms of the test function space ., the representation D is
infinitely often differentiable in the group parameters.

First, the translation subgroups of G will be considered
which have the following structure:

Lemma 2.1: Let D be an arbitrarily often differentiable
representation of the time translation subgroup of G in E,
i.e., D fulfills

DieyDd)=D(c+d), ¢,deR. (2.6)
Then there is an operator 4:E — E with

D (c) = explicA ). (2.7)

Proof: (2.6) implies D (0) = 1. Now differentiate (2.6)
with respect to ¢ for ¢ = 0,

D'{d)=idAD(d), (2.8)

where 4: = i~ 'D’(0). But the linear differential equation
with the constant coefficient matrix 4 has a unique solution
given by (2.7). [ |

The three-dimensional analog is valid, too, and gives
the structure for the translation subgroup:

Lemma 2.2: Let D be an infinitely often differentiable
representation of the space translation subgroup of G in E,
ie.,
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D@ D()=D(a+b), abeR> (2.9)
Then there are three commuting operators 4, : E — E with
D (a) = explia*d,), a=(a',a’d’). (2.10)
Proof: Choose a basis e;, k = 1,2,3, of R*. By Lemma
2.1, for each k there are operators 4, such that
D (ae, ) = expliad,).
(2.10) implies
Dae, ) D(be,) = D{ae, + be;} = D(be,} D (ae,)
so that the operators 4, , 4, will commute, too. Hence
D (a) = explia“ 4,). a

Of course, in general, the matrices 4, will not be Hermitian.

Next, the specific action of D (a} will be considered. If in
(2.2a) new variables p and r: = p — q are introduced and a
distribution Q *# is defined so that

0(rp): =2 “(p.q), (2.11)
then all distributions have to be characterized fulfilling

D (a) Q “*(r,p) = explira) O “*(r,p). (2.12)
This is done in

Lemma 2.3: Let D be an infinitely often differentiable
representation of the translation subgroup of G in E. For the
kernel Q °?(r, p) of a symmetry Q € E, assume that

D (a) 0 **(r,p) = explira) O “*(r,p) (2.13)
Then all distributions Q “A(r,p) have supportinrat mostina
set B that consists of finitely many vectors in R and is inde-
pendent of p,a, 8.

Proof: By combining (2.13) with Lemma 2.2,

exp(iaA) Q “*(r,p) = exp(ira) 0 ** (r.p)
and differentiation with respect to a, gives

A4, 0%tp) = 0%(rp). k=123,

Hold k fixed. The matrix 4, can be brought into the Jordan
normal form: The space E splits into a direct sum of sub-
spaces E, (i = 1,...,m, say) and within each subspace, there is
abasis Q1 ,...04, of symmetries such that

Z(Ak);"Qirlza;(Q}+Q;+l’ l=1)~"!n(i)—‘l’

i i i
m _ak Qn(i)'

2 i)y

By taking scalar products with one-particle states, these
equations remain valid Aif Q1. is replaced everywhere by the
corresponding kernel (Q ,)*#(r,p). For I = n(i),

(@ = re@4y) (rp) =0

so that (Q wa ) (r,p) has only support for 7, = a’,. More gen-
erally,

(@ — ™=@ rp) =0

as one can prove by deduction from / + 1 to /: Since for

1 #£n(i)
(@ —r) Q9% (r, p) + (05, ) (r,p) =0,

by multiplication with (@i — r,)"” ~the assertion follows,
as the second term is zero by the deduction assumption.
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Hence, all distributionsA(Q {)%# (r,p) have their support at
most for 7, = ... The Q “# are linear combinations of the
(Q /)*® and have their support, in 7,, only in the points
ay,....ay. For another index /, choose another basis in E such
that 4, is in the Jordan normal form, and proceed as above.
|

One can even show that B consists only of the zero vec-
tor:

Let By: = {r; € B /r;#0}. Under rotations, by (2.5a),

Q “(r,p)

:Ds(a)(R )ay Ds(/:‘)(R )aa DR ~1)Q76(R ‘ll',R —lp)‘
(2.14)

Proceed indirectly and assume that for some p, there is a
distribution Q “#(r,po) which has, inr, support in B, Choose
I, € B, so that the left-hand side does not vanish. Then the
right-hand side of (2.14) is nonzero for p = p,, r = r,, and all
rotations R. On the other hand, if R varies, R ~'r, varies over
the whole surface of a ball in R? with radius |ro| 0. There-
fore, there exists a rotation R, which rotates the finite num-
ber of points in B, in such a way that no rotated point lies
againin By: R i 'B, n B, = @. For this rotation R, however,
the right-hand side is zero. This contradiction proves that
any distribution Q “4(r,p) has support at most for r = Q
which resulis in

Theorem 2.4: Let E be a finite-dimensional, G-invanant
space of S-matrix symmetries of the form (1.1). Then, the
kernel Q “? of any Q € E fulfills (i) Q ¥ = 0 for m_ #my, (i)

Q “’(p,q) = 0 for p#gq.

3. POLYNOMIAL DEPENDENCE IN MOMENTA
By Theorem 2.4, Q “” has the representation

Q“*(p.q) = ¢(p) 8"'(p — a), (3.1)

where the multi-index v = (v,%,,v;) in the § function de-
notes v, derivatives with respect to p, — ¢,. The coefficient
¢.%?(p) can still be an arbitrary distribution in p. It will be
shown in this section that ¢ *(p) is, in fact, a polynomial in p.
Consider the boost subgroup of G. Combining (3.1} and

(2.4a) gives

D(v) ¢%(p) = q%(p — mv), (3.2)
and Fourier transformation in the variable p results in

D (v)§%x) = €™ §(x). (3.3)

On the other hand, the boost subgroup is isomorphic to
the translation subgroup. Hence, Lemmas 2.2 and 2.3 are
applicable to {3.3}, which shows that the distributions g P(x)
have support, inx, inaset C thatisindependent of v, @, Band
consists of a finite number of vectors only.

As in Sec. 2, it can be shown that C consists of the zero
vector only: By (3.1) and (2.14),

D(R)q"p) 8”(p — q)
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= (DR )y (D* PR )lgs ¢.(R ~"'p) ™R ~'(p — q))-
3.4)

Operators of differentiation transform under rotations as
vectors so that

S™(R ~'(p — q)) = (D(R)); 8“p — q), (3-5)

where D is some tensor product of D '-representations of the
rotation group. Insert (3.5) into (3.4), compare terms with the
same number of derivatives, and perform a Fourier transfor-
mation in p,

3:7(x) = D(R =)D "R )y
X(D*PUR Vgs (D (R )} 21°(R ~'x), (3.6)

so that the summation in v is now over terms with 2 v,

= 2 u, only. From now on, one can proceed as in (2.14). Let
C,, consists of the nonzero vectors of C, and assume indirect-
ly that there is a distribution §,7#(x) with support in some
vector X, € C,. Again, one can find a rotation R, such that
R, 'C,and C, have an empty intersection so that, forx = x,,
and R = R, (3.6) gives a contradiction. Hence, §* has sup-
port only at zero, and thus ¢ 2#(p) is a polynomial in p. To-
gether with Theorem 2.4, this proves

Theorem 3.1: Assume that the space of S-matrix sym-

metries E decomposes into finite-dimensional subspaces E,
invariant under the Galilei group G. Then, the kernel Q %
=0of any Q € E fulfills (i) Q ** = 0 for m,, #my, (ii)

Q “’(p,a) = ¢*5(p — a),

where ¢°# is a polynomial in p and p, -derivatives k,1,2,3.

Thus, any Q € E 1s, in fact, local so that the results of
Ref. 1 for local S-matrix symmetries in theories with nontri-
vial scattering (statement 2 of the Introduction) can be used:

Theorem 3.2: Assume a theory with scalar asymptotic
particles which can be so ordered that the elastic two-parti-
cle scattering amplitude, for any two consecutive particles,
does not vanish in some open neighborhood of the sets of
momenta allowed by energy and momentum conservation.
Then, under the assumptions of Theorem 3.1, Q € E has the
form (1.3).
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Following the ideas of Guralnik and Kibble and those of Larsen and Repko, we introduce a
general method to calculate the first-order Lagrangian of Bargmann—Wigner equations (BWE) of
arbitrary spin, and make explicit calculations in case of spin 2. Finally, some considerations on the
motivation of this method and on the invariance of the Lagrangian under the symmetric group

and the general Lorentz group are discussed.

PACS numbers: 11.10.Qr

1. INTRODUCTION

It is well known that the solutions of the BWE are fields
that transform under the symmetric group as totally sym-
metric multispinors of definite mass and spin."

In order to construct a first-order Lagrangian of the
BWE for spin greater than one it is necessary to use auxiliary
fields of mixed symmetry that transform as irreducible rep-
resentations of the symmetric group. These multispinor
fields of mixed symmetry also have the properties of definite
mass and spin.>

Guralnik and Kibble® were able to write down a La-
grangian for massive particles of spin 3 with totally symmet-
ric spinor of rank 3 and auxiliary fields, without any extra
conditions. This Lagrangian leads to the BWE for the totally
symmetric spinors and to the vanishing of the auxiliary fields
of mixed symmetry.

Larsen and Repko* have generalized the ideas of Gural-
nik and Kibble. They found the expression for the operator
connecting two arbitrary fields which transform as two irre-
ducible representations of the symmetric group S, . But they
did not give a general method to obtain the coefficients in the
Lagrangian leading to the correct Euler-Lagrange equa-
tions, the solution of which are the BWE of definite mass and
spin. They only succeeded in the trivial case of a Lagrangian
for particles of spin O using multispinors of rank 4.

We present now a general method for finding the La-
grangian of BWE which can be applied to any spin and we
have calculated it for particles of spin 2. Our ideas are based
in the work of Larsen and Repko, combined with that of
Guralnik and Kibble. We refer those papers to the reader,
where both methods are given in detail.

2. COUPLING BETWEEN MULTISPINORS OF DEFINITE
SYMMETRY

Let F and G be two multispinors of rank », that trans-
form as two irreducible representations of the symmetric
group S, . The kinetic terms in the Lagrangian are of the
form _F’aG, where O is an operator matrix of the required
dimension to connect the representations F and G, and its
elements are linear combinations of Dirac operators,

(¥ Pl = IXTX Xy p) X e X1

with (¥ p) in the k-position.
If F belongs to the (4 ) representation and G to the ( u)
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representation of S, the js-components of O are given by

n—1

[0(/{"#)]j§ = E B </{j’ {n — 1’1)k|.u's)’
K=1
where 3, are the operators

1 ad }
= —k ,
T EIREET [ ,-; (¥ p)i — k(¥ Py 1
(n — 1,1) is the representation of S, corresponding to the
same partition and {Aj(n — 1,1)k | us) is the Clebsh~Gordan
coefficient connecting the (1 } and the (n — 1,1) representa-
tion to the { i) representation.

If (1 ) = () then there is also another operator a con-
necting the F-multispinor with itself, namely

1 n
a=— 3 (ypk-
n =)

. As Larsen and Repko pointed out, the symmetry of
[OG ] under a permutation of indices is the same as that of F
under the same permutation; therefore the Lagrangian is in-
variant under the symmetric group S,, and F may be varied
as if all of its components were independent.

In the case of S, we write down the components of the
fields and the coupling among them.
The partition of 4 are

@), (3,1, (2%, (2173, (19,

or in short form,
@, B3, 2, B, @

The fields, using the notation of Larsen and Repko, are
(4): 1/’1aﬁy&p

X ’<a/37/l«5
(3): Xapys = | X “waprivs 1 |
" B 1r5)
B apyrs)
(2) ¢a/)’76 = ( ” y
B apiivs |
gl(aﬁ)lm 1
3): Capys = | & “tapris)
§" apy1s
(4): 2p,s 1-
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For the couplings we have B, B 0

=4{ph + Pk + Yok + (YD), 0B33)=|-8 0 B}
By = b{(yp) + p): + (vp)s — 3(vp)s) O =B -5
By = (1/6V2){(yp): + (12); — 2(vp)s},

B = (1/2V0){(7p), — (vp).}-
The coupling among the fields are given (up to an arbitrary 023 = (5 = (1/V2) B, (1/v2) B, B, )

factor) by (1/\/2) /))3 B, + (1/\/2) Bz — B
0(4,3) = (BB, B
~ - 28, B, B, o (Bi+V2B —V2P, B,
033)= B> B —V2p, v2g, | 0(33) = V2B B —=V2B, =B}
B, V23, B +V2p, B3 — B — 25,

~ - B, —f)’3 A 33 Bs
03.2)=| —B — (125, avyg, | 0B34)={ -5

(1/v2) Bs — B+ (1/V2) 3, N B

The rest of the operators are obtained by interchanging rows by columns.
The Lagrangian for massive particles of spin 2 will be given by the kinetic terms and the mass terms with arbitrary
constants, namely,

L = gap + a, 90 (4,3)y + a,70 (3,4)¢ + asyay + ai7¥0(3,3)y
+ 2,703,206 +asg0 (33 + ahO (2,3)y + adad + a0 (2,3)¢
+ a0 (33 +a1f0 (3,2 +a,at +a},E0 (33)¢
+a,,Z0 (3,82 + a,,720 (,3)C — bymih — bymyy — bymsd
— bymEE — bsm0A. (1)

After variation with respect to the independent components of the multispinors we obtain the Euler-Lagrange equations,
which can be written in the matrix form

K 016(4/,\3) K K 0 ” y

034 ca+ci003,3) ¢,0(32) ¢s0(3,3) 0 e e
0 ¢0(2,3) o ;0 (2,3) 0 6 l=m| ¢ | 2)
0 033 0032 ca+c,033) ¢, 088/ ¢ 3
0 0 0 ¢,50(,3) 0 N n

where the coefficients b, have been absorbed in the ¢,, for instance,
c,=a/by, c¢,=ay/b,, cy;=a;/b, ¢ =a,/b,elc.

We can express the matrix equation (2) in the symbolic form
AX =mX.

3. THE PROJECTION OPERATORS

The method we introduce now is to find out the arbi-
trary constantsa,, b;, ¢; necessary to deduce the BWE for the
totally symmetric field ¢ anq to annihilate the auxi.liary thogonal projection operators
fields y,4,6,42. This method is based in the alternative
expression of the BWE written by Guralnik and Kibble. P (p)=A, XA, XXA,,

With the help of the projection operators Pyp)=1—P_ (p)— P_(p),

Actp=i1+ —71-)‘1)

where p = ( p?)'/2 ( p*#0), they introduce the mutually or-
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where each operator A | ( p) acts on different tensor indices.
The BWE are equivalent to

(p—m)P (plY=0, (3a)
—m Py ply=0, (3b)
(—p—mP_(pjy=0. (3¢)

In fact, since (¥ p)y A, = 4+ pA ., we have
(o) Po(p)= £p P, (P}
and from (3b) (yp) ¥ = p(P . ( p) — P_( )Y
Therefore (yp),¢ = (yp)¢ = - = (¥p),¥. From (3a)
and (3b) we get
(p—m)A. (P =0,
(—p—m)A_(p)¥=0.

Adding both equations, finally we obtain

plA(p)—A_(p)l =mlA (p)+A_(P)]k
or
(yoh o = my.
Equations (3a) and (3c) for the totally symmetric tensor

fields and the auxiliary fields are easily obtained applying the
projector P_ ( p) and P_( p) to the five equations (2):

(p—m)P, (p)y=0
(—p—m)lt(p)w:o]’ @

(czp—m)P+(p))(=0] (5)
(—cip—m) P (ply =0/

(c7p—m)P+(p)¢=0} 6)
(—c;p—m)P_(plp =0/

(Cllp—m)P+(P)§=O} (7
(—enp—m)P_{p)f=0 ’
—mP.(p}2=0] "
—mP_(p2=0

The operator P, p) can be decomposed in the following
way:
Pp)=A, A A A_+A A A A,

+AAA A, +A_A A A,
+AAAA_+ANA_AA_
+AA A A, +A_A_A A,

+A_AA A, +A_AAA_
+ALA_A_A_+A_ALA_A_

+A_ A A A_+A_A_A_A,
where the direct product among the A ’s is understood. (This
expression comes from the decomposition of the identity op-
erator in terms of the mutually orthogonal projection opera-
tors.)

In order to have Py( p) = 0, we apply each of the terms
in the last decomposition to the first equation (2) and require
that the left side of the resulting expression should vanish.
But this is impossible, since, for instance,

A A AN A _ap=LpA A A A_¢#0.
We can avoid this difficulty if we iterate the matrix
equation (2), namely
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A%X = m*X, )
and then apply each of the projectors
A A A A, A A A A,
AA_A A, A—A A A,
and
AA_A_A_, A_A A_A_,
AAAA,AAAA,

to the five equations (9). In order that the right side should
vanish, we require that the coefficients of the projection op-
erators applied to the tensor fields on the left should vanish,
giving some conditions on the coefficients ¢’s.

Next, we iterate again the matrix equation, i.e.,

A3X = m’X, (10)
apply to each one of the five equations the projectors

AAA_A_, A A A A_, A, A_A_A,,

A_A A A, A_AA_ A, A_A_A_A,,

and require that all the coefficients of the projectors applied
to the tensor fields on the left vanish, giving new relations
among the c’s.

The conditions that the ¢’s must satisfy in order that

Po( plp = Pl plx = Po( p)¢ = Py p)5 = Po( pH2 =0
are written down below. Before each equation, the symbol,
(4?),, or (4°),, is expressed denoting which matrix element
has been used after applying each of the projector operators
independently to Egs. (9) and (10).

(A?):c0,+1=0, (11)
(A?)5:¢,(1 — 2¢5 +¢5) =0, (12)
(A4 ),:05(1 — 25 4+ ¢;) =0, (13)
(A %)aailes + €5 + cacs + €59 =0, (14a)

c,¢; 4 (2¢5 —¢)* =0, (14b)
(A ?)p5:cales + €5 + ¢5) + ¢5€10 =0, (15)
(A ?)paicqcs + Csles + €5 + ¢y +¢,) =0, (16)
(4 ?)picsles + €5 + ¢) + cseo =0, (17)
(4 3)33:c406 + €510 + €47 =0, (18)
(A %)sqicslers + ¢ty +¢q) +esce =0, (19)
(4 )azicecio + Cles + €5 + ¢4y +¢7,) =0, (20)
(A %)azicroless +¢iy +¢) +caco =0, (21)
(A )agilers + €11 ) + cgei0 + €565 =0, (22a)

€123 + (2¢), — ¢, F =0, (22b)
(4 ?)saicis(l — 2¢iy +¢10) =0, (23a)
(A4 ?)ss:€12€13 = O. (23b)

The last two equations are not necessary since
AA A A D=AANAAND=A_A_A A0

=A_A A, A, 02=0
because of the antisymmetry of the indices of 0.
The same is true for (22b) since this constraint comes
from the coefficient of A, |, |, _ {" (,5,)5; but this is zero
because of the antisymmetry of the indices [a Sy].
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(4 ) 12¢s{eres + 2466) = 0, (24)

(4 )a1:¢5(c165 4 2¢4¢6) = 0, (25)
(A ¥)2p:65” + 3 cheseo — L eseocty =0, (26)
(A Yasieqleie; + 2¢466) = 0, (27)
(A4 })241’5(";2 + cﬁ +1eseg —cicl ) =0, (28)
(A *aaicqle,ca + 2c4¢0) = O, (29)
(4 ?)3g:¢5(c12€13 + 205¢10) = O, (30)
(A %)gaicofei® + €ff —ciely +esce) =0, (31)
(A sz iolerzeis + 2¢4¢10) = 0, {32)
(A )it + Feseoty — icicseq =0, (33)
(4 Fasiciale 12613 + 264¢10) = 0, (34)
(4 %)sgicisle12c13 + 2ay¢,0) = 0. (35)
From (11) we obtain ¢;c, = — 1.
From (26) and (31) we obtain ¢; = ¢;, and

cscq = — 3¢5
From (24) we get c,c, = — o0, = L.

From (14) we get ¢, =0, ¢ = 1.

N

From (16), (20), and (22a) we get cyc,, = — 3 and
¢y = — 2
From (15), (17}, (19), and (21) we get ¢; = 1.

From (35) we have ¢ |,c,; = — 2c4c,0 = 3.

The rest of the conditions are consistent with these solu-
tions, except (22b), (23a), and (23b) which are not necessarily
zero because the projectors applied to the corresponding
multispinors are zero.

Equations (14)—(35) imply that each of the tensor fields
satisfies the following equations:

(+p—m)P (p¥=0
(—p—m)P (pY=0¢,
Pypiy=0

equivalent to (y p), ¥ = my;

Po(ply=P_(plx = PPl =0,
equivalent to y = 0;
(p—m)P (p)¢=0
Py pl¢ =01,
(—p—m}P_(p)¢g=0

equivalent to (yp), ¢ = mg;
(=2 —m)P (p)f=0
Py p)5 =0y,
(2p —m)P_(p) =0

(m/2)5,
= Py p)2 =0,

equivalent to (yp). & =
P.(p)2=P_(p)2

equivalent to £2 = 0.

In order to have ¢ = O we exclude in the Lagrangian
those components of the tensor ¢ which have only the in-
dices 1 or 2, since tensor components with indices 3 or 4 are
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annihilated by the BWE. (It means that we exclude only the
tensor component ¢ ''*'1'?! from the 15 independent compo-
nents of the tensor ¢ *#11"! and similarly in the tensor
¢ '“#17% ) The tensor fields ¢ are also annihilated by the BWE
because of the antisymmetry” of the three indices of £ “#71°,
Finally we want the Lagrangian to be Hermitian; there-
fore the matrix 4 in (2) should be Hermitian and hence the
coefficient ¢’s are real and those coefficients symmetric with
respect to the principal diagonal should be equal. This is
impossible with the ¢’s but we still have at our disposal the
arbitrary coefficient b ’s. If we take

by=1, by=—1, by=—1, b,=1,

we have the desired result, namely,

ai=a;=1 a;=0, a,= —|,
ai:%’ aé:z}t ai:%, a;= —1,
aé:%’ aé:% a%OZ%’ a,= —12,
ay, =4 a%z :a%J =3

Substituting these values, we get for the Lagrangian® of
massive particle of spin 2,

& = yay + [$0 (4.3)y + 7O (3:4)¢] — 170 (3,3)y
+ (1V2)[70 (3,26 + 30 (2,3l | + (V3/2)[FO (3.3}
+Z0(33)x] — dad + (v3/2)
X[30 23K +E0(3,29] — 2at + 120 (3.3
+ V3[£0 (3,4)2 + 20 (4,3)¢]
— mip + myy + mdd — mEE — mi2n.

4. DISCUSSION

The use of the iteration of the matrix equations (9) and
(10) is required in order to have necessary and sufficient con-
ditions to obtain the BWE for a totally symmetric multi-
spinor of rank 4. [In the case of rank 3, it is easily proved that
one needs only to iterate twice the matrix equation.’] This
suggests that we have to iterate (# — 1) times in order to
obtain the BWE for multispinors of rank #.

The solution for the coefficients is unique, but this im-
plies in the case of spin 2, that the fields ¢ and ¢ satisfy the
BWE, and the rest are zero. But if we want to eliminate also
the auxiliary field @, as desired, we can do it by suppressing
one component field in the Lagrangian from the beginning,
and then the rest of the components of ¢ will be zero at the
end.

In the last case, the Lagrangian will be invariant under
the symmetric group, namely, under any permutation of the
spinorial indices, but it will not be invariant under the com-
plete Lorentz group, since to each spinorial index we have to
apply the generators of the Dirac representation.

'V. Bargmann and E. Wigner, Proc. Natl. Acad. Sci. USA 34, 211 (1948).
*M. A. Rodriguez and M. Lorente, J. Math. Phys. 22, 1283 (1981).

‘G. S. Guralnik and T. W. B. Kibble, Phys. Rev. 139, B712 {1965).

*M. L. Larsen and W. W. Repko, J. Math. Phys. 19, 930 (1978).

See Ref. 2, p. 1286.
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°If we take ¥ = y = 0 and then "This iteration leads to the same operator equations for the totally symmet-

a,=a,=a,=4a; =4, =4a;=a,= a,=b, = b, =0in the Lagrangian ric multispinors as those found by Larsen and Repko (see Ref. 4). In case of
(1), we obtain, from (11)-(35), a;, =ay=a,,=a,, = 1,a;, =0, rank-3 spinors the 3, annihilate the operator &® — | 87, which appears in
a,=a,;=v2b;=1,b,=b;= — 1 which corresponds to the Lagran- the component (4 %),, of the matrix equation 4 X = m°X. In the case of
gian (after redefinition of the coupling operators O ) found by Larsen and rank-4 spinors the 3, annihilate the operator a(a® — 87 — B3 —B3)
Repko for BWE of rank-4 multispinors representing massive particles of which appears in the component (4 *),, of the matrix equation 4 *X = m*X.
spin 0.
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A conformally invariant quantum electrodynamics is constructed. The setting is realistic space-
time (rather than Euclidean), and a complete Gupta—Bleuler quantization scheme is carried out.
Conformal invariance of the quantum field theory (as opposed to either classical field theory or to
a theory defined by its Feynman rules) requires a richer Gupta—Bleuler structure than has been
considered previously. Yet the essential features of this structure are preserved. The requirement
that the wave equation be of second order fixes a unique action that already contains the gauge-
fixing terms that are required in any complete quantum field theory. The “Lorentz condition”
turns out to be the transversality condition y,a, (y) = 0 (in the manifestly covariant six-
dimensional notation); this condition has to be treated in the same way as the Lorentz condition
d, 4, (x) = 0 (four-dimensional notation), as a boundary condition on the physical states.

PACS numbers: 12.20.Ds

I. INTRODUCTION

This paper deals with the problem of setting up a formu-
lation of quantum electrodynamics that is manifestly invar-
iant under the transformations of the full conformal group.
To put our work in perspective, a very short review of the
history of the subject may be useful.

The invariance of Maxwell’s equations has been known
since the early papers of Cunningham and Bateman.' The
six-dimensional formalism that makes the invariance mani-
fest was invented by Dirac” and developed by Mack and
Salam® and many others.* As far as classical electrodynam-
ics is concerned, we have little to add. Conformal invariance
in quantum field theory was exploited by Baker and John-
son,” by Mack and Symanzik,® by Adler,” and by many oth-
ers,” but all these authors were primarily concerned with the
Green’s functions of the theory, or with the Feynman rules.
Here we do have something new, namely, a complete
Gupta—Bleuler quantization procedure that is manifestly
conformally invariant. Much of the work cited was carried
out on the Euclidean version of electrodynamics; this may be
convenient for the study of Green’s functions, but it would
completely distort the salient features of the Gupta-Bleuler
quantization scheme. This paper is concerned exclusively
with real, Minkowski space-time electrodynamics.

Motivation for the present investigation comes from
suggestions that have repeatedly been put forward, concern-
ing conformally covariant theories of gravity and supergra-
vity. While Einstein’s action may be dominant at low ener-
gies, other terms in the action may be responsible for high
energy behavior. The conformally invariant action of Weyl®
is particularly tantalizing. Indeed, theories that contain both
the Weyl action and the Einstein—Hilbert action have some-
times been called “manifestly renormalizable.” The idea is
that the conformally invariant Weyl action dominates at
high energies, providing an ultraviolet cutoff that makes the
theory renormalizable, while the conformal symmetry-
breaking Einstein action dominates at low energies and ac-
counts for observed phenomena. '’ It is believed'' that such
theories contain ghosts, because of the appearance of higher
order derivatives. So it may be, but it seems that the question
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has never been fully investigated. The work presented here
lays the groundwork for a thorough investigation of confor-
mally invariant quantum gravity.

The spectacular development of modern gauge theories
is another source of inspiration. Some of these theories are
conformally invariant in the classical formulation.'? The
Gupta—Bleuler structure has been extended by the introduc-
tion of Faddeev—Popov ghosts'? and play a major role in the
BRS quantization scheme'* for field theories of the Yang—
Mills type, including gravity and supergravity.'® The
Gupta—Bleuler structure appears to be very fundamental
and further studies seem to be called for, particularly in the
context of nonconventional gauge theories'® and in confor-
mally invariant field theories.

The connection between renormalizability (both ultra-
violet and infrared) and dilatation invariance is easily under-
stood in terms of power counting. There is a strong suspi-
cion, however, that full conformal invariance may play a
deeper role in the renormalization program. This is especial-
ly evident in the case of the problems of the infrared and the
phenomenon of anomalous dimensions (see Todorov et al.,
Ref. 8). But most previous work on conformal invariance has
been concerned with the properties of Green’s functions, and
not with quantum fields. As we shall show here, the full
incorporation of conformal invariance in a canonical theory
of quantum fields requires the introduction of additional
gauge fields. The effect that these new fields may have on the
renormalization program has not yet been examined. We
suggest that such an investigation may be fruitful, notonly in
QED, but perhaps especially in nonabelian gauge theories.

The idea that massless particles may be composites'” is
gaining ground. In one of these modern versions of the *“neu-
trino theory of light,” the constituents are described by a
new type of field theory.'® The physical state space of these
fields is dramatically reduced in comparison with conven-
tional fields, and for this reason an equivalent three-dimen-
sional formulation may be preferable. This leads to three-
dimensional, conformally invariant field theories,'? which
provides another area for application of the ideas of this pa-

per.
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The main results of this paper are included in the fol-
lowing summary. Section II is a brief outline of the familiar
Gupta-Bleuler quantization scheme for quantum electrody-
namics. The purpose of including this well-known material
is to establish a terminology that will be applied later in an-
other context; in particular, the notion of Gupta—Bleuler tri-
plets is presented in such a manner as will facilitate general-
izations.

Section III initiates the study of conformal QED with
an account of the relevant representations of SO(4,2). These
are representations with positive energy, and they are there-
fore characterized (not always uniquely) by a minimal
weight. The phenomenon that characterizes gauge theories,
and leads to indefinite-metric quantization, is the appear-
ance in a field theory of representations that “leak,” that is,
indecomposable representations. Among representations
with minimal weight, opportunities for leakage occur only in
very exceptional cases, and a fairly complete classification of
the possibilities is carried out. A very simple derivation of
sufficient (and, as it turns out, necessary) conditions for the
unitarity of minimal weight representations is also given.

Section IV introduces Dirac’s manifestly covariant for-
malism of symmetric tensor fields on the 6-cone. Conditions
for the existence of conformally invariant wave equations (of
any order) are given. Invariant subspaces of fields are defined
by means of subsidiary conditions: transversality, diver-
gencelessness, tracelessness. These subspaces usually carry
irreducible (projective) representations of the conformal
group; however, in exceptional cases they contain invariant
subspaces of “gauge fields.” There are two main types, *“cur-
rent type gauge fields” and ‘“gradient type gauge fields.”
These gauge subspaces are not invariantly complemented
and signal the presence of a gauge structure. An intimate
correspondence is established between these exceptional
gauge structures and the nondecomposable representations
conjectured in Sec. II1, and the existence of some of the latter
is demonstrated. In physical terms, what becomes known at
this stage are the “physical photons” and the “gauge pho-
tons.” The “scalar photons” (the third component of the
Gupta—Bleuler triplet, needed for quantization) have not yet
appeared.

The “scalar photons” may be found by analyzing the
propagators, and this is done in Secs. V and VI. The analysis
is carried to completion in the cases that are of interest for
electrodynamics. The scalar photons are described. The
propagator has precisely the structure that guarantees that
only physical photons propagate between conserved cur-
rents. The “Lorentz condition,” that is, the condition that
removes the scalar photons, turns out, surprisingly, to be the
condition of transversality, y,a,, (y) = 0, and not, as expect-
ed, the condition of divergencelessness, d,a, = 0. Conse-
quently, y,a, = 0is a condition that cannot be imposed on
the quantized field. Instead, it must be enforced as a bound-
ary condition on the physical states. The suitability of this
boundary condition is confirmed by the fact thaty,a, isa
free field.

An action principle is formulated in Sec. VII. Under the
requirement of strict conformal invariance there is no sec-
ond-order, gauge invariant wave equation. For the formula-
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tion of a classical field theory, where full gauge invariance of
the field equations may be desirable, there is a gauge and
conformal invariant wave equation of the third order. To
formulate a quantum field theory, one needs to introduce
gauge fixing terms in the action. The simplest choice is to
drop the third-order terms; one is thus led to a unique sec-
ond-order, conformally invariant wave equation. In this
gauge the theory is easily quantized in the Gupta—Bleuler
manner. Previous treatments of the Feynman rules and the
Green’s functions of conformal electrodynamics have re-
stricted the vector potential by imposing transversality,

y-a = 0, from the outset. This is why Adler,” for example,
must use a propagator that is not covariant. It is thus crucial
to recognize that y-a = 0 plays the role of Lorentz condition
for conformal QED. When interactions are included, then
one finds, in addition to the gradient-type gauge phenomena
associated with the potential, that current-type gauge trans-
formations also appear.

Section VIII contains all our main conclusions about
conformal QED in the ordinary, four-dimensional notation.
It has been written so as to be as self-contained as possible,
and it will therefore not be summarized in this place. The
main feature is the appearance of two spinless fields, and an
extension of the indefinite metric space of one-particle states.
Section IX discusses the breakdown of conformal symmetry
by the introduction of a causal structure, and suggests future
developments.

Il. GUPTA-BLEULER TRIPLET IN QED

Classical electrodynamics employs a fully gauge invar-
iant action. In QED, however, it is necessary to choose a
propagator, and this implies a choice of gauge. According to
the modern view, the propagator is fixed by the choice of an
action that includes gauge fixing terms, as originally suggest-
ed by Fermi.”” The simplest choice is

L= fdx (14,04, —AJ). (2.1)

The current will be treated, for the present, as fixed and
external. It must be conserved, d-J = 0. The field equation is
04 =J.

To prepare for quantization one begins with free fields
with positive energy satisfying

04, =0, (2.2)

14 |I’= — fd**xA“ig'(y‘i“ < . (2.3)

The norm is indefinite, and this is the crux of the prob-
lem. The Poincaré group acts on the vector fields in the usual
way, preserving both (2.2) and (2.3). [The restriction to posi-
tive energies will be maintained, although this will not al-
ways be emphasized, throughout this paper.]

The Gupta—Bleuler triplet 77" 2272 7", will now be
defined. The space 7", of “gauge states” or “longitudinal
photons” consists of all (positive energy) solutions of (2.2},
(2.3) of the form 4,, = d,, A. This space is invariant for the
action of the Poincaré group. The space 7~ consists of all
solutions of (2.2), (2.3) that satisfy the Lorentz condition

d-4 = 0 (Lorentz condition). (2.4)

Although 77, is an invariant subspace of 77, it is not invar-
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iantly complemented. The quotient space 7°/7", of equiv-
alence classes is the space of “physical states,” or ‘‘transverse
photons.” Finally, 77 is the space of all solutions of (2.2},
(2.3). Although 7 is an invariant subspace of 77, it has no
invariant complement in 7”'. The quotient space 7'/ 7" is
the space of ““scalar states” or “scalar photons.” The appear-
ance of this triplet seems to be universal in gauge theories,
and crucial for quantization. Most of the following also ap-
pears to be very general, and the terminology (gauge states,
physical states, scalar states, Lorentz condition) will be ap-
plied in a wider context.

The norm (2.3)is indefinite. When it is restricted to 7" it
becomes semidefinite. The radical of (2.3) in 7~ (the set of all
fields in 7~ orthogonal to 77} is 7, ; a positive-definite norm
is thus induced on 77/7",, and completion turns this space
of physical states into a Hilbert space &#°. The action of the
Poincaré group in 57 is the unitary representation
D(0,1)s D (0, — 1),D (0,4 )being the UIR with zeromass and
discrete helicity A. The subspace 7”, may also be turned into
a Hilbert space, in which the action of the Poincaré group is
D (0,0). Finally, a representation equivalent to D (0,0) is in-
duced in 77'/7". Altogether, the space of (positive energy)
solutions of (2.2), (2.3) carries a representation that is inde-
composable and equivalent to the triplet

D (0,0—[D{(0,1)& D (0, — 1)]—D(0,0) . (2.5)

The arrow denotes semidirect sum. It points towards the
invariant subrepresentation; that is, in the direction of the
leak.

In Gupta-Bleuler quantization®' all three kinds of
states are associated with quantum excitations, and all three
contribute to the quantum field operator 4,, (x). This is de-
fined in terms of creation and destruction operators acting in
an indefinite metric Fock space:

A,(x) = > A0x)p +he. (2.6)

The “homogeneous propagator,” or “‘reproducing kernel,”
is the vacuum expectation value

K

o b0X) = (0]4,, (x)4,,(x')|0) . 2.7)
This is regarded as the distribution kernel of an operator Kin

(2.3). It has a modal decomposition

K, xx)= z Alx) ANx") . 2.8)

The Lorentzian metric makes this operator nonpositive.
Broken up into photon types, the decomposition (2.8) may be
rendered symbolically by

K=YPP+ YSG+ 3 GS. (2.9)

The first term represents the contribution of the physical
states. It is positive, but noninvariant because of the leak into
gauge states. In the other terms, G stands for gauge fields and
S for scalar-photon fields. These terms make X invariant but
destroy positivity. It is therefore important, in order that the
theory be unitary, that the S, G terms do not contribute prop-
agating waves. This comes about because current conserva-
tion, d-J = 0 is equivalent to
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(J,G)Ejd‘ﬂt J,x)3,Ax)= — Jd“xA x)dJ(x)=0.
{2.10)

Wave propagation between a source J and a detector J ' is
expressed by (/,KJ '), and if both J and J ’ are conserved, then
only the PP terms contribute. The crucial property of K is
thus the absence of SS terms in (2.9).

To sum up: In Gupta—Bleuler quantization one obtains
a covariant propagator by quantizing all modes, including
the scalar modes. The Lorentz condition (2.4) is thus not
satisfied by the quantum field operator: 94 #0. Neverthe-
less, the scalar and gauge photons do not interact. This may
be seen in another way, by noting that the field equation
04 = J and current conservation 3-J = 0 give

04 =0,

so that the scalar field 8-4 is a free field.

The essential aspect of the Gupta-Bleuler triplet 1s dis-
played by (2.5). Physical state space occupies a central posi-
tion between two similar unphysical objects. Under Poincaré
transformations, states with helicity + 1 leak to gauge
states. To obtain a covariant propagator, one needs a dual set
of states, the scalar photons, that leak to the physical states.
The expansion (2.8) shows that the representations associat-
ed with gauge and scalar states must be equivalent to each
other. This is why the two outer elements of (2.5) are the
same.

(2.11)

(1l. MINIMAL WEIGHT REPRESENTATIONS OF SO(4,2)

The UIR’s D (0,1) and D (0, — 1) of the Poincaré group
that are associated with the physical photons of QED have
unique extensions>” to unitary irreducible representations of
SO(4,2), the double covering of the conformal group. In the
notation to be introduced below, these two UIR’s of SO(4,2)
will appear as D (2,1,0)and D (2,0,1). They have the remarka-
ble property of remaining irreducible when restricted to the
Poincaré subgroup,™ and it is evident that they must play an
important role in the description of the physical states of
conformal QED. The representation D (0,0) of the Poincaré
group also has a unique extension to SO(4,2), but the triplet
(2.5) does not. Therefore, one does not yet know what repre-
sentations of SO(4,2) are associated with the gauge and scalar
photons in conformal QED.

The representations of SO(4,2) will not be investigated
directly, but indirectly by means of the representations of the
Lie algebra so(4,2). A representation of so(4,2) will be said to
be unitary if it can be integrated to a unitary representation
of a covering of SO(4,2). For calculations a basis for so(4,2)
will be used, denoted {L,;} with ¢, =0,1,...,5 and

L.; = — Lg,. The commutation relations are

[La/:? ’L7'5] = l'((s/)’y Laﬁ + 5(12)’ LBV - 6/36 Lay - 5a7'L/JtS )’
(3.1)

(Oup)=diag(+ 1, -1, —1,—1,— 1, +1). 3.2)

A maximum compact subalgebra is generated by L, that

spans s0(2), and by {L, ], i, j = 1,2,3,4, that span so(4). The
generator L, is interpreted physically as an energy, and so
its spectrum must be positive in all representations associat-
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ed with physical states. Interest consequently focuses on re-
presentations with minimal weights.
Roots and weights will be referred to the ordered basis

Hl = Los, Hz = %(le + L34)’ H3 = %(le - L34) (3-3)

of a Cartan subalgebra. A weight or a root is thus labeled by
three real numbers and written (E, j,, J,); it is positive if
E>0,0rif E=0andj, <0,orif E =j, = 0andj, <0. With
this convention, a “minimal weight”” will have the smallest
value of E and among the weights with the same value of E it
will have the largest value of j, and j,. Any irreducible repre-
sentation of so(4,2) that contains a minimal weight (E,, j,, /5)
is determined up to equivalence by that weight and will be
denoted D (E,, j,, j»). All representations considered here,
whether irreducible or not, are K-finite, which implies that
each subspace of fixed E (every eigenspace of Ls) contains
only finite-dimensional representations of so(4) (see Appen-
dix A). The weight (E,, J,, j,) will be said to be K-finite if
D(Eq, j,J,) is K-finite.

All representations directly associated with physical
states must be unitary, but gauge theories are characterized
by nondecomposable representations in which the physical
representations appear as (unitary) subquotients. It is impor-
tant, therefore, to know what irreducible representations can
be combined to form nondecomposable representations. If 4
and B are representations and if we denote by

A—B

a semidirect sum of representations, acting in a space
V=V, @& Vg with B acting in the invariant subspace Vg,
then ¥, will be said to leak into ¥ and 4 will be said to leak
into B. (This is because a vector initially lying in ¥, will
acquire a component lying in ¥ after some group action.)
The notation 4—B will be used only for representations that
are not equivalent to 4 & B. It is an elementary fact that if 4
and B are irreducible, then a necessary condition for the
existence of a nondecomposable representation 4— B is that
A and B have the same values for all the Casimir operators.?
If A and B are irreducible representations with minimal
weights w, and wg, then this condition is the same as the
requirement that w, is related to w; by a Weyl reflection
(see Appendix A). In this case we say that the two minimal
weights are Weyl-equivalent. The requirement that w, be K-
finite brings a further restriction, so that not all weights that
are Weyl-equivalent are relevant. [In our context, at least,
leakage into a representation that is not K-finite cannot oc-
cur.]

Let {R (Eq, j;, /2)}, E€R, denote a family of indecom-
posable or irreducible K-finite representations of so(4,2) with
multiplicity-free minimal weight (E,, j,, ,). The K-finiteness
of R (E,j ¢, j,) implies that 2 j, and 2 j, are nonnegative inte-
gers. Itis well known that if (E,,, j,. j,) is dominant, then there
is no Weyl-equivalent weight lying within the weight dia-
gramof R (E,, j,, j,) and so R (E,, J,, /,) cannot contain an in-
variant subrepresentation. Precisely, there is no K-finite
weight equivalent to and higher than (E,, j,, /,) if

i\ +j>+2, ji>0and j,>0,

34
J+/+1, ji=00rj,=0, 34

0
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and R (E,, j,, j») is irreducible whenever the inequality holds.

It turns out that this condition is also sufficient for unitarity.

The derivation of (3.4} as well as a demonstration of unitarity.
is relegated to Appendix A.

So R (E,, j,,j,) is unitary and irreducible as long as the
inequality (3.4) holds. Suppose we gradually decrease E, un-
til the limit is reached. There then appears within the weight
diagram of R (E,, j,, /,) a pair of weights Weyl equivalent to
w, = (Ep, jis J2), namely,

wpy =(ji++33jii—Li—Y jni>0, (3.5)
or, if either j, or j, equals zero,

Wgor =(/1 +/2+3j—10), j=j+j>. (3.6)
There is thus an opportunity, but no assurance, for
R (E,, j;; J») to become indecomposable.

It will be shown in Sec. IV that whenj, =/, =s/2>0
and the limit

E=j +j,+2 (3.7)
is reached, then there does indeed exist an indecomposable
representation A—B where 4 and B have minimal weights

Wy =(s+2,5/2,5/2), wy =(s+3,5/2—1s/2—1}).

(3.8)
Representations of this type can be associated with “current
type gauge fields.”

When E, is decreased further, below (3.4), then
R (E,,j,, j>) again becomes irreducible (although nonunitary)
unless E,, is integral. But when E, reaches the values

Ey=j +Jj:+3—n, n<min{2;j,2/,} (3.9)
then a Weyl-equivalent weight

W1 +J2+ 3 j1 = n/2,j, —n/2) (3.10)
appears within the weight lattice of R (E,, j,, /,) and so there
is again an opportunity for an indecomposable structure
within R (E,, j,, /,). Representations of this type may be asso-
ciated with “‘current type gauge fields of order n.”

A qualitatively different phenomenon occurs when E,,
reaches the value

Ey=|jy—jl+1. (3.11)
At this point another Weyl-equivalent weight appears above
(EoJrv2):

we=(lh—=il+2j. —4,j. +)) (3.12)
wherej_ (j_)isthe greater (lesser) of the pair { jj, j,}. In the
special case when j, =j, = 5/2 > 0, we obtain the following
set of K-finite Weyl equivalent weights when E, reaches uni-

ty:
w, =(1,5/2,5/2),
wg, = (s + 3,0,0),
we = (3,5/2,8/2),
wp =(2,8/2 +4,5/2 — 1),
wg =(2,5/2 - Ls/2 +1).
Thus, we may have, for example,
[D(2,s5/2 +1,s5/2 —Y)eD(2,5/2—D(1,5/2,5/2) — 1,5/2 + })].

It will be shown in the next section that this structure does, in
fact, occur and describes ‘““gradient type gauge fields.”
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(V. CONFORMAL FIELDS

The manifestly covariant 6-cone formalism was invent-
ed by Dirac® and developed by Mack and Salam® and many
others. It is sufficiently well known that detailed explana-
tions can be omitted. The main point is that the action of
SO(4,2) in Minkowski space is linearized by introducing two
extra coordinates that are subsequently made redundant by
a constraint and a projection.

In R ¢ introduce coordinates (y,, ), @ = 0,1,2,3,4,5, and
the pseudo-Euclidean metric § defined by 8(y)=y’=y_y,,
=yp; —y° + y5. Note that y stands for ( y,, y,, V3, ¥4) in this
and subsequent sections, and y* = y} + y3 + y> +y2. The
6-cone is the subset defined by y* = 0; it is, of course, five-
dimensional. Reduction to four dimensions is achieved by
projection; that is, by fixing the degrees of homogeneity of all
the fields. The resulting projective cone can be identified
with compactified Minkowski space. [The projective cone is
the homogeneous space SO(4,2)/H ® Z,, where H is the 11-
parameter Weyl group.]

The field that will be studied in greatest detail in this
paper is the electromagnetic potential. The traditional ap-
proach associates this with (the restriction to y* = 0 of) a
vector field on R 6. Except for equivalent spinorial formula-
tions, this seems to be the only one that has been investigat-
ed. In this section it will be useful to widen the scope some-
what and deal with symmetrical tensor fields of arbitrary
degree. In order to avoid cumbersome indices, a set (z, ),

a =0,1,2,3,4,5, of auxiliary variables will be introduced,
and the symmetric tensor field 4 with components 7., will
be replaced by the polynomial

W.2) = he o V)20, 20 - (4.1)
The degree of homogeneity in y will be denoted N; thus

Ny =Ny, Ap=sy, (4.2)

N=ydy,, i=z4, . (4.3)

The number s, sometimes identified with spin, is a nonnega-
tive integer. The number N is real and, in the most important
cases, a negative integer. The fields may be multivalued on
the cone, and are thus to be understood as sections of a line
bundle over the cone, the bundle being determined by .
Wave equations, subsidiary conditions, etc., must be
expressed in terms of operators that are defined intrinsically
on the cone. An intrinsically defined differential operator
acts on functions over R ¢ in such a way as to leave invariant
the subspace of functions that vanish on the cone. Thus, if D
is an intrinsic differential operator, then there is another op-
erator D' such that Dy’ = y?’D". It will be convenient to set
z* = 0 also, and consider operators that are intrinsic to
y? = z* = 0. Invariant, intrinsic operators are sums of pro-
ducts of the following:

Tr=yz & —-2a+d+1)yd,, (4.4)
Div=ypzd, d, —z3d, yd,, (4.5)
Grad=yzd — (2N +d + 1)z9, . (4.6)

The parameter d is equal to 3 in the case of present interest.
More generally, d is the number of space dimensions, y=0
isaconein R?*?, and the conformal group is SO(d + 1,2).
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This simple generalization will save the labor of repeating
the whole discussion when the case d = 2 comes up later.

The Casimir operators of so(d + 1,2) can be expressed
in terms of Tr, Div and Grad. In particular,

Q=I5L.sL,; =N(N+d+1)+Ah+d—1)—2Div.
(4.7)

Thus, for fields that satisfy the subsidiary condition

Div ¢ = 0 (divergenceless), Q is fixed by the degrees N and s.
If Tr ¢ = Div ¥ = 0 and N,s are fixed, then all the Casimir
operators reduce to multiplication by constants. It some-
times happens, for the most degenerate representations, that
other elements of the enveloping algebra are fixed. Examples
are

O =g Brdpy-- LosL,s , (4.8)

that may vanish if d = 2 and may reduce to a multiple of L*"
ifd = 3, and

Cos=L,Lg+Lg L, {=[—4/{d+3)]Q6.,5}.(49)

The values given in parenthesis are the only eigenvalues pos-
sible. One has, up to a numerical factor,

Z o v

« [2Div+ (d — 1> + 2 +d — 1)2N + d + 1)] Div
—2[zy P —(2N+d +1)24,] Tr
+20A+d— YN+ 1)N+d). (4.10)

Therefore, if Tr and Div vanish, then (4.8) cannot vanish
unless either s = O (trivial case)or N = — lorN= —d.
The possibility that C or C’ may be fixed will not be explored
systematically, but it will be discussed later on a case by case
basis (see the end of Sec. V).

Wave equations

The only candidate for a second order wave operator on
the coneis 85, and this is intrinsic only if 2V = 1 — d, asmay
be seen from Eq. (4.6). More generally, it is easy to check that
(@ ) is intrinsic only if it acts on fields that are homogeneous
of degree N = k — }(d + 1) in (y, ). In particular, for d = 3,
@ isintrinsicif V= — land (3;)’if N=0.Ford = 2,3, is
intrinsic if V= — } and (3})*if N = L.

Subsidiary conditions

The action of so{d + 1,2) on 4 is highly reducible even if
N is fixed and the wave equation (when it is applicable) is
imposed. To improve on this situation, one imposes subsi-
diary conditions on A: transversality, y, h,.. = 0; diver-
gencelessness, d,, 4,.. = 0; tracelessness, /,,,.. = 0. In terms
of ¥{y,z) these conditions read y-d,¥ =0, d,-3,¥ =0, and
31 = 0, respectively. If y* = z> = 0, then the trace condi-
tion becomes redundant, and the other two take the form

Try=0 (y,h,.=0), (4.11)
Divy=0 (y,d5hs. —d,yphg. =0). (4.12)
The space of solutions of (4.11), (4.12) and the wave equation

(when applicable) can sometimes be partially reduced by rec-
ognizing the existence of certain invariant subspaces. These
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invariant subspaces are not invariantly complemented; they
are therefore associated with indecomposable representa-
tions and with gauge theories.

Gauge fields

There are two main types. “Current type” gauge fields
are of the form ¢ = y-zA, where A is a polynomial in (z, ).
Equations (4.11), (4.12) give these restrictions on A:

TrA=0, [Div+N+A+d+14=0.

Now there are several possibilities. If Div A = 0, then

(N + A +d — 1)¢ = 0. Such fields will be called first-order
(current type) gauge fields. They appear as gauge photons in
de Sitter electrodynamics, and in connection with the con-
formal electromagnetic current. Alternatively, A may also
be a current type gauge field, A = (y-z)2 or ¢ = (y-z)°’S. In
general, a (current type) gauge field of order k has the form
¥ = (y-2)* 2, with Tr 3 = Div 3 = 0; it satisfies the subsi-
diary conditions {4.11), (4.12) only if N + s + d = k. Evi-
dently, k<s so that ¥ 4 d<0, and the wave equation is not
applicable to current type gauge fields.

If one should want additional justification for calling
these fields gauge fields, then it may be pointed out that a de
Rham type cohomology can be built up, starting with the
notion that an “exact” field is the form (y-z)A and a ““closed”
field is one that satisfies Tr 1 = 0. This becomes particularly
evident after performing a Fourier transformation. There is
an application of this notation in connection with the confor-
mal currents.

“QGradient type” gauge fields are of the form
¥ = Grad A. Equations (4.11), (4.12) impose constraints on
A:

(4.13)

Tr¢y=Grad TrA + (i — N)[4 Div — 2f +d + 1)
XQ2N+d—1]4=0, (4.14)
Div ¢ = Grad(Div + A — N)A =0. (4.15)

Againz there are several possibilities. If Tr A = DivA =0,
then (N — 7/ + 2}y must vanish. In this case ¢ = Grad A will
be called a first-order (gradient type) gauge field. Such fields
appear in conformal electrodynamics and also in de Sitter
electrodynamics. Alternatively, A itself may be a gauge field.
It would be straightforward to classify all possibilities.

If ¥ = Grad A is a vector field (s = 1), then N = — 1
and the wave equation d 1 = 0 makes sense if d = 3. In this
case A is of degree zero in (y, ) as well as in (z, ), and must
satisfy the equation

@)PA=0. (4.16)
This is the gauge field that appears in conformal QED.

Gauge fields and representations of so(4,2)

The appearance of gauge structures for fields with cer-
tain specific degrees of homogeneity is related to the inde-
composable representations conjectured in Sec. III. The ex-
istence of some of those representations will now be
demonstrated by actual construction.

Consider the special field?

Yo=y""MMm), n=y,z—2z,y, (4.17)
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Vi=Vs+ o z,.=25+1z, (4.18)
where M is an s-linear, symmetric, traceless form. This field
satisfies all the subsidiary conditions; in fact

y-3, ¢ =9,9,¥, = 3>¢, = 0. In addition, ¥, is annihilated
by the lowering operators L,s + iL,,i = 1,...,.d + 1;see Ap-
pendix A. The action of the Lie algebra on ¢, therefore gen-
erates a module on which ¢, is cyclic and of minimal weight.
The minimal weight is (Ey,s/2, 5/2) for d = 3 and (E,s) for
d = 2,with E; = — N. It wasfound in Sec. III that the high-
est value of E, for which this module can become indecom-
posableis E,=s+d — 1{s>1),or N+ s+ d=1.Thisis
precisely the value of N for which first-order current type
gauge fields appear. A straightforward calculation confirms
that the representation generated from #,, is

D(s+2,5/2,8/2y>D (s + 3,{s — 1)/2,(s — 1)/2) (4.19)
ifd = 3, and®
D+ 1,5)>D{s+2,s~1), s>1, (4.20)

ifd = 2. The invariant subspace consists of fields of the form
¥ = y-zA. (Of course, the ground state ¢, is not of this form!)

The next lower value of E, at which an indecomposable
representation can exist was found (Sec. III) to be at
E,=s+d—2,5>2,or N+ s+ d=2. This is the value of
N for which second-order current type gauge fields appear.
The representation would be

Dis+ 1,5/2,5/20>D(s +35/2— 1,5/2— 1) (4.21)

ford = 3and D {s + 1,5)>D (s + 3,5 — 2)ford = 2; however,
whether this is actually realized in the space generated from
¥, has not been checked. Similar representations are expect-
ed to be associated with current type gauge fields of order
k<s. No physical applications are known for k& > 1. Figure 1
illustrates the general case.

Something qualitatively different happens at E, = 1,
for at this point other elements of the Weyl group, and other
equivalent weights, begin to play a role. Ford = 3ands =1
the weights equivalent to (1,,}) and inside the weight lattice
are(2,1,0), (2,0,1), (3,4,4), and (4,0,0). Ford = 2 and s = 1 the
weights equivalent to (1,1) and inside the weight lattice are
{2,1) and (3,0). The field ¢, has the weight (1,4,}) if d = 3 and
(1,1)ifd = 2, provided M is linear and ¥ = — 1. This is just
the value of N for which first-order gradient type gauge fields
should occur. A straightforward calculation shows, how-
ever, that the space generated from ¢, is irreducible! What
happens in this case is that there are indeed nondecomposa-
ble representations involving the several equivalent minimal
weights, but this time ), is not cyclic. Only the invariant
subspace is generated from 1,. Indeed, ¢, is a gradient type
gauge field in this case:

Yo=y’Mm =20,y 'MyxGradly ; 'My). (4.22)

A nondecomposable representation is generated from

Wop)y =y 0z, —yzi), ij=1l..d+1. (423)
For d = 2, these fields carry an irreducible representation of

s0(2) @ so(3) including the weight (2,1). For d = 3 the self-
dual and anti-self-dual parts are associated with (2,1,0) and
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FIG. 1. The principal reduction points for j, = j, = s/2 > 0. The planes of
reflection are indicated by dashed lines and equivalent weights are connect-
ed by dotted lines. If the lowest weight (on the linej, + j, = s)isw, = (Ep,s/
2,5/2), then the first reduction point occurs at E, = s + 2 with equivalent
weight wg, = (s + 3,(s/2) — (1/2),(s/2) — (1/2)). The nth (n<s) occcurs at
E, =543 —n with equivalent weight wy, = (s + 3,4 (s —n)l (s — n).
The weight labeled wy, | , is Weyl-equivalent to (2,5/2,5/2) but it is not K-
finite. The weight w, = (1,5/2,5/2) has four K-finite equivalent weights
wg, = s+ 3,0,0), we =(3,5/2,5/2), wp =(2,(s/2) + (1/2),(s/2) — (1/2)),
and wg = (2,(s/2) — (1/2),(s/2) + (1/2)).

with (2,0,1). The space generated from (4.23) includes the
space of gauge fields generated from (4.17) as an invariant
subspace, and the complete representation is

[D(2,1,008 D (2,0,1)]-D (1,4,}) (4.24)
when d = 3, and

D(2,1)—D(1,1) (4.25)
whend = 2.

Our investigation of alternate gauge structures ends
here, since those that are of direct interest to electrodynam-
ics have already been described. To sum up, two possibilities
are offered for conformal electrodynamics, the representa-
tion (4.21) with s = 1, and {4.24). The first will turn out to be
relevant in connection with the currents. The other is a very
strong candidate for describing the electromagnetic field, for
two reasons. Since N = — 1, the wave operator a; is avail-
able to form an invariant action and covariant wave equa-
tion. Therepresentations D (2,1,0)and D (2,0,1)that appearin
(4.24) are precisely those representations of SO(4,2) that re-
main irreducible when restricted to the Poincaré subgroup.
[Two possibilities are available for de Sitter space electrody-
namics also. In another paper it will be shown that both of
these appear when (4.24) is restricted to SO(3,2).] There is
also a third possibility, pointed out by Dirac.? Conformal
photons may be described by a field strength; then one is
dealing with [D(2,1,0)e D (2,0,1}—D(3,1,3).]

The representation (4.24) contains two parts of the
Gupta-Bleuler triplet of conformal electrodynamics. To dis-
cover the extension to the full triplet, including the represen-
tation associated with the scalar photons, that is needed to
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carry out conformally invariant quantization, we shall cal-
culate the (homogeneous) propagator.

V. HOMOGENEOQUS PROPAGATORS

In Sec. 11 the original Gupta-Bleuler quantization
paradigm was described. All components of 4,, (x) were
quantized; that means that the set of one-particle states (in-
cluding all the ghosts) transforms as the direct product
D, ® D(0,0), where D, is the finite-dimensional vector repre-
sentation that is trivial on the translations. In fact, this direct
product is equivalent to (2.5). The homogeneous propagator
was then defined by (2.7) and can be evaluated subsequently.
TheresultisthatK,,, (x,x') = 8, D (x,x'), where D (x,x')isthe
propagator for the scalar field and thus for the representa-
tion D {0,0) of the Poincaré group, while (8,,, ) can be regarded
as the propagator for D,. A guess based on analogy would
lead directly to the propagator (5.14) for conformal QED.
However, a more systematic approach is worthwhile.

Return to the context and notations of Sec. IV. Let the
degrees Vs of the field, in ( y, }, resp. (z,, ), be fixed. Set
2> = y* = 0. The homogeneous propagator K is a distribu-
tion in y,z and y',z’ that is homogeneous of degree N in ( y,,)
and in ( y;,), a polynomial of degree s in (z,, ) and in (z/,), and
invariant under the action of so(d 4 1,2). The most general
ansatz is

K=3Cylyy)" 2y~ pz' yz][ yzy'z]’.
a,b
(5.1)

The sum is over a,b = 0,1,-+ and the coefficients C,;, are real
numbers to be determined. The factor { y-»')¥ ¢~ * is a dis-
tribution and needs to be defined. When s = 0, then the pro-
pagator is

2yy' )Y = (YY) Y e MO, N, (5.2)
L

where C ;" is a Gegenbauer polynomial and

Vo=ys+iyy=Ye", y=Yp, 7=t—1t". (53
This is a Fourier expansion in which the L th term corre-
sponds to the eigenvalue L — N of L, and the lowest value
oftheenergy ( = Ls)is — N. Thedistributions ( y-p')% « *
must be understood in this sense, so that K will be the propa-
gator for a representation in which the energy has a lower
bound. That lower bound is — N — s in general (Appendix
C), but a special choice of the coefficients in (5.1) may make it
higher.

“Massive” representations of so{4,2) are those minimal
weight representations for which the inequality (3.4) holds,
so that no invariant subspaces can occur. [Massive represen-
tations of so(3,2) are those D (E,,s) for which E£,>s + 1.]
Hence D (E,, j,, j») is massive if the weight (E,, j,, /.) lies
above the first reduction point. Recall that, in this case,

D (E,, j,,J») is irreducible. For such representations the free
fields, and therefore also the homogeneous propagator, satisfy
the subsidiary conditions. Ordinary massive vector fields,

transforming irreducibly under the Poincaré group, furnish
the standard analogy. The fields satisfy the divergence con-
dition d-4 = 0. After four-dimensional Fourier transforma-
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tlon,A {p) = FT A4, (x), this reads p-A = 0. The propagator
becomes

K. =6, —pup./m*8(p* — m?) (5.4)
andp,K,, =0.

The first problem is to determine K for the “massive”
case. The subsidiary conditions are Tr K = 0, Div K = 0,
with Tr and Div defined by (4.4) and (4.5). These are solved in
Appendix B. The result, fors = 1, is

K= (y.y’)N*I { y.y’ zz — y.z' y’.z
+[(1 =NV IN+d)yzy-z}. (5.5)
A close look at this function gives yet another method for
discovering nondecomposable representations and gauge
structures.

Current-type gauge theory

The minimal energy in the Fourier expansion of (5.5) is
E, = — N.The minimal weight, in the cased = 3, is (E,,1,}).
Both of these statements are proved in Appendix C. As E, is
decreased, gauge phenomena are expected as E,, reaches the
limit set by (3.4); that is, as E, reaches the value 3, or
N = — 3= —d. This is revealed by (5.5) since the coeffi-
cient of the last term blows upat N = — d. The analogy with
(5.4) as m? is decreased to zero is striking and illuminating.

When E, = — N = d thereisonly one invariant propa-
gator that satisfies the subsidiary conditions. It is obtained
by taking the limit of (¥ + d )K and is proportional to

K., =(yzilyy) 4 (y2). (5.6)
But the fields that contribute to the factorization

Ky, = 3 d(paivs(y.2) (5.7)
v

are all gauge fields of the form ¢ = y-zA. To retain the full
nondecomposable representation one takes the limit (¢ fixed,
real) of

K—[1-N)/(N+d)+qKg,,

Ko, =yzyy)" ' yz (5-8)
This yields the following propagator for N = —d:

K} =(yy) " yy' 22 — p2' vzl — gk, .(5.9)
The constant g is arbitrary and is ultimately fixed by conven-
ience. Analogous treatment of (5.4) gives the familiar result;
thus, in the Feynman gauge (g = 0), k,,,, = 8,,,8( p*). Spec-
tral decomposition of (5.9) into products of ﬁelds, which will

reveal the Gupta—Bleuler triplet, will be carried out in Sec.
VL

d —

Gradient-type gauge theory

Consider the propagator ( y-')Y *! for a field A with
s = 0. The propagator for the first-order gradient type gauge
field y = Grad A is

Grad Grad'(yy')¥*+! {yy' z2 + Nzy' Z'p

—[2N/2N +d+ 1)) yzy'2'}. (5.10)
The operator Grad was defined by {4.6). According to a re-
sult of Sec. IV, this propagator satisfies the subsidiary condi-
tions only if ¥ = — 1, in which case it is
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Koo =(yy) *{yyzz —zy'zy
+[2/(d = )] yzy'2'} . {5.11)
Now this is exactly thesame as (5.5) when N = — 1. Thus, in
the limit N— — 1, the propagator X given by (5.5) propa-
gates only gauge fields. This time the gauge fields are of gra-
dient type. To retain the full, nondecomposable representa-
tion one must take the limit of

(N+ 1) (K7 _x) KJ_ =GradGrad'(yy)"*+', (5.12)
as NV tendsto — 1. With the addition of an arbitrary multiple
of K,  the result is

K, =) {zy' 2y — @+ 1)/d— 17 yzy'z|

+gK,_ . (5.13)

With one notable exception, K ;= does not factorize as
in (p-y') ~ ¥z:Z, so the direct product structure that was dis-
cussed in the beginning of this section does not appear. The
one exception is that, when d = 3 only, the choice ¢ =1
leads to K, = D with

D=(yy) 'zz (5.14)
This is the preferred propagator for conformal electrody-

namics. The Gupta-Bleuler triplet will be found by inspec-
tion of its modal decomposition, in Sec. VL

(d = 3, Feynman gauge).

The subsidiary conditions

The massive propagator (5.5), and the gauge field prop-
agators (5.6) and (5.11), all satisfy the subsidiary conditions,
Tr K = Div K = 0. However, the gauge field propagator

K Y, thatwasneededin (5.8)to obtain the physical propaga-
tor K ' satisfies only Tr K}, = 0. Consequently,

TrK,)' =0, but DivK ~#0. (5.15)
For very similar reasons,

TrK, #0, DivK,( #0. (5.16)

This has implications for the scalar states as will be seen
below.

Let us now study the operator (4.8), in the case of gradi-
ent type gauge fields, V= — 1 and s = 1. The ground state
¥, of (4.17) is annihilated by C*?, and so is the gauge field
propagator (5.11). As for the physical ground state (4.23),
one can verify that (when d = 3)

* ~0,

(CP 4 8LP) ¢t ~0, (C¥ — (5.17)

Here ¢, (¢, ) is the self-dual (anti-self-dual) part of ¢, , a
¥~0means that ¢ is a gauge field. The states ¢, and z//ap are
the ground states of D (2,1,0) and D (2,0,1), respectively, and
(5.17) shows that neither of these representations can be ex-
tended to the other; that is, D (2,0,1)—D (2,1,0) does not exist.
It is very interesting that, in spite of this, both leak to the
same representation D (1,1,1), and both must be included in
the quantization. There is no invariant propagator that
propagates one without the other.

As for (4.9), one may check that C /4, applied to the
physical ground state (4.23) is a gauge field,

Clp hop~0. (5.18)

Hence C; vanishes on the physical (quotient) representa-

8L ¢, ~0.

op —
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tions. It is well known that C [; — 26,5 vanishes in D (1,0,0)
and that C[; — 8,5 vanishes in D (,0), representations of
SO(4,2) and SO(3,2), respectively.

VIi. CONFORMAL GUPTA-BLEULER TRIPLETS

It is instructive to examine, in somewhat greater detail,
the cancellations between terms of order (VN + d )~ ! in (5.8).
The g term is irrelevant, so let ¢ = 0. The second term has a
decomposition in terms of gauge fields, Eq. (5.7), that may be
abbreviated as

1—-N &
KY, =¢! * e=N4+d. 6.1

Nad K ; 44 {6.1)
Similarly, the massive propagator (5.5) has a decomposition

K=ot +e' 36" (62)

’ ¥
Since the € ' terms cancel, ¢ — g must be of order €, and
1-N

Kg. =Ypp*+ Y (gs* +sg*)+ € ss*,
(6.3)

where s = (¢ — g)/€ remains finite as e 0. This field that
has been denoted s, is the third member of the Gupta—Bleuler
triplet. It is easy to see, in fact, that, under the action of
s0(4.2), s leaks to p and p leaks to g. The important point is
that ss* terms are of order € and disappear in the limit. Com-
pare Eq. (2.8} and the discussion that follows it. Naturally,
this rough sketch is not intended to prove anything.

Recall that (6.2) satisfies the subsidiary conditions;
therefore so do the fields ¢. The gauge fields g satisfy the
subsidiary conditions at € = 0 only. Since s = — dg/Je at
€ =0, it follows that the scalar fields may not satisfy the
subsidiary conditions: Tr s£0 and Div s5£0. Now the ab-
sence of ss* terms from (6.3) can be tested simply by verifying
that Tr K and Div X are gauge fields in the second variable.
Thus, in the case of the propagator D = ( p-y’)~ 'z:z’, one has
Tr D =(yy)~'yz =23, Inyy'. However, we prefer a
more detailed proof that gives specific information about the
nature of the scalar fields.

N+d

Current-type gauge theory

The propagator (5.9), with ¢ = 0, is dissected in Appen-
dix C, and only the results will be quoted here. The propaga-
tor is considered as the integration kernel of an operator, and
spectral resolution of this operator by projection to the ei-
genstates of L yields the following.

The lowest energy is E, + d, and the projection of K ;
on this subspace is

(K & ol 2.2 ',2) = Bol 2.2 BE(Y'2), (6.4

P2 =y3°"'n, M=y z—z, y. (6.5)
The field p, is annihilated by the lowering operators and is an
eigenstate for a true minimal weight. This vector is nof cyclic
for the entire space of fields that occurs in the spectral de-
composition of K ;' .

The projection of K ;- on the next higher eigenspace is
found to contain a contribution of the form
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Sol »,2) 885(¥',2) + 8ol »:2)s3(y'2), with

so( yz) =y :d_ ‘ym, glyz) =y n T lyz. (6.6)

The field s, is cyclic for the whole space 7 of fields that
occur in the spectral decomposition of K ;+. The field p,
generates an invariant subspace 7~ of 7' and g, generates an
invariant subspace 7", of 7. The weights of s, p, and g, are
the minimal weightsof 77'/77, 77/7",,and 7", respective-
ly; whend = 3 they are (4,0,0}, (3,4,}) and (4,0,0). The Gupta-
Bleuler triplet is therefore

D(4,0,0)—~D(3,4,1)}>D(4,0,0). (6.7)
[When d = 2, the triplet is D (3,0)—D (2,1}—D (3,0).]

As expected, there are noss* terms in K ) ; therefore, to
assure that onlyD (3,1,1) propagate between curents, it is suffi-
cient that

(2d) = fdy(v(,A)*ja - jdyA*y-j=oA (6.8)

The current must be transverse, yj = 0, but it need not be
divergenceless. [Actually, the terminology is misleading, for
in the physical applications the roles of fields and currents
will be reversed; see Sec. VIL.]

As was pointed out in Sec. V (last section), Tr K,/ =0,
so this subsidiary condition holds in 777, If
W yz) = 2. h,(p), then

Voh, =0, allfieldshin 7. (6.9

On the other hand, Div K #0, so the subsidiary condition

Div 3 = 0 holds only in 7”. This is therefore the Lorentz

condition. In terms of 4,

Vo 0-h — 3, y-h =0 (Lorentz condition, current type).
(6.10)

The field y, d-h — 3, y-h is a gauge field, for (6.9) implies
thatd, y-h =y, A. The map y—Div ¢ is therefore a map of
7 "onto 7, withkernel 7", The second order Casimir oper-
ator Q is the same as — 2 Divin 77 [Eq. (4.7)]; therefore,

Q7" =7, Q7 =0, (6.11)

and the Casimir operator is nondiagonalizable on 7 .

Gradient-type gauge theory

The analysis of the propagator K -, Eq. (5.13),isa good
deal more complicated. The details are in Appendix C. The
results are as follows.

The lowest energy is 0. The projection of X, on this
eigenspace is

Ko o= — 05, ¥oly2)=y, : 24 -
This ¢, is interesting. Locally, it is a gauge field,
¥, = Grad A, but with A = Iny_ . The term (6.12) is there-
fore not totally negligible; more about this later. Anyway,
the space generated from ¢, consists entirely, with the sole
exception of ¢, itself, of true gauge fields. This space may be
denoted 77,.

The next energy is 1, and the projection of K ;* on it is

(6.12)

(Ko =20 0¥ +4,+07), (6.13)
U, =y.’yz,, G, =y;’n=CGrady 'y. (6.14)
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The field ¢, is cyclic for the whole space 7™ of fields that
contribute to K ;. The field {, is a gauge field and generates
an invariant subspace 77, C 7™

The next energy is 2 and the projection of K ;~ on it has
the form

(Ko b=t 0 — SW 0+ 404, ¥, =y, yAz.
(6.15)
The 3, are gauge fields and belong to 77, . The field ¢,
generates an invariant subspace 7, of 7" that includes 77,
(but not 77,). Let 7" = 7",u?",. The decomposition of the
total space 7" is then summed up by the inclusions
77" 27" D77, Neither subspace is invariantly comple-
mented. The weights of ¥, and 1, are the (equal) minimal
weights of 77'/7" and 77, . The quotient 7°/7", has two
minimal weights, the weights of ¢, and ¢,. When d = 3 the
total representation is the following “augmented triplet:”

(D(2,1,0) @D(Z,O,l)]\

D(1,1,4) D(1,4,}). (6.16)
\D (0,0,0)/
For d = 2 one has instead
D (2,1)
D(l,l)/ \D(l,l). (6.17)

N (0,0J/

The representations in the middle are found on 77/77, .

There are several reasons for setting the trivial repre-
sentation apart from the physical representation. The propa-
gator K 5~ is a positive-definite operator on 77,/%",, on
which the group action is the physical representation
D(2,1,0)e D(2,0,1) or D (2,1). It is negative on 7,/7",, on
which the group action is trivial. This may be seen by in-
specting (6.12) and (6.15). Therefore, the space of physical
states is 77,/7", only. In addition, the zero energy state ¥,
is, strictly speaking, not a gauge field, as was pointed out
below (6.12).

The representation (6.16) is (algebraically) equivalent to
the direct product representation D, ® D (1,0,0) of SO(4,2), as
was mentioned in connection with (5.14). The representation
(6.17) of SO(3,2) is not equivalent to Dy ® D (1,0), since this
direct product contains (6.17) as well as D (2,0). [D, and D;
are the six- and five-dimensional natural representations of
SO(4,2) and SO(3,2).] [Ifd = 3, then Q * vanishes in the direct
product D, ® D (1,0,0), since in that case Div Div vanishes. If
d = 2, then the minimal polynomial for Q in Ds ® D (1,0} is
Q*Q + 2). The fact that Q2 = 0 on ¥ is revealed by
0,0, — & yd,)K; =0(ford=2)]

There are no ss* terms in K .+ » and so, to ensure that
only the physical states propagate between currents, it is a/-
most sufficient that

(gJ) = jdy(GradA):';ja =0. (6.18)
This will be shown (in Appendix D) to be equivalent to a
conservation law for j. The reason for the qualification *al-
most” is that (6.18) does not eliminate the contribution of the
zero-energy state. The current will be discussed in the next
section.
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As was pointed out in Section V, Eq. (5.16), Tr K ;= #0
and Div K [~ #0. Therefore, Tr ¢ = Div ¢ = 0 holds only
for physical and gauge photons. More precisely, Tr y =0 in
7, (but Tr ¥, = const), while Div ¢, =0in 7" = 77077,
(thus Div 3, = 0). Since the zero energy state is unphysical
(having negative norm), the Lorentz condition must be
Tr ¢ = Orather than Div ¢ = 0. If ¥{ y,z) = z,,a,,( y), then it
is
(6.19)

The scalar (i.e., spinless) field y-a represents the scalar pho-
tons and the zero energy state.
It should be noted that the wave equation

Fa=0 (6.20)
holds in 7. Applying Grad to y-a, one confirms, using

{6.20), that Div ¢y = 0 in 77,. The map ¢—Div ¢y maps 7
onto 77, and (6.11) holds in this case also.

y-a=0 (Lorentz condition, gradient type).

VIl. CONFORMAL QED

The preparations have now been completed. It is clear
that the gradient type gauge theory is the most reasonable
candidate for application to electrodynamics, because (a)
there is a second-order invariant wave operator in this case
only and (b) the center of the triplet (6.16) is precisely (except
for the additional trivial representation) the representation
that, when restricted to the Poincaré subgroup, describes
massless particles with helicities + 1 and — 1. In this sec-
tion d = 3, of course.

Free wave equation

There is no conformally invariant wave operator of sec-
ond order that is also gauge-invariant. Recall that a gradient
type vector gauge field is of the form Grad A, where A is a
scalar field. A gauge transformation is thus a substitution
—y + Grad A. [In this context, “‘gauge invariance” means
invariance under general gauge transformations, with no re-
strictions on the gauge parameter A.] If ¥/( y,z) = z-a( y), then
this is the same as

a,—a, + Grad, A . (7.1)

Grad, =y, & — (2N +4)4, . (7.2)
Since Grad, commutes with Gradg, one can build a gauge-
invariant “field strength”; since N3, a5 = — 2d,a,, one

has
foup = Grad,, ag — Gradg a, =y, day —yzd%a, . (1.3)

[The quantity d,as — dga, is not intrinsically defined,
since d,, (y°Az) — dg( ¥°A, ) does not vanish at y* = 0; see
Dirac.'] However, f,; [, is not a suitable action density.
Another gauge invariant quantity is the completely antisym-
metric tensor

Jagy = 2 (£)Va 9pa, ; (7.4)

but f,z, f.5, 1s not even of the correct degree to serve as an
action density.

The simplest gauge invariant action for the free field is
the following:
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F = %fdy ad* Diva. (7.5)

This is gauge-invariant because Div Grad A = 0. It is a spe-
cial case (¢ = 1) of the one-parameter family (c real)

v =1

e=7 fdy Ay P (8op + icM ) ag,

Maﬁ :i(yaaf)‘ - yﬁaa) . (76)

Note that the field equation derived from (7.5) contains de-
rivatives up to the third order.

A gauge invariant action may be convenient in classical
electrodynamics, although gauge invariance is usually sacri-
ficed by imposition of the Lorentz condition. In quantum
field theory it is necessary to choose a propagator, and this
amounts to giving up gauge invariance in the action. The
obvious choice of action, with gauge fixing already built in, is
the unique conformally invariant action that leads to a sec-
ond-order wave equation, namely, (7.6) with ¢ = 0:

L= de (la,a, — ja). (7.7)

An interaction with an external source has been included.

The current

Though the kinetic term need not, and indeed cannot,
be gauge-invariant in quantum field theory, the interaction
functional must be gauge-invariant to ensure physical uni-
tarity. As was pointed out in the preceding section, this im-
plies that the integral (6.18) must vanish. It is shown in Ap-
pendix D that the necessary and sufficient conditions onj are

(N+3)j, =0, dpj+23j=0. (7.8)

It is not difficult to construct field theoretical models
that furnish examples of such currents. Thus, consider a
spinor field y of degree — 2, with the free action proposed by
Dirac

7=

=5 | b 7.9
It is not obvious that the usual minimal substitution
d,—d, — lea, is consistent with invariance under the
gauge transformations (7.1), but here it amounts to

M z—M s +ed 5, A p=V,a5 —yga, . (7.10)
The effect of the gauge transformation {7.1) is
A g 5 + (Yo Og — Y0 )A . (7.11)

The unpleasant first order term in (7.2) cancels out and the
substitution (7.10) gives the same result as d, —d, — iea,,
that is, precisely the change that can be cancelled by chang-
ing the phase of the field y.

The modified action

1 -
Lra= f Ay YVatsMos + el gy (112)
yields the current
Jo=SFap Vs S ap=lexlVavsly - (7.13)
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The conservation law (7.8) may be written

Moy f ay =0. (7.14)
In fact, it should be written this way, so as to make explicit its
intrinsic nature. Whenj has the form (7.13), then y-j vanishes
everywhere, and (7.8) reduces to d-/ = 0. But the intrinsic
nature of this equation is not explicit, since d,, is not defined
intrinsically on the cone.

It is possible, and indeed reasonable, to develop the en-
tire canonical formalism in terms of the intrinsic vector
fields M.z, rather than the d, . The skew tensor # then
appears as the natural object, rather than the vectorj. In
particular, the conservation law (7.14) emerges directly. In
other words, it seems quite natural to expect that the current
Jcan always be expressed as in (7.13), in terms of an antisym-
metric tensor field # that is conserved in the sense of (7.14).
In that case one has

(7.15)

As was first shown by Dirac, the spinor field y is not
directly relevant. The fields y and y + y-pA4 represent the
same physical state. This is the origin of “current gauge
transformations.” The effect of the substitution
Y—Y + y-yA on the current (7.13) is a current type gauge
transformation

yj=0, dj=0.

Jo = Ja TVaA,

with A « 4. This transformation must be physically unob-
servable. The effect on the interaction density a./ is to add a
term A y-a. This vanishes if the Lorentz condition holds, that
is, when a,, is an external field. It will be seen below that,

even though the field operator y-a does not vanish, it is in any
case a free field. The density A couples to a free field only and
has no observable effects. More will be said about this later.

Classical field equations

For classical field theory it is possible to maintain com-
plete gauge invariance as well as manifest conformal invar-
iance. The total action for photons and massless fermions is
the sum of (7.6), with c = 1, and (7.12):

fdy {la,da, + Via,’M gag

— WYV Map + e sy} (7.16)
The tensor .« was defined by (7.10). The coupled field equa-
tions are

Fa, +iPMapag = Ja=lex{ va vyl » (7.17)

YaVs(Map + e gl =0. (7.18)

The current satisfies (7.15). The gauge may be “fixed” by
imposing the Lorentz condition y-a = 0, without compro-
mising manifest conformal invariance.

Quantization

Let [a?], i = 1,2,--, be a set of solutions of the free wave
equation d’a, = O, with positive energy, such that—com-
pare (5.14)—

Dos(py) =8aplyy) ' = Y ad(y) agly).  (7.19)
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With the help of these solutions, define the quantum field
operator

a,(9)= S (a%»b; + aQ(»b?), (7.20)
where [A),- and b * are destruction and creation operators act-
ing on a Fock space. There is a unique vacuum state |0},
annihilated by 13,. ,and the repeated action of the b  builds up
the whole space. The following commutation relations are
postulated, [13,,13j] =0= 5,’-“,b}"] and

[b.6%]=6,;. (7.21)
With these definitions one has
D s(py') = (0la,(y)as(y'0) . (7.22)

This is the Gupta-Bleuler quantization paradigm.

Quantum field theory

From now on, the field under discussion is the quantum
field operator (7.20), but for convenience this operator will be
denoted a,, (x) without the caret. The action (7.7) leads to

(7.23)

where j_ (x) also stands for a quantum field operator from
now on. The conservation law for j, in the weak form (7.8),
yields

FFya=0. (7.24)
The field y-a that, according to the discussion in Sec. VI,
describes the scalar photons is thus a free field. (As will be
seen in Sec. VIII, y-a is a dipole ghost. What is important is
the fact that the wave equation for y-a is unaffected by the
interaction.) This information expresses the decoupling of
the scalar modes and is equivalent to what was learned about
the propagator K~ in the same section [absence of 1, y¥
terms in (6.15)]. Recall that y-a = O is the “Lorentz condi-
tion”; the quantum field operator does not satisfy this condi-
tion, but it does satisfy {7.24), in strict analogy with the equa-
tion [Jd-4 = 0 in ordinary QED. Equation (7.24) shows that
the scalar photons have no interactions.

No attempt will be made at this point to define an S
matrix or any other observables; this will be done after the
theory has been translated into Minkowski space notation.

Faq = jo

VIil. CONFORMAL QED IN MINKOWSKI SPACE-TIME
Resumé

Our construction of conformal QED in the manifestly
covariant formalism may be briefly summarized as follows.
We restrict ourselves to the simplest (Feynman) gauge. The
Gupta-Bleuler quantization procedure (as generalized) led
to the wave equation

Fa, =ja, (8.1)

where a,, has degree of homogeneity — 1. Gauge invariance
leads to the conservation law

O Ju +1FVuju =0. (8.2)
The Lorentz condition that eliminates the scalar photons
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and thus projects onto the subspace of transverse and longi-
tudinal photons is

Vala =0. (8.3)
The longitudinal photon fields (gauge fields) are of the form
a, =Grad, A =y, 3°A — 23,4, (8.4)

with 323 ?A = 0. Finally, one must require invariance under
the current gauge transformation

Ja=Ja + YaA . (8-5)

We must now rewrite all this in the conventional, Min-
kowski notation.

Minkowski coordinates

Let x, = y,+ ys, and introduce the inhomogeneous
coordinates

B=y¥/x%, u=0123. (8.6)

On the projective cone B = 0 and (x,, .x , }~(x, ,Ax ) for
A #0; this is a compactification of Minkowski space, coordi-
nated by (x,, ). The electromagnetic potential is the 1-form

a,dy, =A, dx, +(A,/x, )dx, +AzdB. (8.7)

x,u = y,u/x+’

(One replaces z,, of Sec. IV by dyq .) The fields 4,,, 4, A,
are independent of x . Explicitly,
a, :x;'(AF + 2x,45),
A, =xla, —x,(a,+as)], (8.8)
a,= —x7'[—xAd+4, —(1+x7)4,],
Ap = x (a, + as), (8.9)
as=x,'[—xAd+A, +(1-x%4,],
A, =ya. (8.10)

For the currents one has similar relations, except that the
factor x | ' is replaced by x | .

Current conservation

The conservation law (8.2) takes the form

OJ, +20J=0. (8.11)
This is an ordinary conservation law:
9J' =0, J,=J, +19,J, . (8.12)

The current gauge transformation (8.5) affects only J, so
this component of the current must effectively decouple.

Lorentz condition

The Lorentz condition (8.3) becomes

A, =0 (conformal Lorentz condition), (8.13)
and (A4, ,4 ,,4,) is a gauge field if, in addition,
A, =08,A, Az = —104, (8.14)

with (0’4 = 0. Let us now study the action and the field
equations.
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Field equations
The action (7.7) takes the form

fd"x (34,04, — 44,04 + 24,04,

—8A,Ay —AJ —24 Jy — 24,7 ,). (8.15)
The field equations are thus

OA, +4d, 4, =J, , (8.16)

04, —20-A—84, =J,, (8.17)

Odg =Jp . (8.18)

By settingJ,, =J, =J, =4, = 0, one obtains the confor-
mally invariant spin one equations of Mayer and Bayen and
Flato.?® The necessity of the current J, becomes apparent as
soon as one tries to reintroduce a source J,, to (8.16); one
finds that the resulting system of equations will not be con-
formally invariant unless one also returns J, to (8.18). To
find the consequences of current conservation, Eq. (8.11) or
(8.12), take the divergence of (8.16) and combine with (8.17)
to find that

0’4, =0. (8.19)
The scalar photons, characterized by 4 , 50, are thus dipole
ghosts, as are the gauge photons of Eq. {8.14).

The Lorentz condition (8.13) is not satisfied by the

quantum field operator, but one can choose initial condi-
tions such that (see Notes added in proof)

A, |¥)=0, (8.20)
which implies that
QW)=0, =04, =204+84,+J,. (821)

Since @ is a free field, @ |) remains zero at all times;
hence (] 4 |¥ ) vanishes, and the condition 4, |¥) =0is
also preserved at all times. These conditions are conformally
invariant, since (8.20) is the same as y, a,, |¥ ) = 0; and Eq.
(8.21) is the same as y, ("a, — j,)|¥) =0.

Eliminating A, from (8.16)—(8.18}, one gets

4, —3,04=J/=J,—13, @, (8.22)

094 =10J, —4J,, OD=0. (8.23)
Recall that Jy is the pure current type gauge field. Setting
J = Oviolates conformal invariance unless J, and J,, van-
ish as well. To show that J is, nevertheless, irrelevant, it is
enough to define a new vector potential 4 |,
=4, + 4073, 4,; thenJ, disappears from (8.23), and the
action takes the form

Jdu(—%A;,DA;, +A4"J

+ 44,0700 +24 J, — 24 ,04,). (8.24)

Variation of 4, gives (14, = 20" 'd-J . The ambiguity in-
herent in the choice of inverse of [l is resolved by the bound-
ary condition4 , |¥ ) = 0. One sees that the unfamiliar fields
decouple completely, leaving ordinary QED.

Conformal transformations

Equations (8.1)—(8.3) are invariant under the SO(4,2)
transformations
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T,:a—a', a,(y)=A.pa3(yA), AcSO4,2). (8.25)
This transformation law can be expressed in terms of the
Minkowski fields 4,,, 4, and 4 , , with the help of (8.6)-

(8.10) and the usual rule

Oxg
ALx) = —2 Ag(x). (8.26)
dx!,
One then finds that under an infinitesimal dilatation,
1 4 ieLsg
84, (x) = €DA,, (x) = — e(x-d+ 1) 4, (x), (8.27)
8A,(x) = €D Ay(x) = — e(x-d+ 2) Ay (x), (8.28)
84 (x)=€eDA , (x) = —e(x-d) 4, (x), (8.29)

which indicates that the conformal degrees of A u»Apg,and
A, are, respectively, — 1, — 2, and 0. Under an infinitesi-
mal special conformal tranformation 1 + ie* (L5, — L, )

84,,(x) = {[x*(e-d) + 2(ex)D 18,

+2(x,€" —€,x")} A, (x)+2¢, A (x), (8.30)

845 (x) = [x*(€d) + 2ex)D] Ay (x) — ¢ A, (x), (8.31)

84, (x) = [x}(e0) + 2(ex)D 14, (x) . (8.32)

It is apparent from (8.27)—(8.32) that, while 4 , itself trans-
forms homogeneously under the action of the conformal
group, it also leaks into 4,, and that 4, , in turn, leaks into
Ay . The indecomposable nature of the conformal vector
field is thus manifest in this coordinate system. The invar-
iance of the *'Lorentz condition” 4 , = Oisalso evident. The
currentsJ, ,J,,andJ, transform similarly except that their
conformal degrees are, respectively, — 3, — 4, and — 2.
One can easily check the invariance of (8.15)—(8.18)

There is one point that needs elaboration. Previous for-
mulations of conformal electrodynamics have imposed the
conditions y-a on the field and y+j on the current. With these
restrictions the field equations and the transformations sim-
plify, since 4, and J_ vanish. It is perhaps worthwhile to
repeat at this point the reason why 4, cannot vanish in a
conformal quantum field theory. The quantum field opera-
tor was defined by (7.20). [The caret on a,, ( y) was subse-
quently dropped.] In the sum (7.20) there is a contribution
from the scalar photons; without such field modes it is im-
possible to construct a covariant propagator. What does not
emerge clearly in (7.21), but what is evident in (6.3), for exam-
ple, is that the scalar photons are canonically conjugate to
the longitudinal photons. Conformal invariance requires
that the “longitudinal modes” be quantized along with the
transverse modes, but this is impossible without the help of
the scalar modes.

Propagator

The definition {7.20) of the quantum field operator a,,
in terms of wave functions and a set of creation and destruc-
tion operators, can, of course, be rewritten in terms of the
new notation introduced by (8.8)—(8.10). Equations (7.19)
and (7.22) leads to the following homogeneous propagators

fOr (A,u ’A+’AB):
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D, (x.x') = (0| 4, (x)4, (x)|0) = 8, D (x,x')

=—25,,/[x —x), (8.33)
and similarly

D, , (xx')=(x, —x,)Dxx'}, (8.34)

D, plxx)=4Dxx"), (8.35)

D,uBzDBBzoy D++=1- (836)

The fact that D |, = 1 reveals the presence of the zero ener-
gy mode; that is, the trivial representation D (0,0,0) in (6.16).

Representations

It remains only to clarify the group representations.
The restrictions to the Poincaré group are conjectured to be
as follows (see Notes added in proof):

Dy|? =D,—D,—D,, (8.37)
D(1,0,0)|2 = D (0,0}, (8.38)
D(1,1/2,1/2)|# = D(0,0/~D(0,0) (8.39)
D(2,1,0)|Z =D(0,1), (8.40)
D(2,0,1)|Z =D, —1). (8.41)

The augmented triplet (6.16) becomes

/[D(O,l) @D(I,O)]\
[D(0,0)—D (0,0)] [D(0,00—D (0,0)]
\ Dl /

~D(0,0)8 [D,—D,—D,]
~D (0,0)—[D (0,0)® D,]—D (0,0} . (8.42)

The equivalences expressed here are algebraic equivalences.
The last expression is especially illuminating. The center
bracket is the usual triplet (2.5). The extra scalar field on the
left is @, and the extra gauge field on the right is (14 ;. These
extra fields distinguish conformal QED. They play no actual
role in the evaluation of the .S matrix (except perhaps in the
renormalization program), but they participate in the con-
struction of the indefinite metric Fock space. The larger
Fock space is required in order that the conformal group act
on it.

IX. FINAL REMARKS

1. We have formulated an action principle and quanti-
zation rules for a conformally invariant field theory, but no
reference was made to the possibility of a physical interpreta-
tion. No conformal field theory is known that has a direct
physical application. Masses can and must be introduced by
hand, but this is not the only source of breakdown of confor-
mal invariance.

To have a physical interpretation, one must decide what
are the observables. This is very difficult to do within a con-
text in which all the particles are massless, but one may at-
tempt to begin by discussing scattering experiments. This is
beset with well-known difficulties, but it may be possible in
perturbation theory at least. The boundary conditions ap-
propriate to scattering are incompatible with the structure of
the projective cone, for this space has no global causal struc-
ture?’” and no “infinity.” Infinity in the sense of Minkowski
space is introduced artificially through the choice of coordi-
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nates. Massless particles interacting with other massless par-
ticles in a conformally invariant field theory do not know
where infinity is and therefore they do not stop interacting
with each other as they become infinitely separated (in Min-
kowski coordinate sense). The introduction of a mass term
minpin the Minkowski space action is equivalent to adding a
term of the form ( y, + y5) ™ 'mi1 to the conformal action. A
massive particle therefore knows where infinity is—at
¥4 + ys = 0—and the stage is set for describing scattering.
Whether masses are introduced or not, it is necessary to
choose the location of Minkowski infinity on the projective
cone, before the conventional postulates of scattering theory
make any sense.?®

Conventionally, the way this is done, is to define a per-
turbative S matrix through the imposition of boundary con-
ditions of the inhomogeneous propagator. The choice

Dfixx) = — 2i[(x — x"*) + ie] ™! (9.1)

exploits the global, causal (but not conformally invariant)
structure of Minkowski space. At first sight, this expression
may seem to be conformally invariant. Indeed, if (9.1) is in-
troduced into (8.26)—(8.29), in place of the homogeneous pro-
pagator D (x,x’), and the result rewritten in terms of the six-
dimensional coordinates, then one obtains the tensor
operator

Df p(yy)=i8,5(yy +i€)™".

The problem is that this is not a distribution over the projec-
tive cone. (Recall that the projective cone is defined by the
projectiony, ~Ay,,A #0. Distributions on R ®are interpre-
table as distributions on the projective cone only if they are
homogeneous. This problem could be solved by replacing
the projective cone by its double covering defined by

Vo =APa, 1 >0.7)

2. The fact that conformal invariance is broken, by the
causal structure and by the introduction of masses, does not
mean that potential benefits of the conformal structure is
lost. On the contrary, the lesson learned by the application of
soft symmetry breaking to nonabelian gauge theories is that
the partial preservation of symmetry by Ward-Takahashi
identities is of great utility in renormalization. In order to
determine whether conformal invariance (though broken} is
especially beneficial, it was necessary first to formulate a
conformally invariant field theory. We have seen that this
leads to a richer ghost structure than that of conventional
QED, but we have not yet examined the effect that this may
have on the removal of infrared and ultraviolet divergences.
We suggest that it may be useful to do so, and that confor-
mally invariant nonabelian gauge theories should also be
studied in this manner. Note in this connection the appear-
ance of the zero-energy ghost, and the related result
(0| A_.{x) 4, (x')|0) = 1; does this have anything to do with
the Higgs—Kibble field and its nonvanishing vacuum expec-
tation value? The reduction to Minkowski notation was
done in the simplest gauge only: ¢ = 0 in Eq. (7.6). In any
other gauge the field equations contain third order deriva-
tives. It seems unlikely that this improves the ultraviolet be-
havior, but it is worth looking into. See in this connection
Ref. 30.
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3. The techniques developed in this paper will be ap-
plied to a study of conformal gravity (see Notes added in
proof’).

4. The construction of unitary representations of semi-
simple groups on quotient spaces is being rapidly developed
by mathematicians; see especially papers by Blattner and
Rawnsley,*' Schmid and Wolf,*? and Rawnsley, Schmid,
and Wolf,?? and Schmid’s Berlin address.**

Notes added in proof: 1. Equation (8.20} and similar sub-
sequent equations are stated incorrectly. It is the annihilat-
ing part of 4 | that kills the physical state | ¥ ).

2. The ideas of this paper have been applied to de Sitter
QED (to appear in Annals of Physics) and to linear confor-
mal quantum gravity [Phys. Rev. D 27, 2249 (1983)].
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APPENDIX A: INDECOMPOSABLE MODULES

Let us first recall some basic facts concerning minimal
weight representations of semisimple groups. Our interest in
minimal weight representations stems from the physical re-
quirement of a lower bound on the energy spectrum (without
which a vacuum state cannot be defined). We shall consider
here only minimal weight representations which are K-fin-
ite, that is:

Definition: A representation with minimal weight A is
said to be K-finite if in its associated weight diagram the

multiplicity of each weight is finite and if only finite-dimen-
i

w(l, —

W(LLINE, ji o) = (1 —ji —J2ME — i +/2 — 2) — 34
w(0,1,0)E, j1/2) = (E, — 1 — /1 4f2)
w(O’O’l)(E’jl’jZ) = (E7jl’ - 1 "']2) .

When compounded, these six reflections produce a lattice
which may contain as many as 24 different weights.

Yet only a few of these Weyl equivalent weights are K-
finite. For a minimal weight representation D (E,, j, j,) is not
K-fintte unless both 2 j, and 2 j, are nonnegative integers.
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sional irreducible representations of the maximal compact
subgroup occur. We shall also say that a weight A is K-finite
if it is the minimal weight of a K-finite representation.

Now if g is a semisimple Lie algebra of rank /, then there
exist / independent Casimir operators in the enveloping alge-
bra of g. If D is a finite-dimensional representation of g, then
the values of these Casimirs on D can be used to uniquely
characterize the representation. However, if D is a minimal
weight representation (i.e., bounded only from below), then
it is possible for other (inequivalent) minimal weight repre-
sentations of g to have the same values for the Casimir opera-
tors. If this is the case, then the minimal weights of these
representations must be related by Weyl reflection. More
precisely, two inequivalent irreducible representations D,
and D, with minimal weights A4 and y, respectively, possess
the same values for the Casimir operators if and only if

A—p=wlp—p, (A1)
where w is an element of the Weyl group of g and p is one-half
the sum of the negative roots of g. In such a case, both the
minimal weights and the irreducible representations them-
selves are said to be Wepl-equivalent.

Finally, we point out that a precondition for the occur-
rence of a nondecomposable representation

D, HDH

is the equality of the values of the Casimir operators on D,
and D, . For if a Casimir operator C had different values in
D, and in D,,, then the operator Cin D, —D,, could be
diagonalized and the representation then decomposed via
Schur’s lemma.*

The Cartan-Weyl decomposition of so(4,2) by the Car-
tan subalgebra spanned by (3.3) yields 12 nonzero roots

(+L+4L+Y, 0,+10, (00, +1). (A2)

Using the ordering described in Sec. I1I, we compute p to be

The 12 roots generate six independent Weyl reflections
through planes through the point p in weight space

%, - %)(EJu/z) = (]1 +j2 + 3’%(E +ii—J— 2) - %’%(E_jl +j— 2) - %) ’
w(l, = LINE, ji, o) = (i =+ 20E + i +/o = 1) = LUE —jy —jp — 3) —}
wiLh, = WE ju ) ==/ + 2UE —ji —fo = ) = MUE+J +jo — 1) =)
+ih = =2 —1),

)

1
’

(A4)

The symmetry of the lattice generated by the six reflections
allows one to infer that if a weight (@ + 2,6 — },c — 1) occurs,
then so do all those weights obtained from

(@ +2,b — L,c — 1) when one replaces a by —a,bby — b,
and/or ¢ by — c¢. We can thus draw out of the six simple
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reflections the following transformations:

wolE, ji jo) = E, Ju Ja) » (A5)
W(E, ji,jo) = (Jy + 1+ 35E +ji — = 2| =4,
WE —ji+1—214), (A6)
WAE, jijo) =y =12 + 2HE +ji + o — 1| + 4,
WE—ji—h—=3]+Y), (A7)
Wi(E, jys o) = (Ja —J1 + 23 E —ji —jo — 3] =4,
YE+ji+h—1—4), (A8)
WAE, jrsjo) = (1 —j1y —JoAE —Ji +J2— 2] — 4,
WE+j i —/—2[—)), (A9)
ws(E, j1, /o) = (4 — E, jisfa) - (A10)

These new weights will be K-finite so long as the expressions
within the absolute value signs are integral and non-vanish-
ing. In fact, these weights account for a// the Weyl equiv-
alents of (£, j,, j,) that are K-finite.

Let R (E,, j,, j,) be any indecomposable or irreducible
K-finite representation of so(4,2) with minimal multiplicity-
free weight (E,, j,, j,) (Eq€R; 2 j, and 2 j, nonnegative inte-
gers). From Egs. (A5)-(A10) we see that if

Ey,>ji+j+2, (All1)

then there is no K-finite Weyl equivalent of (£, j,, j,) that lies

within the weight diagram of R (E,, /,, /). But this implies

that there can be no indecomposable structure within

R (E,, j,, J>) and so it must be irreducible. This condition is

also sufficient for unitarity, as will now be demonstrated.
Consider a continuous family #( j,, j,) of indecompos-

able or irreducible representations

/(jl!jz) = {R (Eos J1s J2)E0eR } :
Let L be any element of the complex extension of so(4,2) with
the property that

(Los:,L]=L.

Then there are complex numbers a, , k = 1,2,3,4, such that
L= Z2a,(L,s —iL,,). If the a, are real, then in a unitary
representation L * = X a,(L;s + iL.q). The operator L,
acting on an eigenvector of L, increases the eigenvalue by
oneand L * decreases it by 1. If the operator L * L is positive
definite for one set of (real} a, , then it is positive definite for
all such sets [because the co-adjoint action of so(4) on a,,...,a,
is irreducible]. Now R (E,,, j,, j,) is unitary if E,, is large
enough, and L "L is positive definite. As the parameter E, is
decreased, there comes a critical point at which L * L be-
comes singular. For that value of E,, R (E,, j,, j,) must be
indecomposable; as the singularity of L * L implies that there
exists a state above (E,, j,, j,) which cannot be returned to
(Eos /1> /2)- Thus two subrepresentations result, characterized
by unequal but Weyl equivalent minimal weights

a = (Ey /), j,) and &’ with @’ > a. But this cannot happen if
(A11) holds; therefore, (A11) is a sufficient condition for uni-
tary. In fact, it is also necessary if , j, #0.3>?' In the special
case where either/, or j, is zero, then the condition (A 11) may
be extended to

Ey>j+j.+1 (A12)

since the relevant transformation (A 16} will not produce a K-
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finite weight above a = (E,, j,, J,) until E; = j, + j, + 1 (see
Fig. 1).

Now what happens to R (E,, /', j,) if we allow E| to fall
below the limit of (A11) [or (A12)]? From the above argu-
ment we infer that L * L will become indefinite and thus the
subrepresentation D (E,,, j,,j,) will be nonunitary. It is appar-
ent from (A6) that a Weyl equivalent weight will continue to
reside above (E,, /|, /,); however, this weight will not be K-
finite unless £, is integral. But when

(Egs JisJa) = Uy +J2 + 3 — 1, j1ia)s
the transformation (A6) yields
(i +i+ i —n/2 j —n/2),

n=12,.,

which is K-finite so long as 2 j, and 2 j, are greater than or
equal to n. Thus indecomposable representations of the form

D(jy+j2+3—njvi@D i +12+ 3,51 —n/2, ), — n/2)

are possible. Indeed, whenj, =j, = s/2, such repesentations
may be connected with “current type gauge fields of order n”
(see Fig. 1).

From {A7) and (A8) we see that another Weyl-equiva-
lent weight will appear above (E,, /|, j,) when E,, reaches

E()=‘j| _j2|+1’ (A13)
namely,

(jl _jz + 2,j| - %’jl - %) ’
where we have assumed without loss of generality that
Ji> ja. Ifj, = j, = 5/2 > 0, then the three transformations
(A7), (A8), and (A 10) all come into play when E, reaches the
value (A13). These transformations together with (A6) put a
total of four K-finite Weyl equivalent weights

{s +3,0,0),

(3,5/2,5/2),

(2, (s/2) + (172), (s/2) — (1/2)),

(2, (s/2) — (1/2), (s/2) + (1/2))
above (1,5/2,5/2). Among the many possibilities for inde-
composable representations with these minimal weights is
[D(2,(s/2) + L{s/2) = Y@ D(2,(s/2) — L,(s/2 + })]

—D(1,5/2,8/2),
which describes ‘““first-order gradient type gauge fields.”

Ifj, =j, = 0, then the transformations (A7) and (A8) do
not produce K-finite equivalent weights above (E,, j,, j,) un-
til £, reaches the value 0. But here (A9) also comes into play

and so one obtains the following complete set of K-finite
Weyl equivalent representations:
D(4,0,0},
D(3,53),
D (2,1,0),
D(1,4,}),

D(0,0,0).

This particular case is important since it exposes the maxi-
mal structure of an indecomposable representation involv-
ing the physical photon D (2,1,0) ® D (2,0,1) (see Fig. 2).

D(2,0,1)
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(4,0,0)%-
FIG. 2. K-finite weights Weyl
equivalent to (2,1,0). In confor-
mal QED, (0,0,0) is the zero ener-
gy ghost, (1,1/2,1/2) is the
ground state of the longitudinal
and scalar photons, (2,1,0) and
(2,0,1) are the ground states of
the transverse photons, and (3,1/
2,1/2) and (4,0,0) do not appear.

T (3,1/2,1/2)

L 4ot 201

. (1, 1/2,1/2)

(0,0,04= .
RS

APPENDIX B: PROPAGATORS
The constraint Tr K = 0, when applied to (5.1), reads
[yd,+(1—d—25)y3,]K=0, (B1)

and gives the constraint
(3—d)/24+b—s1"'Cpp +(s—a—5b)"'C,, .,

+a7'Co_ 141 =0. (B2)

This fixed C,, interms of C,, , the latter remaining arbitrary.
The constraint Div K = 0 gives the recursion relation

A,Cop +(N+1—a—b)s+1—a—b)

X[Cap—1 — Cy 1]

+l@+ 1Y C,y 1

— (@ + 1)2C'HJr 16 =0, (B3)
Ay,=0b—a(N+s—2a—-2b)+bb+2a+d+1)—s.

(B4)
This is consistent with (B2) and determines C,, in terms of
Cy = 1. Fors = 1 one obtains the coefficients shown in (5.5).

APPENDIX C: MODAL DECOMPOSITION

To find the decomposition of a propagator such as (5.5)
one expands each inner product in a Fourier series, as in

2y =y, 2z —-2yz +y. z, .

The notation was explained in (4.18) and (5.3). The first term
has the lowest energy: — 1. In the case of nonintegral pow-
ers of y-y’, the expansion (5.2) has to be used. In (5.5), the first
factor has lowest energy 1 — N. The first two terms in the
bracket have lowest energy — 2, but there is a cancellation
so that the combination has lowest energy — 1. The third
term has energy O; hence K has a Fourier expansion in pow-
ers of exp( — it ) with exponents — N, — N + 1,... . The first
term is (up to a numerical factor)

(e Ve (C1)
withn =y, z—z yand®' = y_z —Zz_ y'. Under the
transformations of the compact subgroup SO(d + 1), the
d + 1functions y™ * 'n transform like the vector representa-
tion; D (1) ford =2, D (},4) ford = 3.

Consider (5.9) next. The interpretation of terms appear-
ing in the expansion is simplified by choosing variables as
follows. First express all inner productsintermsofy_,y_,y
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and z_ ,z_,z. Next eliminate z_ in favor of y.z and z in favor
ofn=y,z—z_y Thenall dependence onz, cancels; this
is because y-d, K ;- = 0. One finds in this way that

Ko =2"(M, + M,y z + yzMy, +yz M, yz'),

(C2)
where M,,, M, M,, are polynomialsin (y, y’ )~ ' with
coefficients that are polynomialsiny_, y’, ,y, y',m,n". The

terms of lowest energy are given by (if ¢ = 0)

My, = —(p3? My A+ (C3)

My y'z =y lyaly " Y2 4, (CH)
where one recognizes the functions (6.5) and (6.6). The term
M, contains the ground state, with energy E, = d. If d = 3,
then the minimal weight is (3,4,1). The only weight that is
equivalent to this one, and inside the weight lattice of K ' , is
(4,0,0). The lower equivalent weights (2,1,0), (2,0,1), (1,4,4),
and (0,0,0) do not appear. This is related to the fact that K,
and thus all the fields, satisfy one of the subsidiary condi-
tions: Tr ¢ = y-.d, ¥ = 0. When d = 2, then the minimal
weight is (2,1) and the only other relevant weight is (3,0).
Therefore, in both cases, one needs to investigate the levels
E,=dand E, = d + 1 only. The raising operators (for ener-
gy = Lys)are

LY =(y 8 +2y0,)+ (.0 +22d,). (C5)
Application of L ;* to the physical ground states y , ¢~ '#;

= po, yield (d + 1)’ states ¢, Under the action of the com-

pact subalgebra so{d + 1), they break up into three irreduci-
ble representations spanned by the traceless part of ¢; + ¥,
¥; — ¥, and 2 ¢,;. The first two leak back to the ground
state under the action of the lowering operators

L7 =(y,d, +2y0 )+ (2,0 +2z0 ), (C6)

but the third is a minimal weight vector: L~ 2 ¢; = 0. In
fact, this function is the gauge field y 7 ¢~ 'y.z = g,. The
ground states, =y , ¢ ~ “yq of the scalar field appears as the
coefficients of g¥ in M,, y':z', Eq. (C4). It leaks to the abso-
lute ground state and is a minimal weight vector in the quo-
tient.

The propagator (5.13) may be analyzed in the same way.
When d = 3, the simplest choice of ¢ is ¢ = 1, which leads to
{5.14). Taking ¢ = 0, one finds an expansion like (C2),

Kg =N, +Ng+ N, + N, (C7)

where N, is a sum of terms of the form ¢{ y,z) z'-d,, ¥'( y',2'),
N,, is a sum of terms like ¥/'( y',2') -9, ¥ y.2), and N, can be
expressed as z.d, z'-d, A ( y,z,y',z'). The lowest energies are

given by

N, = —[»i%@y —z5:)]
X[y gy —Zy) ]+ (C8)
ng= _2[.]’12in+ ][y,+7277;]*+"" (€9)

Ngx:[yzlz+][yilz’— ]*+"" (C10)

When d = 3, the equivalent weights are (0,0,0), (1,4,3),
[2,1,0], (2,0,1), (3,1,3), and (4,0,0). The last two do not gener-
ate invariant subspaces or subquotients, as is easily seen in
the gauge (5.14). As was pointed out in Sec. VI, after (6.17),
the total representation is equivalent to D ® D (1,0,0}, and
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this product does not contain D (3,1,1) or D (4,0,0). When

d = 2, the equivalent weights are (0,0), (1,1), (2,1), and (3,0).
The direct product D, ® D (1,0} does not contain D (3,0), so
that the weight space (3,0) need not be examined. Thus, in
either case, one must investigate the energies 0, 1, and 2.
Only N, has E = Oterms. In N, the lowest energy is 1. The
E =2 space is very complicated, with contributions from
Ny, N, and N, and the remainder shown by (C8). The
detailed calculation will be omitted.

APPENDIX D: INTEGRALS

In R¢ *3 introduce coordinates ( y,, ),
a =0,1,..,d + 1,5, and the pseudo-Euclidean metric § de-
fined by 8(y) =y =y5 +y5 —y7 — = —yi.,, asin Sec.
IV. On the cone y* = 0 identify any pair y,y’ of points if there
is a positive ¢ such that y, = ¢y, @ =0,...,5. The resulting
projective space is §, X.S,;. Coordinates ¢ for S, and § for S,
were introduced in (5.3). By an integral over the (projective)
cone one means an integral over .S, X §,, with the standard
volume element d? dy that is invariant under the induced
action of the compact subgroup SO(2) ® SO(4). Let L denote
ascalar field on the cone, homogeneous of degree N, and let a
(generally multivalued) function L on §, 8 S; be defined by
L (y) = YV L (t,), in the notation of Eq. (5.3). Then the fol-
lowing is elementary and well known:

Proposition: The integral

fdyL (y)= drdy L (1,p) (D1)

S, xS,
is invariant under the transformations of SO(d + 1,2) if and
only if L = Y¥Lisascalarfieldand N= —d — 1.

Proof: Let (L?), with g real, be a family of homogeneous
scalar fields on R **, with

NL  =(io—d—1)L, N=yd, (D2)
and define
Fiy = [ doreiy). D3)
R
Now consider the invariant integral
f [dy] 6(y2)F(y)ocf dtdj‘rfY”de do L°(y),
R+ S %Sy ® R

where [dy] is the Lebesque measure. Set
L7(y)=Y°~*""L°(tp) and Y = *; then it becomes

f dt dp f dx do ¢~ L7 (1,)
S %8, R,

ocj dtdp LOt,p) .
S xS,

Hence (D3) depends on L ° only, and agrees (up to a numeri-
cal factor) with (D1), which confirms that the latter integral
is invariant.

The integrand in {6.18) is

JulVad = 2(yd+d~+1)3,]1A
=350 +A [ Pyj— 2N + 3)35]
with
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Q/_? :ya(jaaﬁ —'jﬁaa)A
+ [2/(d+ 1)])’:1()’/33«: _yAa).laA
— YalAdgjy — Ay jg) + (N + 3)Ajj -

Since the last term is zero when d = 3, one has in that case

IpQp =
(aﬂya - aayﬁ [jaaﬂA - %Vaaaj'aA + AaajB]
= —iM g [ jgrdgA + }iM 5 j-9A 1,

which reveals that § dy 3-Q = 0, and (7.8) follows.
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Cross sections with polarized spin-1/2 particles in terms of
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The derivation of cross sections for collisions with polarized particles of spin } can be simplified
considerably if the scattering amplitude is calculated explicitly before the transition probability is
obtained by a simple squaring. The states of the polarized particles are represented as
superpositions of states with definite helicity. The coefficients of the superposition relate directly
to the strength of the transversal and longitudinal polarization. The helicity amplitudes are
products of helicity currents for which detailed formulas have been elaborated. Two-component
spinors have been used. All the contractions of vector indices are done with a new set of general
formulas. The resulting cross sections show terms with separate factors due to the polarization,
the energy, and the directions of the particles. Therefore, the high energy approximation can be
achieved very conveniently. Applications of the described method have been performed to the
scattering of electrons by electrons or positrons including the exchange of Z, and Higgs particles.

PACS numbers: 13.85.Lg, 11.80. — m, 12.20. — m

1. THE USUAL METHOD OF CALCULATING CROSS
SECTIONS

The usual method' of deriving cross sections of QED
reactions avoids calculating explicitly the scattering ampli-
tude

M, =u?(p,s'\['u®(p,s) (1.1)

between the states u?( p, s) of polarized spin-{ particles. In-
stead of this the transition probability

|M|* = (a2 pshyol Tyou? (p's) 1@ (p's')\Tu2(pys)]
(1.2)

is considered and expressed as a trace of Dirac matrices.
Thereby the projection operators for normalized spin states®
are used

A 9(p,sj=u®( ps)E2( pos) = E“;TQ’" : —-;- (14 7:3).

(1.3)
The quantity Q characterizes the fermions (Q = + 1) and
antifermions (Q = — 1). The vector 8" represents the mov-

ing spin vector, which is gained from the spin vector s in the
rest frame of the particle

#=(0,3), [*=1 (1.4)
through a Lorentz transformation. A separation of the rest

spin vector in the components parallel and transversal to the
direction of the momentum p = 3/|p|,

s=s,p+3, s =58P, (1.5)
allows a simple presentation of the moving spin vector
8 =38 + 8, (1.6)
where
E
o —s(Z.Zp). &-03) (17)

The transition probability now becomes a trace of Dirac ma-
trices (more generally a product of such traces)
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|M; |? = trlyol" “y,A 2 (p's'\[A 9 pss)]. (1.8)
Such traces can be evaluated analytically by means of special
computer systems. Let I" = I", describe the kernel of a fer-
mion current with n vertices. In this case at least (4n + 1)!!
terms arise by the evaluation of the trace, if the fermions are
polarized, but (4n — 1)!! terms with unpolarized particles.

Each polarization vector (1.7) enlarges the magnitude
of the resulting terms by a factor of the order £ /m. At high
energy conditions, however, all these big magnitude terms
cancel out. The cancelation can be avoided if the high energy
approximation of the spin projection operator (1.3) is used®

AQ(p,s)=(Q/4m)p(1 + Qs vs + 7s8.) + O(1). (1.9)

Anyway, the formulas of the cross sections which are de-
rived with the conventional method, presents a lot of terms
in a completely unarticulated form, which allows no analytic
insight into the actions of the various polarization states.

2. ALTERNATIVE WAYS TO EVALUATE SCATTERING
AMPLITUDES WITH POLARIZED FERMIONS

For many cases it is very convenient first to evaluate a
matrix element explicitly and thereafter to gain the transi-
tion probability by squaring it. This proceeding has been
proposed by several authors.*!°

A further facilitation of the calculations is obtained if
the amplitude is expanded with helicity states.*® We will
observe that the coefficients of this expansion are in a direct
relation to the degrees of the longitudinal and transversal
polarizations of the particles. Moreover, in this way the de-
pendence on the spins and on the dynamical factors is sepa-
rated, because the influence of the polarization is exclusively
described by the expansion coefficients.

The explicit calculation of the amplitude can be done in
different ways. Many authors use four-component spinors
and the ¥ matrices in the original form of Dirac.*!° The
transition to the two-component spinors of van der Waerden
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and to Pauli matrices causes essential simplifications.” The
present paper uses the two-component spinors which de-

scribe the spin directions in the rest frames of the particles.
The restriction to a spin description in the rest frame allows
to use only one type of van der Waerden spinors representing

the rotation group. Spinors for moving particles are obtained

by the application of boosts pa/m and rotations U.”* We
show that it is convenient to use only boosts in a suitably
defined z direction. With this restriction we can separate the
dependence of the amplitude on the energies and on the di-
rections of the moving particles because in the z direction the
boosts are diagonal. With boosts in arbitrary directions no
such separation can be obtained.

The separated energy factors allow a transparent appli-
cation of high energy approximations just in this early state
of the calculation. The high energy approximation causes a
considerable simplification of the results because only few
helicity amplitudes survive.

The scattering amplitudes consist of products of cur-
rents in such a way that all the vector indices are contracted.
Several authors use an expansion of the currents into 16 basis
currents according to the fact that the Dirac algebra shows
16 basis elements [

16
r=3S AL, A =wIT]. (2.1)

i=1

The 16 basis currents are evaluated easily by different meth-
ods.”™'° The coefficients of these expansions are traces con-
taining vector indices. All these indices have to be contracted
now according to the usual methods—Chisholm’s formu-
las,'! Kahane’s algorithm,'? etc. In this way the advantages
as well as all disadvantages of the conventional trace meth-
ods return to the calculation. The expansion into the 16 basis
currents can be avoided completely and replaced by a treat-
ment solving the problem more directly.

The Feynman diagrams present the kernels of the cur-
rents as sums of products of ¥ matrices. The transition to
two-component van der Waerden spinors yields terms con-
taining a separate energy factor and a Pauli current includ-
ing products of Pauli matrices with vector indices alternat-
ing their covariant or contravariant positions.

The vector indices of the Pauli currents now have to be
contracted either with the indices of other Pauli currents of
the reaction or with other external vectors, i.e., describing
the polarization of the photons, etc. We give powerful for-
mulas (3.8), (3.10), and (3.11) which make the task of contrac-
tion solvable in complete generality.

Finally the amplitudes are represented by a sum of
terms, each of which shows an energy factor and several
special spinor scalars formed by two van der Waerden spin-
ors. The scalars describe the dependence on the directions of
the momenta and spins.

We notice that quite general symmetries connect the
helicity currents and amplitudes with the ones of reversed
helicity indices (Sec. 4). These symmetry relations have been
derived independently of the discrete Lorentz transforma-
tions. They reduce the number of the independent dynami-
cal functions of the cross sections by a factor of 2.
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3. THE DETAILS OF EVALUATING THE AMPLITUDES

Each scattering amplitude with spin-] particles is com-
posed by Dirac currents #2 ( p’, §')"u?( p, §). Here the kernel
I is a special 4 X 4 matrix representing the happenings of a
particle passing the reaction. Generally it shows several vec-
tor indices which are contracted with the indices of mo-
menta or polarization vectors of photons or other spin-1 par-
ticles, or with the vector indices of further Dirac currents of
the reaction. The kernel can be involved in momentum loop
integrals. It is given by a sum of products of  matrixes.

The spinors u<( p, 3) are conveniently expanded by two
helicity spinors {Appendix A)

u?(p,3)=a% (p, 52 (p)+ a2 (p, 52 (p). (3.1
The coefficients do not depend on the energy of the particle.

In this way each Dirac current is expanded by four helicity
currents

u?p, 8\ rul(p,5)
=a% al @% ru ) +a% a? (@4 Tu?)
+a2a? @9 ru)+a? a2 @2 ru) (3.2)

The four-component helicity spinors can be separated
in a two-component spinor |V, p) and energy factors 77 ,

(Appendix A)

-|ON, p

u$(p) =L( v 0N 2) ) m =(EEME) "y

V2 Q777QN'|QN’P> m
Accordingly, the ¥ matrices
0 O'F> (1 O)
= , = 3.4
1 (0“ 0 Vs 0 —1 (3.4)

and their products can be split into four Pauli matrices. We
define the product

o,V =0"g, 0", (3.5

which results in a special Hermitian Pauli matrix. The use of
this splitting brings the helicity currents of pure products of
y matrices into the following forms (here is a = 1, 0):

78w ()] 775 uu( p)

i=1

- QT 7w AN, P10, N, )
. 1)“%n;wn,N<N',ﬁ'|az;zt.m|N,i:>, (3.6a)

2n+1
ng' (P) H Y i(?’s)a“gzv( P
i=1
=iy n (N, P07 2N, B)
+(— 1400 "y NN, P'lo,x, [ IN, B).
(3.6b)
The helicity currents of y products are separated into energy
factors and Pauli currents of the form

(N, p'lo”,, "N, p). (3.7)

The forms (3.6) help to derive general symmetry relations for
the helicity currents and amplitudes (Sec. 4). They also give a
basis for the applications of a high energy approximation

which make only a few helicity amplitudes survive (Sec. 5).
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The evaluation of the scattering amplitudes requires
that all vector indices of the helicity currents have to be con-
tracted. The contraction of the vector indices of the Pauli
currents (3.7) with other external momenta can be treated
with the formulas (Appendix A)

Puo*=m3 |N,pyn* v(N,pl,
N
(3.8)

p,qu = mz |N’i)>7]§V(N”?'
N

Some cases require a contraction of Pauli currents with nor-
malized polarization vectors of spin 1 particles €, { p) per-
pendicular to the momentum p*. We use the complex vector
£ given by (A27) in the helicity frame (Appendix A) and de-
fine in agreement with the literature®'*'

€. (p)=(1/v2)(0, — &) € (p)=(1/V2)0,8*). (3.9)

The contraction of Pauli currents with these polarization
vectors is treated with the formula (A28) or

eyv(plo” = NV2IN, pY{( — N,p|.  (3.10)

é}:l(p)o,u = -

The vector contraction of two Pauli currents can be treated
with the formulas (Appendix A)"

(Nilao, b |N,){Ns|co,d |N,) = 2(N,|ad |N,){N,|cb |N,),
(N\lao, b |N,){Ns|co*d |N,) = 2(N,|ab |N,)(N;|cd |N,)
— 2(Ny|ad |N;)(Ns|cb |N,). (3.11)

Here a, b, ¢, and d mean any arbitrary 2 X 2 matrix. Some
specializations of these formulas are found in Appendix A.
In many cases we are interested in contracted products of
two helicity currents. Appendix B shows explicitly how to
treat this case.

The complete contraction of all vector indices makes all
the Pauli currents (3.7) disappear. Instead of them we obtain
products of scalars of two two-component spinors
(N, b1|N,, p,) which each can be expressed by the direc-
tions 6,¢; of the vectors p,

0,

a,
{+,P:| +,P.) = cos =L cos 22
Bl +.p2) = > >

. 6 5 . O,
+ sin =L ¢ ~i5in =2 ™2,
2 2

R . 6, . 6, _.
(+.,b: —, = —cos —Lsin 22e %
bl — . b2) 5 %in
+sinﬂe*‘¢' cosg%, (3.12)
2 2
<_!131| +’ﬁ2>= _(+’ﬁ1| _!132>*’
<_’ﬁl|—’ﬁ2>=<+’ﬁll+’ﬁ2>*‘

We show in Appendix A that the coefficients used in the
expansion (3.1) of general spinors by the helicity spinors can
also be represented by these spinor scalars

af(h,3)=(ON,5|Q,3) =N [ay %5, 8)]*  (3.13)
The expansion coefficients have a direct relation to the po-
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larization vectors of the incoming and outgoing spin-} parti-
cles™'® (Appendix A)

Y14+ Nsy), af(a® y)* =10s,e 2%,
(3.14)

These formulas (3.14) will directly apply when the cross sec-
tion is obtained by the squaring of the scattering amplitude.
The simple and transparent form of the cross section is
shown in Sec. 6.

aQ(aN)*

4. SYMMETRIES OF THE HELICITY AMPLITUDES

The Pauli currents obey simple symmetry relations
which generalize the relations (A34) and (A35)

(N, pi|0%0 Ny, p)* = <N2»P2|‘7‘"vv'|N1sP| (4.1)
<N1,P1|0' L[Ny P2} = NN ( — N,, p;lo vy | — Ny, po)-
(4.2)

These relations and the forms (3.6) help to derive quite gen-
eral symmetry relations for the helicity currents:

(2% (P\u§(p)]* = NN a4 . (p'\[ *u y(p). (4.3)
Here we suppose that the kernel 1" is given as a sum of pro-
ducts of ¥ matrices with arbitrary coefficients. The kernel
I'" ™ arises from the original expression by an operation (x)
which keeps all the factors #* on its place and unchanged but
takes the conjugate complex value of all the coefficients.
Especially, the matrix y5 = i¥°y'y?»* changes its sign.

The scattering amplitudes as described by a Feynman
diagram is a product of several (say n) Dirac currents. Let F
fermions be of equal type. In this case the general amplitude
consists of a sum of 4” different helicity amplitudes, each of
which belongs to F! different diagrams. The pairs of terms
which show reversed helicity indices N, are connected by a
symmetry relation of the type (4.3), namely

({70 || 2
= <<_Q;Vk _Q}V >> H N,N,. (4.4)

As a consequence of the operation («) all the pseudovector or
pseudoscalar couplings change their sign. Also the helicity
indices of the emitted and absorbed photons are reversed,
and a factor — 1 is multiplied for each photon.

I

9)?(*#

5. THE HIGH ENERGY APPROXIMATION

For high energies theratio s _ /7, is small and approxi-
mately m/2E. Only two of the four helicity currents of the
type (3.6a) or (3.6bj survive. For the currents including even
products of ¢ (type 7 = 0) the surviving currents are

uQ.(Pl)H 7 (ys)'u® o.(P2)

=(—1)y=2 Q2 7Y 7%+, bl | —
(5.1)
%o, (pl)_II ¥ (ysI'ug( po)

Ql (1)

77+ 77—4— (—,P1|0'v, - VZ"| +yﬁ2>‘
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For the currents including odd products of ¥ (type 7 = + 1)
the surviving currents are
2n+1

uQ.(pl) H 14 (?’5)a :(Pa)

i=1

=4V 9% (+,p1e" .+, By,
(5.2)
- 2n+1 .
u® Q (p1) H Y ‘(75)‘1”%@(‘02)
= (=1 2 g (- plo,, | =B,

In agreement with the symmetry (4.3) one of the surviv-
ing currents is the conjugate complex of the other—except
eventually a sign.

A general Dirac kernel I" of a current has either even
{r =0)orodd {(r = + 1} factors y* in the high energy limit.
We remember that the fermion propagators produce factors
p + m, which reduce simply to p in the high energy limit. We
conclude that only two of four helicity currents survive in
the high energy limit.

We suppose that this statement is correct also when the
currents are involved in any momentunt loop integrals
(Feynman integrals). For instance, the explicit QED formu-
las for the radiative corrections of the e—e scattering in the
lowest order'”-'® show products of two helicity currents only
of the type 7= + 1.

We have seen that the scattering amplitude is a special
product of n Dirac currents, leading to 4” different helicity
amplitudes. The high energy approximation reduces this
number drastically to 2" many surviving helicity amplitudes.

The previous statements shall be exemplified. We con-
sider the creation of a pair of muons (particle 3 = ¢, parti-
cle 4 = ™) by the collision of an electron (particle 1 =e7)
and a positron (particle 2 = ¢™). We suppose this reaction as
running through the production of one or more photons and
Z,, i.e., intermediate spin-1 particles. In this case the ampli-
tude has the following form

93?( et —(l}p "
= —a,B,B%alA ! +a,parBiA 1
+ B\a, BYatA m —fiaa¥ BFA v, (5.3)
Here we used a simplified notation for the superposition co-
efficients (3.1} or (3.13)
a; ={+,pl+,%),
—Br= ( +’ﬁi| _’§i>s

Bi={—.b|+,3)

af = ( —’ﬁi| —, 5.
(5.4)

The dynamic functions A ‘ are the helicity amplitudes'® sur-

viving in the HEA
- 4+
(2 3]m|1 4)),
-3 Lo

e Sfsli 3 oo
)

A"':<<§ 3|ml1 1>>, AW=<<§ 3
il It ‘o oy

The kernels of the constituting currents have odd factors »*
in the HEA. They are of the type (5.2) with 7 = 1.

m
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If the creation of 4“2 by e"e™ runs through odd ad-
ditional scalar Higgs particles,?® a further amplitude has to
be added, namely,

R

ete —{0)—p'u
=a,0,afa*B' —a,a, B*BEB"Y
— B\ BatatB™ + B, 8,8 B1B". (5.6)

The dynamical functions B’ are the helicity amplitudes sur-
viving in the HEA

4o

),

.

-+ + - -+
s ={{23ln|14)) Br={(23
+ + + o+ + -
+ + -
3 14>>.

({3l ) -
(5.7)

The kernels of the currents constituting this channel of the
reaction have even factors ¢ in the HEA. They are of the
type {(5.1) with 7 = 0.

The scattering reaction ¢ “e*—e e contains similar
amplitudes as (5.3) and (5.6), with particle 3 = ¢~ and parti-
cle 4 = e*. But we have to add (subtract) the amplitudes of
the genuine scattering channel. The scattering channel of the
type 7 = 1 {arbitrary many intermediate spin-1 particles and
even spin-0 particles exchanged) yields the HEA
m:’ et ——{1)->e e

= —aaataiCl —a ot f1CH
— B, BraiC" =B BB BECT, (5.8)

where the dynamical functions C ' are defined as

+ - + - + - + -
C':<<3 2 1 4>>, C”:<<3 2 1 4>>,

+ + + o+ + -

+ - + + -
en_{(3 2wl i 8)). e ={(3 2faw]ia)).

Ty L4 -

(5.9)

The scattering channel of type 7 = 0 (odd spin-O parti-
cles and arbitrary many intermediate spin-1 particles ex-
changed) yields the HEA

R/

k

R

|2

m ™

%c, e' H0h—e ¢!
= —a,B,B%aD' — a0, B BID"
— B, Bata*D™ — Ba,at BED", (5.10)
where the dynamical functions D are defined as
+ - + - -
D':<<3 2(9?' 1 4>>, DH=<<3 2|\ 4>>,
- N Z

+ - - + -
(5 al]i a)) pv=((3 2
+ - -+ + 4

(5.11)

We notice the symmetries as consequences of the rela-
tion (4.4}
A 1V(x) — A I A 11(%) =A % (512)

and the similar relations for the other amplitudes B, Cand D.
The helicity amplitudes for the Bhabba scattering and
for the e "e~ scattering with polarized fermions are easily
calculated in the lowest order of the perturbation expansion,
including Z, exchange. The results are found in a previous

|
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paper.?! The explicit calculation confirms the symmetries
(5.12).

6. THE FORM OF THE CROSS SECTION

The absolute square of the scattering amplitude yields
an expression proportional to the cross section. This expres-
sion shows products of the superposition coefficients of
which two at a time belong to the same fermion. These pro-
ducts of two coefficients belonging to the same particle have
a simple physical meaning. They relate directly to the
strength of the transversal and longitudinal polarization ac-
cording to the formulas (3.14). The cross section for the reac-
tion e “e*—(1)—u "u™* with polarized fermions, for in-
stance, has the following form in the HEA:

do,

oot 1)t
o [A L A sy (1 — sy N1 — 53y M1 + 54y

+ A1 — sy T+ 55 )(1 + 531 — 84y)
14 T sy N — s (1 + 53 (1 — 4y
+ AP — sy )1 A 5 (1 — 55 (1 + 54y)
+2Ref — [4A™(1 — 5,1 +54)
+ ATA VML 4 53 )(1 — 54y) 50,55, €% )
- [A A1 + sy (1 —s3)
4+ 4 mA IV*(I _ 51|| ](1 + 52” )]sns“ei(% — 1)
+A4U IV*SuSu S3, 4 e e

+ A UA m*susususu eiltlfz — ¢+ ¥ — w,»} . (6 1)

We notice that several pairs of the dynamical factors 4 ‘4 **
in this formula are identical except the terms which violates
the parity and which differ by a sign. This is a consequence of
the symmetry (5.12).

The formula (6.1) is correct also for partly polarized
particles. In this case the degree of polarization is described
by the length of the spin vector, which is now smaller than 1.
If the polarization of the final particles is not observed, we
have to put the spin vector equal zero and to multiply the rest
of the cross section by 2 for each final particle.

The cross section of the e “e ™ scattering and of the
Bhabba scattering has been calculated with this method and
given elsewhere.?! The contributions to the scattering of po-
larized electrons and positrons due to the Higgs particles are
calculated in Ref. 20.
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APPENDIX A: SPINORS

The four-component spinors u9( p, 5) in Weyl’s form>>
are composed by two associated two-component spinors (or
van der Waerden spinors®®) u, and v*
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» g)zi( uk(p,Qs))
P =0 ok (p, 8))°
(A1)

1 —
—Q a K A . A
u?(p, §) = — (QU°( p, Q8), #; ( p, OF)).
(p,3) - (QU"(p, O8), wi( p, OB))

The two-component spinors are normalized by

vhu, =1, @k=1. (A2)
These normalization relations reduce the eight real param-
eters of u, and v* to 6. Three of them are used to describe the
momentum, two describe the spin direction, and one re-
mains for an arbitrary phase.

The charge quantum number Q, the momentum p* and

the moving spin vector 8" of a particle state are represented
by

Q=1u(p,3u°(p,3), (A3)
pu = mﬁQ(P, 3')7'“”Q(P’ §)’ (A4)
8 = — Qul(p, 8)ysyul(p, 3). (A5)

The representation of the y matrices

-l B-Co 7

(A6)
1 0
Vs = (0 - 1)
allow us to write
P4 =m0, 4+ vFot '], (A7)
8 =10 [#,0"%u;, — To*yv' ]. (A8)

We choose the direction (6¢ ) for the momentum, and (J¢) for
the spin vector in the rest frame of a particle

p = (sin @ cos @, sin &sin @, cos @), (A9)
(A10)

In the rest frame the two associated two-component spinors
u, and v* are identical

§ = (sin & cos @, sin & sin @, cos F).

u, (0, N3) = v*(0, N3)=|N, §). (Al1)

The rest frame spinor for electrons (Q = + 1) with spin par-
allel (N = + 1) or antiparallel (N = — 1) to the unit vector §
has the components

() 1m0=(7)

where
¢ =cos(d/2), s=sin(d/2)e”. (A13)

The state with spin antiparallel to § and the state with spin
parallel to — § are equal up to the phase factor — .

The spinors for moving states are obtained by the appli-
cation of a boost B ( p):

(A12)

(P, N3) = B(p)u, (0, N3) = B(p)|N, $), Al4)
v*(p, N3) = B ~ "} pjv*(0, N3) = B ~“Y(p)|N, 3).
The boost B ( p) is composed of a unitary matrix
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i i i c -S*
U0d) — ¢ /2o, —i0/2o, ié/2o, =( )
(Bd)=e e e s c
(A15)
with
C=cos{f/2), S =sin(0/2)e" (A16)
and a Hermitian (and diagonal) matrix
~ _(n+ O )
B =
= 0 (A17
with
P=1(E0,0,p) (A18)
and
7. =E+ py/m]'". (A19)

The unitary matrix U tips the direction (6¢ ) of the momen-
tum into the z direction.”'* The Hermitian matrix B ( p)
moves the rest frame along the z axis. By evaluating the Her-
mitian matrix

B(p)=U(6¢)B(p)U '(64) (A20)
we find

B(p)=> IN,p)nn{N,pl,

N (A21)

B~ '"(p)= ; |N, pyn v AN, Bl,
and

[B(p)) =—pot, [B "(p)*="pto,. (A22)

m m

The comparison of (A22) and (A21) yields the relation (3.8).
The four-component spinors for helicity states with § = N p
are, according to (A1), (A14), and (A21),

1 ( nQNlQN’[’»)

Oy L
“NPV="5\ 0 owlON. )

(A23)

- 1 N A
uz%([’) =E(QnAQN<QN’Pl!17QN<QN’p|)'

The general four-component spinors are superpositions of
the two helicity spinors

ul(p,8) =Y afuf. (A24)
N
The coefficients of this expansion
af(p,3) = (QN,p|Q, %) (A25)

are independent on the energy.

By tipping the primary coordinate system around the
axis 8, X p according to (A15) and the literature”'* arises a
helicity frame with the basical vectors é,., é,, and &, = p.
The spin vector (A10) is given with regard to this helicity
frame by

§5=s cosypé, +s sinyé, +s;p. (A26)

The unit vectors perpendicular to the momentum p can be
gathered by a complex vector

g=3, +i2, =(C2—S%iC?+S?, —2CS).(A27)
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The following relation can be verified with (A12) and (A27):

g6 =2|+,p)(—,pl (A28)
This relation and the high energy limit of (3.8)
1+ Qpd =2|Q,p)(Q, | (A29)

allow to derive now Egs. (3.14).
According to {A8) and (A11) the spin vector in the rest
frame is given by

§=N(N,5|3|N,3). {A30)
We find with (A29) and (A28) now
1+ N ps=2(QN, 3|0, p)(Q, PION, ),
(A31)

Ngs=2(N,8| +,p)(—,pIN,35).

These relations lead to (3.14) with the help of (A25). The two-
component rest frame spinors |V,, &, )=|N,) have interest-
ing features. We state the relation

KN N = [NO(N | + NN | = N) (=N, | (A32)

from which several equations can be derived, for instance,
the following relation between the spinor scalars:

<Ni|Nk><NI|Nm> = <N1|Nm><N[|Nk>

+ NN A(N,| = N;}{ — N,|N,.). (A33)
We derive also the symmetry relations between Pauli cur-
rents

(N;|0"|NY* = (N, |0"|N;), (A34)

(N,|0“|N) = NN { — NiJo,| — N,). (A35)
The last two equations are easily generalized to Egs. (4.1)and
(4.2).

The Pauli matrices 0* can be expressed with the help of

the two-component rest frame spinors for spin parallel or
antiparallel to the z axis:

ro=ta) =) —o=l-a=(]) e

We find

Zo“@Up = 22 MN [No) (Mo|®] — No){ — M,|, (A37)

20#90#:22 |No> <M0|®‘Mo) (No|~ (A38)
m MAN

With these formulas we now treat the contraction products
of the two Pauli currents (N,|ac,, b [N,){N;|co"d |N,)

and (N,|ao, b |N,){N;|co,d |N,). Here a, b, ¢, and d are
arbitrary 2 X 2 matrices. With the help of (A32) the spinors
[No) (A36) can be completely eliminated. The very general
formulas (3.11) for the contraction of a product of two Pauli
currents are obtained. Here we notice two useful specializa-
tions which can be derived with (A32):

(N,|ao, |N;){N;|o*d |N,)

= — 2N,N;(N,la| — N;){ — N,|d |N,), (A39)
(Ni|o,|N,){(Ns|co*d |N,)

= 2N N,(N,|c| — N,){ — N,|d |N,). (A40)
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APPENDIX B: PRODUCTS OF TWO HELICITY CURRENTS

Let 4 and B be arbitrary Dirac matrices. Now we define the product of two helicity currents

A X B=u§;(p)Au$:(p,)a%; ( p3)Buf;:(pa)-
We introduce some abbreviations

M; = Q;N,,

78 = [(E + N, p;)/m; ]2,

€aveayip =Ta =0 + BV, ™,

Q = Q1Q2Q3Q4-

(B1)

(B2)
(B3)
(B4)
(B5)

Now let 4 and B mean even or odd products of matrices. There are four different types of current products. We introduce
an operator G which changes all upper vector indices into lower indices and reverse. The four types of current products are

according to (3.6aj} and (3.6b):

2n 2k
H f‘(YS)aXH 7vj(y5)b = }thQ3€, MM, — MM,||( ~ 1)"* QG <Ml |Uy, .'#2"
i J

+(—1)10,0,€ MMM, — ML=\ * *0G (Mo, *

2n 4+ 2k + 1

i

2n +

2k + 1

M,) <M3|Uv, B v2k|M4>

M) (M;|o™,, |1 M,), (B6)

vae

3
I1 70> I 70l = A€ mpanani e rgq (Ml 77 M) (Ml 7 | M)
j

1 2%
H ?/ui(ys)axn Yys)t = %QBGM,M2 — MMl — 17+ bQG (M|o™ " | M) (Mo, | M,)
j

2n
H J/i(‘}/S)aX H yVJ(VS)b = ‘%Qlé_ M MMM, — 1% 0G <‘}‘{1 ,Uu. ~-’u2n|M2) <M3|0'Vl» . T l|1‘44>
i J

+ };( - l)bQSQ4€1M|1W2 — M, — MJi{ — 1)* T ®QG <Ml |(7ﬂI "”Zn " 1|A{2> <M3|ov, " .vz,( 31 |M4>’ (B7)
40— D€y nrne, a1+ 206 MO M) (M 0™, (M), (B8)
HA IPARDRE g oo M0, TIMN Mo, 0, ML) (BY)

The specialization of these formulas and the application of (3.11) for the contraction of Pauli currents produce all current
products required in the calculation of scattering amplitudes. We notice some of these as examples:

IX1= §Q1Q26— MM, — M,M,||Q <M1 |M2) (M3|M4>

+ 1Q104€ _ papn, - myo (M, |ML) (M| M,), (B10)
VXY = Y€mpmminoc Myl [ Mo) (M0 | M)
+ c11Q3Q4€M|Mz — M, — M,||QG (M, |G“|M2) (Mo, M), (B11)
Vu XV = {€mmmio | — 2MMy(My| — M) — M;|M,)
+ £Q3Q4€M,M2—M,—M.IIQ'2<M1 |M,) (M, M), (B12)
VY X Yy = 10,05€_ MM, — M,M,||QG (Mlla# UV|M2> (M3IUPUTIM“>
+ £Q1Q4€’ MMM, — M,||0G <jwl |0u0v’M2) <M3|0p07' IM“)’ (B13)
YoV XYV = 401 Q3€ _ mma, — mmioc2AM M) (M;|0, 07| M)
+4Q1Qu€_ rrram, — w06 2MM (M, |UP | = M3)(—M,|o"|My), (B14)
YV XYV = 10105€ _pom, M,M‘“Q'S(Ml |M,) (M| M)
+ 31 04€  arann,  myo M (M) (M M) (BL3)

Not all the vector indices of the currents are contracted internally. The remaining Pauli currents {4 [o“0, |B ), etc., of the
amplitudes disappear by contractions with external momenta. In these cases the formulas (3.8) and (3.10) apply.
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In this paper we show that for a nonrelativistic charged particle moving in an arbitrary external
electromagnetic field there exist approximate solutions of the Schrodinger equation, such that the
quantum-mechanical averages of the coordinates and the momenta with respect to these states are
general exact solutions of the classical Hamiltonian equations. Such states are called trajectory-
coherent states. The wave functions of the trajectory-coherent states are obtained by the complex
germ method by V. P. Maslov. The simplest properties of these states are studied.

PACS numbers: 41.70. 4+ t, 03.65.Ge

1. INTRODUCTION

The question of the correspondence between the results
of classical and quantum mechanics is as old as classical
mechanics itself. It is quite obvious that there is no universal
method of obtaining arbitrary classical quantities from
quantum-mechanical ones. Let us explain this in more de-
tail. Assume that one wants, for the conservative system, to
obtain a classical expression for energy (as a function of any
parameters of the system), starting from a quantum-mechan-
ical one. It is obvious that in this case one should determine
the stationary states of the system and then, by the definite
way, take the limit as -0 of the quantum-mechanical
expression for the energy. On the other hand, if one is inter-
ested in obtaining the classical particle trajectory as a limit
for #—0 of some quantum-mechanical expression, the sta-
tionary states cannot lead to a reasonable classical result be-
cause for such states the coordinate and momentum aver-
ages do not depend on time at all. Hence, to derive the
classical trajectory as a limit for -0 of a certain quantum-
mechanical expression one should first of all take care of this
problem, and determine an appropriate choice of the corre-
sponding quantum-mechanical states. Thus, the mode of
construction (and the existence of this mode itself} of quan-
tum-mechanical states that are “close” to classical ones de-
pends on the very classical and quantum-mechanical quanti-
ties we want proximity for (or coincidence, if possible).

Schrodinger! introduced an example of this kind for the
harmonic oscillator: he constructed a set of states solving the
Schrédinger equation for which the quantum-mechanical
averages of the coordinates and the momentum are general
solutions of the classical equations of motion. Glauber® dis-
covered the same states for free electromagnetic field; in
these states the quantum-mechanical average of the poten-
tial operator is a general solution of the Maxwell free equa-
tions. (The coherent states of electromagnetic field already
appeared in Ref. 3; they were studied in Ref. 4.) Such states
were called coherent states. These states are constructed in a
quite simple way for quantum systems whose effective Ha-
miltonian is quadratic by the coordinate and momentum op-
erators. The theory of these states has been developed in
detail. (The most complete statement of this theory is pre-
sented in Ref. 5.)
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At present the coherent state sequence is assumed to be
determined as a complete system of quantum-mechanical
states that are integrals of motion. (The discussion of this
determination may be found in Refs. 6 and 7.} A quite rea-
sonable conviction has developed that coherent states, in a
certain sense, are the closest to classical. In particular, for
the quadratic systems the coordinate and momentum quan-
tum-mechanical averages are solutions of the corresponding
classical Hamiltonian equations, and for the case of quadrat-
ic systems with constant coefficients the coherent states at-
tain the minimum of Heisenberg uncertainty relations.

However, it follows from the Ehrenfest theorem that if
the Hamiltonian operator of the system is not quadratic
there are no states in which the mean quantum-mechanical
trajectory would exactly coincide with a classical one. Thus,
the question of constructing quantum-mechanical states giv-
ing mean trajectories that coincide with classical ones in the
limit %#—0 is not a trivial one. Such states, if any, are called
trajectory-coherent states (TCS).

The aim of this work is to prove the following state-
ment: for a nonrelativistic charged particle moving in an
arbitrary electromagnetic field there always exist approxi-
mate solutions of the Schrodinger equation, such that the
coordinate and momentum quantum-mechanical averages
are exact solutions of the corresponding classical nonrelati-
vistic Hamiltonian equations. These solutions are construct-
ed explicitly and an estimate of their accuracy is obtained. In
other words, we construct approximate TCS which give an
exact classical trajectory. In addition, we generalize the re-
sults obtained to the case of a nonrelativistic particle de-
scribed by the Klein-Gordon equation.

The basis of our construction is the complex WKB
method by V. P. Maslov that is the complex-germ theory.3~'°

2. NOTATION

In order to avoid overcrowding further statements, we
start by describing the basic notations that will be used be-
low. We denote the coordinate and momentum vectors by X
(X1, X5 X5), P( Py, P,, P;). In quantum theory the operator p
is givenby p = —ihV, V, =d, . The partial derivatives are
designated as d, = d/dx;,d, = J/dp;. The classical Hamil-
tonian of the system is
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H(x,p)=(2m)"'(p— Af +¢. (1
The particle charge e and the velocity of light are included in
the electromagnetic potentials A = A(x,7), ¢ =¢(x, 1)
which are taken in the Coulomb gauge div 4 = 0. The opera-
tor H (X, P)is obtained from (1) by substitutions P—P. The
time functions X (¢} and P (¢ ) are solutions of the classical
equations

X(t)=3,H(x,p), blt)= —3dH(x,p). (2)
We suppose everywhere that the general solution, X(z) and
P(t), of Egs. (2) is known. The Schrédinger equation has the
form

Lw=0, L=Hx,p) —ifd,. (3)
Furthermore we introduce the 6 X 6 matrix #7(X, P), writ-
ten in the form of four 3 X 3 blocks
H,,(x,p) —H,(xDp)

H,,(x,p) H,.(x, p)

where, for example, the blocks H,, (x, p) and H,,(x, p) are
defined as

(Hxx (X, p))lj = ax,-axjH (X, p)’ (pr (X, p))u =

Hx,p) = (4)

8,,‘(9ij (x, p).
(5)
In the case of the Hamiltonian (1), it is easy to find
(mep (X, p))u - ax Aj’ (mep (x! p))u = 6ij’
(6)
(Hxx (X, p))u = axiaxj¢ + m_l<ax,-A9 ax]-A>

— (x(t), 3,0, A).

The scalar product of three-dimensional vector is designated
by French quotes ( ). If in some expression dependent on X
and P, after performing all the operations (e.g., after taking
partial derivatives with respect to x and p), the substitution
of X = X(¢) and P = P(¢) is made, this expression will be de-
signated by the same letter with the argument ¢ [e.g.,
H(t)=H(x, p)with X =X(t), P =P(z)].

The expression Rx, where R is a 3 X 3 matrix, x is a
vector, designates the vector y = Rx with the components

= S Ruxe. ™

k=1

3. THE VACUUM TCS
Introduce 3 X 3 matrices B (¢t )and C (¢ ) that are the solu-
tions of the system of differential equations

(B)-r(s). pzEt

where E is the unit 3 X 3 matrix, and b; are complex numbers
obeying the condition
Imb; >0, i=1,2,3. (9)

A simple argument borrowed from Ref. 9 (see also Ref.
11)shows that C (¢ )in nonsingular: explicit calculation, using
the special form (4) of H (¢ ), shows that(C*B — B *C) =0,
=VxeR 3, x£0:
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(Cx, Bx) — (Bx, Cx) = (x, B (O)x) — (B (O}, x)

3
=20 Y Imb|x,|*#0=Cx#O0.
k=1
Analogous arguments show that Q (¢) = B (¢)C ~'(t) is sym-
metric (i.e., equal to its transposed matrix and that
ImQ(z)>0. (10)

For the matrix Q (¢ ) it is not difficult to obtain the equa-
tion

Q+QH,,(t)Q+ QH, (t) + H,,(t)Q + H.(1)=0  (11)
and the equality
mli=ItrQ, I=1I(t)=detClt). (12)

Equation (12) follows from the Lewill theorem® taking into
account Eqgs. (11) and (1).
We introduce also the function of WKB-solution type
W(x, t, i) = N (#)D (¢) exp[ifi 'S (x, t)], (13)

wherethe phase.S (x, ¢ )isthe complex-valued function [in the
standard WKB method (see e.g., Ref. 12) the phase is real
valued].

S(x,r)=j [(plc), k(0)) — H (1))dr

+ (plt), x — x(1))
+ 5(x — x(r), Q(t)(x —x(¢))) (14)
while the amplitude and normalization are

Pl)=[@)]""7

N (#) = [(m#) "% Im b, Im b, Im b,]"/*. (15)
Onaccount of (10)wehave Im S (x, ¢ ) > Oforthe phase S (x, #)
and therefore the function (13) decreases exponentially in
|x|%, at the fixed ¢, for |x|— o (|x| =V (x, x), X€R°).

The function (13) is an approximate solution of the
Schrodinger equation in the limit #2—0. The estimation of
accuracy of this approximation is defined by the following
theorem.

Theorem: Let the potentials A, ¢ be smooth functions
tending to zero as |x|— «, together with all their derivatives.
Then

LWy(x, t, i) = fy(x, t, #i) (16)
with, in the limit #i—0, the following bound on the L *-norm
of folx, 2, h):

| folx, 2, A)||2 <A (C, + #°C,), 0<i<T,

C, = max max {|d, d, A(t}|, |3, 9,3, Alt)],
It ijk 7 Tk
0.0, 0,4 (t)], 1Q ()]}, (17)

C, = max max (|9, 8,0,,9,H (t)|, 0,7, - H(t)]}.

t ikl

There |Q (¢)| is a norm of the matrix Q{¢).
We now proceed to prove this theorem. We apply L [see
Eq. (3})] to ¥,(x, ¢, i ) and we obtain thus the equality

Lo (t)exp [i%5'S(x, )] = exp [5 'S (x, 1)]{P ()[3,S
+ H(x, VS)] — i##d ()}, (18)
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where 7 is the transfer operator
=0, + m (VS —A, V) +14S —ifid). (19)

We now expand the right side of the formula (18) into its
Taylor series in the neighborhood of the point X(¢) [i.e., in
powers of X; — X;(¢)] up to the 4th power inclusive, making
use of the symmetry of the matrix Q (¢), of the Egs. (11), (12),
and of the equalities following from (6), (14)

VS =plt)+ Qt)x —x(z)),
0,S= —H(t)+ (Blt), x —x(t)) — (X(r), Q(t)x — x(z)))
+3(x —x(t), Qe ){x —x({1))). (20)

As a result we have
A@nﬁ)(ww*%unﬁ{z Hlt ), — %, ()%,
— 300 — %, (1) + (x — xie),
Dx—x(t)) + Rufx, 1],
Hlt) = (3,Alt), 3,3, Alt) + (3, Alt), 3,0, Alt))
+ (0, A0, 3,9, M) + 3 B0
X [mé () — (xie), Al ), 1)

where the sum over the #, is a sum over all sets of integer
nonnegative numbers n; (i = 1, 2, 3) satisfying the condition
n, + n, + ny = 3. The elements of the matrix D are deter-
mined by the relation

Dik = (Q (t )(X - X(t ))’ axiaxkA(t ))' (22)

The remainder term R, of the Taylor series is bounded by
[Ry(x, £)]<C3|x — x(z)[*. (23)

By integrating the square of the modulus of the expression
(21) over the space R 3, taking into account the trivial integral

Jw xz,, exp ( _ xz/ﬁ) dx=#'"% 1/2r(n + 5) (24)

and using smoothness of the potentials A, ¢ and the Koshi-
Buniakovsky inequality, the proof of the theorem is ob-
tained.

In conclusion we note that analogous results were ob-
tained in Ref. 14 for a particular case of A =0, ¢ = ¢ (x).

4. EXCITED TCS

Let us denote the three-dimensional complex vectors
thatarethecolumnsofthematrices C (¢ Jand B (¢ )by Z; (¢ )and
W.(t) (i =1, 2, 3), respectively. We introduce the “general-
ized” annihilation and creation operators

a,(t) = 24 Im b,)”"*((z,(r), B) — (W, (t), x)),

(25)
a;* (¢) = (A lm b,)~'?((zX(t), ) — (WHz), x)).

The basic properties of these operators
[a,a*]=6; [a,aq]=[a".a"]=0 (26)
can be checked by direct calculation. In the same simple way
it is found that

2857 J. Math. Phys,, Vol. 24, No. 12, December 1983

a;(t)Wolx, t, ) = a; (1 )¥,(x, ¢, ), (27)
where the functionsa; (¢ ), which are eigenvalues of the opera-
tors a; (¢ ), are the simplectical scalar products'?
a,(t)=2AIm b,)"2(Z (¢ ), pit)) — (W,(t), x(¢)})).  (28)

The statement that the operators &; (t)and 4,* (t ) are symme-
tries of the Schrodinger equation (3) in the limit of #—-0 is
somewhat less obvious. We shall take this statement to be
true if the commutational relationships

[a4e), L1¥=0(#"?), [aF,L]¥=0(#") (9
are satisfied over the set of approximate solutions of the
Schrodinger equation

Y(x,t,f) = (x,t, H)exp [ii 'S (x, t)], (30)
where ¢ (x, ¢, h )P, P the set of polynominals in #~ '/

[x — x(z)] with time-dependent coefficients.
From Egq. (18) it is easy to obtain
exp [ — it 'S(x, t)JL exp [/ 'S (x, ¢ )]

= — ifr + O (#?), (31)
where 7 is defined by (19). Here and below we use the nota-
tion O (#° ) for any operator which, when applied to PeP,
yields a vector with L -norm O (*) when multiplied by
exp [#'S(x, t)]:

V®cP:||exp [i# 'S (x, £ )0 (5°)® || = O (#*).
Further we have
exp [ — 'S (x, £)]a,(t) exp [ 'S (x, )] = A, () + a,{t),
exp [ — i 'S(x, t)]a(t) exp [iH7'S(x, 1))

= A7 (1) + ae). (32)
Here a;(t) is defined by the formula (28), while

A) = Imb)HZ, (1), B,

A ()= (2A1Tm b)~"2(2Zx(1), B)

—(WHe) — Q(e)Z¥ (e ), x — x(£))). (33)
As an example, we calculate the commutator [&;* (r)
—a*t), L ], applied to the functions (30). Using (31)}—33)
we have
[a7(t)—a¢), L ]¥
= exp [zﬁ IS(x,2)]1{ — zﬁ[A (t), 7]

+[A (), OF)] )6 (x, 1, A). (34
The class of the fynctlons ¢ {x,t, A)eP is invariant under the
operatorsA (t), A T(t). Hence, it follows

[4. (), 00" =0 %",

Hence, it would be enough to show that the commutator
[A (t), #] is an operator of type O (#'/?). By expanding this
operator in a power series of x — x{¢) up to the 3rd term
inclusive, using (11), (12), and {20) we have required state-

ment.
From the property (29) and the invariance of the P-class

relative to the operators 3,7 (¢), A ;7 (¢) it follows that the
functions
v, (x,t,fi)= H ()12 [@4,(r) — aX(t)]"Wlx, t, ) (35)

i=1
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are approximate solutions of the Schrodinger equation with
respect to mod O (h *'?).

5. BASIC PROPERTIES OF TCS

1. The set of the functions ¥, (x, 7, i) is an orthonormal
system. This statement is checked by the direct calculation.

2. The functions ¥, (x, ¢, #) form a complete system.
This analogy can be used to establish the completeness for
the W".-’ which can now be proved by a word for word tran-
scription of the corresponding standard proof for the com-
pleteness of the Hermitian functions U, {x),

U,(x)=C, exp({—x*/2)H,(x), H,(x)=2"(b")" &,
d

Using the relations (32) and (33) the functions ¥, (x, 7, #) can
be represented in the form

¥, (X, 5, %) = C, (%, £, A [[ [A 7 (0)]" Do, Pp= 1.

(37)
Thus the ¥, (x, ¢, %) constitute a three-dimensional general-
ization of the Hermitian functions U, . The completeness
relation may be established now by the method that is a word
for word repetition of the corresponding calculations for os-
cillator functions.

3. The quantum-mechanical means X and P calculated
by functions ¥, (x, ¢, #) don’t depend on n, and coincide {ex-
actly) with x(¢ ) and p{r ). One may easily check this property
by direct calculation. Thus x(¢ ) is the center of the wave pack-
et ¥, (x, £, #i). By analogy, p(¢ ) is a center of the wave packet
¥, (p, ¢, #i) of the TCS in p-representation. The form and
properties of the functions &, (p, ¢, #i] are determined by the
form and properties of the functions ¥, (x, ¢, #i) with the sub-
stitutions

i

Clt)>—B(t), B{)~>C(r). (38

4. In case the operator H (x, p) is a quadratic function in
the coordinates and momenta, with coefficients that are ar-
bitrary functions of time, the TCS are exact solutions of the
Schrodinger equations, and g, (¢ )and a,* (¢ ) are exact symme-
tries of this equation.

5. Quasiclassical trajectory-coherent states of a spinless
relativistic particle in an arbitrary electromagnetic field.

Now we construct trajectory-coherent states for the
Klein—Gordon equation describing the motion of a spinless
relativistic charged particle in an arbitrary electromagnetic
field. This equation, in view of the above notation, has the
following form:

(i3, — ed ) — (ichiV — eA)* — m*c* ¥ = 0. (39)
Here, the electromagnetic field potentials A and ¢ are
taken in the Lorentz gauge d,¢ + C div A =0.

Let us denote by ¥ (x, ¢} a positive-frequency normal-
ized solution of the Schrodinger-type equation

xop, X(t)oplt),

L.w,=0 L, =itd, —Hix,pt) f vt W dix =1,
(40)
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wherg, in difference with Sec. 2, the pseudodifferential oper-
ator H (x, p, t), that is a nonlocal “#~,” is defined by the
formula

Hix,p, ), (x, 1)
= (27h) 32 J exp [ (x, p) 1H (X, p, 1)¥, (p, % 1 )d °p.
(41)
Here}?/ (D, %, t)isa “#~ " Fourier transform for the func-
tion ¥ (x, t), that is

@+(p7 ﬁ: t)
= (2m#) /2 J exp [ — i~ (x, p) | ¥, (x, t)d *x. (42)

The function H (x, p, t ) is a classical relativistic Hamiltonian
function

H(x,p,t)=ed(x,1)+€.(x,p, 1),

€,(x, B, 1) = ([cp — eA(x, )] 4+ m*c*)'2. (43)
We suppose the general solution x(¢ ) and p{¢ ) of the classical
Lorentz equations to be known. In the Hamiltonian form,
these equations coincide with Eqgs. (2) with Hamiltonian (43).
We furthermore introduce the matrix #7(x, p) analogous to
the matrix (4). The block elements of this matrix calculated
in the points of the classical relativistic trajectory defined by
x(t ) and p(¢ ) have now the form
(pr(t ])I/ = (pr (t ))_]T = [exi <X(t )’ VxAj(t )) - eczaxiAi(t )]

X [ee(t)] 7,
(. (1)), =e[cP€.(1)d, 0,0 1) + ec’(, Alt), . Alt))
—ce_ (t)(x(t), I, 0, Alt)) — e(x(t), d, Alt 1
X (x(t), 3, Alt) ] (e (e)] 7,

(H,, (1)) = [€*8; — X (e ;{e)Ye S 1) (44)
Heree (1) = €. (x(t), p(z), 7). Solving the set of equations (8)
with the matrix (44} we construct the normalized vacuum
relativistic TCS solution of WKB type ¥, ((x, ¢, #i) as fol-
lows:

W olx, t, #) =N (H)P(t) exp [ifi”'S, (x, 1],

45)
N () = [(w#) "> Im b, Im b, Im b;]"*. (

Here the relativistic complex phase S (x, ¢ ) differs from (14)
and is defined by the formula

S.(x, 1) = J[ Lx(t), x(¢), t)dr + (ple), x — x(¢))

+ Hx —x(7), @t )x — x(t)), (46)
where . is the relativistic Lagrangian on the trajectory
Lx, x,t)= —mcH(l — B — e[ (t)
—c (X, AlLD), B=x. (47)

The amplitude @ (# ) and the matrix O (¢ ) are defined in Sec. 3.
Relations (25) introduce the annihilation and creation

operators that are constructed by the formulas (35).

¥ . . (x, t, %) are excited relativistic TCS’s. The precision

with which the relativistic TCS constructed satisfy equation

(40) is defined by the theorem from Sec. 3. The operator I:+
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on the solutions (45) can be estimated in the norm L,(R *) as
follows

1L, ¥, ., ||<R#"?, (48)

where the constant R, analogous to C, from (17), depends
linearly on the maximum, with respect to z€[0, T'], of the
second-order derivatives of electromagnetic field potentials
derived for the points of the classical relativistic trajectory.
The relativistic TCS’s constructed here satisfy the origi-
nal Klein—-Gordon equation (39) with the accuracy 4 */? at
#i—0, the probability density for Eq. (39) on the approximate

solutions being, accurate up to the members O (ﬁ )
p=ve,(t)¥, .,
and from this it follows that p > 0.

It is interesting to note that, in difference with the non-
relativistic case, the TCS’s constructed here are not exact
solutions even in the case of stationary uniform fields or for a
free particle. The well-known exact coherent states of a rela-
tivistic electron’ are partially coherent and can be obtained
by the complex germ method on the basis of the complex
Hamiltonian formalism for narrow beams; however, this de-

|, ¥ =const>0 (49)
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viates from the framework of this paper.
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On the Ohm-Navier-Stokes system in magnetohydrodynamics

Zensho Yoshida® and Yoshikazu Giga®

Courant Institute of Mathematical Sciences, New York University, New York, New York 10012
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We study a mathematical structure of the Ohm—Navier-Stokes system that describes the
incompressible dissipative evolution of a plasma. We apply the nonlinear semigroup theory and
construct a unique regular solution which satisfies the system at least locally-in-time. We show
that, for small initial data, this solution solves the system globally-in-time. We also introduce
another scheme to construct solutions for less regular initial data.

PACS numbers: 52.30. 4+ r, 52.55.Ke, 02.30. — f
I. INTRODUCTION

The dynamics of magnetically confined plasmas are at-
tracting strong interest, especially in their relation to nuclear
fusion technology.' Here we discuss an analytical structure
of the following Ohm-Navier—Stokes system that describes
incompressible dissipative dynamics of a magnetofiuid.”
We consider the initial-boundary-value problem of the sys-
tem (see Sec. II)

3B =(n/p)AB + VX(vXB), V-B=0,
v =v/AV— (vV)v + [(VXB)XB/u, — Vpl/p, Vv=0,

where B is the magnetic flux density, v is the macroscopic
fluid velocity, p is the thermal pressure; 7 is the resistivity, v
is the kinematic viscosity, p is the mass density, and x,, is the
vacuum permeability. We assume 7, v, and p are constants.
This system is closed because it is decoupled with the mass
and energy (entropy) equations, since we assume the incom-
pressibility of the fluid. Since we consider temporally homo-
geneous boundary conditions for B and v [see (2.5) and (2.6)],
this system is autonomous.

In this paper we apply the semigroup theory in func-
tional analysis and construct regular solutions of the Ohm-
Navier-Stokes system. For an autonomous system, the solu-
tion with initial value u,, if it exists uniquely, can be written
as 7 (t Ju, and the solution operator T (¢) (£>>0) has the semi-
group property T'(t)-T(s) = T (¢ + 5)(t,520), T (0) = [ (identity
operator). The semigroup theory studies the existence and
analytical property of semigroups. The idea for this theory
comes from the concept of Laplace transformation that is a
tool used to solve autonomous ordinary differential equa-
tions. Therefore, to study autonomous systems it seems nat-
ural to apply the semigroup theory. A nonlinear theory for
semigroups in Hilbert space has been developed by Ko-
mura®’; see the Appendix. We apply this theory to construct
solutions of the Ohm—Navier-Stokes system. This nonlinear
semigroup theory has been applied to the usual Navier—
Stokes system in Ref. 6. We will see, in Sec. IV, that the
Ohm-Navier—Stokes system has a mathematical analogy
with the usual Navier-Stokes system. The analogy is useful
to analyze the Ohm-Navier-Stokes system. We introduce,
in Sec. VI, another method which is analogous to that in
Refs. 7-9, and construct solutions for less regular initial
data.

“'On leave from Department of Nuclear Engineering, University of Tokyo,
7-3-1 Hongo, Tokyo 113, Japan.

™ On leave from Department of Mathematics, Nagoya University, Chikusa-
ku, Nagoya 464, Japan.
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We refer the reader to Ref. 10 for the pioneering math-
ematical contributions to the Ohm-Navier—Stokes system.
The present theory improves on the following points. The
nonlinear semigroup approach in Sec. V gives a simple proof
of the existence. The second method {Sec. VI) improves on
the regularity assumption for the initial data. We allow the
existence of an externally applied stationary magnetic field.
For other contributions see Refs. 11 and 12 and Remark 7.2.

Our results concerned with the Ohm~Navier—Stokes
system read: There exists a unique regular solution at least
locally-in-time (Theorems 5.1 and 6.1). If the initial value is
sufficiently small, the solution solves the system globally-in-
time (Theorems 5.2 and 6.1).

{l. PHYSICAL BACKGROUND

Let us consider an incompressible plasma with finite
resistivity and viscosity, which is contained in a bounded
domain £2 (C R*) surrounded by a perfectly conducting
smooth wall 9£2. We describe its magnetohydrodynamic
evolution by the self-consistent macroscopic model

E =7j— vXB, 2.1)

dv=vAv— (vVlv+ ([iXB—Vp)p, Vwv=0 (2.2)
Here, E is the electric field, B is the magnetic flux density
with V-B = 0, jis the current density. We assume 7, v, and p
are constants. Equations (2.1) and (2.2) are, respectively,
Ohm’s law and the Navier-Stokes system with the j X B

force.
When we combine Ohm’s law (2.1) with Faraday’s law,

9,B= — VXE, (2.3)
we get
3,B = (n/p)AB + VX (vXB). (2.4)

Here we use j = uo 'V X B, Ampere’s law with the displace-
ment current neglected.

We will now discuss boundary conditions. The perfect
conductivity of the wall implies

EXn=90 ondf, 2.5)
where n is the normal vector to the wall 812. For v, we have
the adherence boundary condition

v=0 ondf. (2.6)
Let us derive boundary conditions for B. Equation (2.1) with
(2.5) and {2.6) implies

(VXB)Xn=0 ondf. (2.7)
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We get from (2.3) and (2.5)
on d12, (2.8)

where g(x) is a certain function independent of time.
To homogenize the boundary condition (2.8) we write

B=B, + B,
where B, and B, are uniquely defined by
B,=VXA inf2, AXn=0 andB,n=0 on o1,
VXB,, =0 on d1.

This expression is called the Hodge—Kodaira decomposition
for divergence-free fields; see Theorem 7.8.1 (b) in Ref. 13.
Physically, B., is the externally applied stationary flux den-
sity which is interpreted as a given function, and B,, is the
remaining part, the flux density related to the plasma cur-
rent density (j = g, 'VXB,).

Remark 2. 1: We postulate the boundary value g(x) is
smooth {C> -class). It then follows that B,, is smooth (cf.
Sec. 6.3 in Ref. 13).

In summary, we consider the initial-boundary-value
problem for the system

Ben = g(x)

inf2, B, -n=gx)

9B, = (n/us)AB, + VX [vX(B, +B,)], VB, =0,
(2.9)
dv=vAv—(vV)y
+ [(VXB,}X(B, + B, )/u, — Vp]/p, (2.10)
Vv=0,
with boundary conditions
B,n=0, (VXB)xXn=0 ondf, (2.11)
v=0 ondf.

Let us address the system (2.9), (2.10) as the Ohm-Navier—
Stokes system (ONS for short).

il. MATHEMATICAL FORMULATION

We interpret ONS as an evolution equation that is an
ordinary differential equation in a function space. We begin
with recalling some fundamental function spaces and opera-
tors.

We first give an operator-theoretic interpretation of the
dissipative termsin ONS. Let L *(£2 ) denote the Hilbert space
of square-integrable vector functions on {2. We denote by
H ™(£2 ) the Sobolev space of vector functions which are in
L %(02) together with all their derivatives of order < m. We
define the Laplace operator . ,in L (2 ) with boundary con-
dition (2.11) by

L= — [/l /\s
with domain

D(Z))={B,eH2);(VXB,)Xn=0,B,-n=00n32 }.

The operator — .7, describes the dissipation of the magnet-
ic field energy. We next define the Stokes operator associated
with the dissipation of the kinetic energy of fluid motion. Let
H, be the closure in L (2 ) of smooth divergence-free vector
fields with compact support in £2. Obviously, H,, is a closed
subspace of L %(£2 ). Let Z denote the orthogonal projector in
L *(£2) onto H,. The Stokes operator .#, is defined by
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L= —vP N,
with domain

D(SL,) = {veH*2);v=00nd2 | nH,.
To eliminate V p in the Navier-Stokes system'* we apply 7
to (2.10), and we have

dv= — L,v— P(vVv

+ Z[(VXB,)X(B, + B, )/uop].
(3.1)

We consider ONS in a Hilbert space H = L * X H_, en-
dowed with an inner product

(uu'y: = L(,u(,’ 'B,*B; + pv-v')dx,

B B,
w=() w=(%)en
v v

We denote by ||u|| the norm'® of « in H. To simplify the
notation we introduce a bilinear operator
J(269) 5 Jigiben )
Y/\Y — Z2(Y V)Y + Z[(VXX)XX]/uop
for vector fields X, Y, X', Y'. Now ONS [(2.9) and (3.1)] reads
an evolution equation'* in H
du
dr

2u=(5 2)0)

N ur=b(uu) + b(u,, ,u),

= ~ZLu+Nu (120, u0)=u,= (BPO),
Yo
(3.2)

where

B B
() - (})
v 0

and du/dt denotes the strong derivative of u. The condition
V-v = 0in (2.10) is implicitly included in (3.2), while V-B = 0
in (2.9)is dropped in (3.2). However, if initial value B, satis-
fies a compatibility condition V+B,,, = 0, the first equation in
(2.9) implies V-B, = 0.

IV. PRELIMINARY LEMMAS

We prepare some fundamental lemmas concerning op-
erators .|, .Z°, and the nonlinear term in (3.2).

Lemma 4.1: The linear operators .¥°; and .%, are posi-
tive self-adjoint operators in L *(£2 ) and H, respectively.
Consequently, . is a positive self-adjoint operator in H, and
we can define the power .2 of . for every aeR.

This can be easily proved by the standard argument (cf.
Chap. 7 in Ref. 16 and Lemma 1 in Ref. 7).

Lemma 4.2: We have

(b(uw)), wy) = — (b (u,w,), w,)

for u, w,, w,€H as far as the both sides are well defined. In
particular we have ( 4 u,u) = 0.

See, for example, Sec. 6.2 in Ref. 11 and Chap. 11,
Lemma 1.3 in Ref. 17.
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We have the following estimates for the nonlinear term
(cf. Ref. 7 and Ref. 9).
Lemma 4.3: For 8, 0<5 < the estimate

12 =% (ww)| <C (1L %u|l | L2w]| + || L£7u]| {|£° w])
holds with a constant C independent of u and w, if
6+0+p>5 6+6 +p'>35
p+6>4 p+6>1L
This follows from Holder’s inequality, Sobolev’s ine-
quality, and the regularity property of .£“.
An energy estimate follows from Lemmas 4.1 and 4.2.

Lemma 4.4: For a regular solution of (3.2) we have the
energy equality

6,6'>0, p,p’>0,

d :
P+ 2] 2wl =

The above-mentioned lemmas show mathematical ana-
logy of ONS with the usual Navier-Stokes system.

V. NONLINEAR SEMIGROUP SOLUTIONS

We will construct a regular solution of ONS, using the
nonlinear semigroup theory established by Komura.** Most
of our argument is similar to that in Ref. 6, so we omit the
detail. To apply the general theory of nonlinear semigroups
(see the Appendix) we first truncate the nonlinear operator
4. The general theory gives a unique and global-in-time
regular solution of the truncated system. Then we check
whether this solution satisfies the original ONS.

We consider a truncated operator as follows. Let 1/,,(s)
(s>0) denote a cut function such that

1, 0<ssM ' =M /2,
Yyls) =12 —s/M’', M'<s<M,
0, M<s.
Let ¥,,(u) denote 9,,(||-#""/?u||). We define the truncated
operator % ,, by
Byu= —Lu+ ¥, u) . "u,

This % ,, is well defined because Lemma 4.3 implies that
4 u belongs to H if u is in D (.¥).

Because we have truncated the nonlinear term, we can
prove, just like Lemma 2.1, in Ref. 6, that

D(#B,)=D(¥).

(B —lu—(RBpy —ol',u—u')<0

forallu,u'eD ( & ;) witho = oM ): = (M + ||.L " ?u,, ||)*
for some constant ¢ = ¢(f2 }; here we use Lemmas 4.1-4.3. In
other words, # ,, — wl is dissipative in H.

We see the stationary problem

U—A\ By —ollu=f
is solvable for all feH, A > 0; see Lemma 2.2 in Ref. 6. Such a
dissipative operator % ,, — wl is called hyperdissipative.
Summarizing our results, we have

Lemma 5.1: The operator 2 ,, — w(M )1 is hyperdissi-
pative in H.

Applying the nonlinear semigroup theory, we solve the
evolution equation du/dt = % ,,u.

Proposition 5. I: The operator 4 ,, generates the nonlin-
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ear semigroup T, (¢) in H. The function u(t} = T,,(t Ju, for
useD ( % ,,)is absolutely continuous in £>0 with value in H.
Moreover u(t ) uniquely and globally solves the truncated
system

Au =X yu (ae >0), u0)=u,.
dt
For T, (t )u, we have an estimate
| 31 Tog (8 Juo|| <™ | B 3y Tog 5o,
a.e. t>5>0. (5.1)

This u(z ) solves the Ohm-Navier-Stokes system (3.2) at
least locally-in-time, provided that M is sufficiently large.
Theorem 5.1: We can choose M ' ( = M /2) such that
M 2> || B yu| ||uo)]- There is a constant T> T, = w(M )~
Xlog (M /)| & puql| ||uoll) such that, for t€[0,T°],
u(t} = Ty (t Ju, solves the Ohm—Navier—Stokes system

du = —ZLu+.Vu

(a.e. t>0),
dt

u(0) = u,eD ().
(5.2)

The proof is similar to the proof of Theorem 4.1 in Ref.
6. Since this proof is so easy, we give it here for the reader’s
convenience.

Proof: 1t suffices to prove || 2u(t)|<M ' (a.e.
1,0<t<Ty). Since { .4 "u,u) = 0 (Lemma 4.2), we see

12l = ¢ L) = [ B yuud|<|| Bl lull
(5.3)

The estimate (5.1) gives
| apualt)|<e™™ || 7 pyuo|
On the other hand, the energy equality Lemma 4.4 yields
lu(e )| <luoll (0. (5.4)

Combine the above three estimates to get

(a.e. 1>0).

|- 2ult IP<e ™ || B ppuo| luol|  (a.e. £>0).
Therefore we have obtained the desired result.

We now discuss the global existence for small initial
data.

Theorem 5.2: Choose M’ (= M /2) as in Theorem 5.1.
Then there is a positive constant € = €(M,f2 ) such that, if
|- 2uy|| <€, ult) = Tyt u, uniquely and globally solves
the Ohm-Navier-Stokes system (5.2).

Proof: To show this theorem we use an a priori estimate

f I 2 suls)Pds<]|-Z" Puoll® + K lluoli®s K =K (M.2),
0

which can be proved similarly to Lemma 4.1 in Ref. 6. To
derive an upper bound for || % ,,u(s)| this estimate is not
enough because there may appear narrow spikes in the graph
of | # pult)| vs t. The growth rate estimate (5.1), however,
prohibits such spikes, so we get an upper bound for || 4 ,,u||.
This together with (5.3) and (5.4) eventually gives an upper
bound for ||.#'/?ul|. If the upper bound is smaller than M ',
u(t) solves ONS globally-in-time. This situation is actually
realized if the initial data is sufficiently small. For the de-
tailed proof we refer the reader to Theorem 4.2 in Ref. 6.
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VI. ALTERNATIVE METHOD

The system (3.2) is parabolic, so it is natural to ask
whether a unique solution exists for less regular initial data.
The method in Sec. V requires the assumption that the initial
value uyisin D (.£). We give here another method essentially
due to Kato and Fujita’®; see also Giga and Miyakawa.’

Let us sketch their idea. We rewrite (3.2) in an integral
form

ult) =St )u, + JIS (t — s)A uls)ds, (6.1)

where S {¢) is the linear semigroup generated by — .¥ and
U (t) = S(t)a solves the linear equation dU /dt = — LU,
U (0) = a. We want to construct the solution of (6.1) by the
successive approximation

uylt) =S (¢ ug,
Uy o 1 (8) =uplt) + JIS(I — s\ Vu,,(s)ds, m>0. (6.2

If B., is equal to zero, we can directly apply the method of
Kato and Fujita since we have Lemmas 4.1 and 4.3. Ladyz-
henskaya and Solonnikov'? consider (6.2) and get weaker
results for B,, = 0. We do not assume B, = 0 to get results.

Theorem 6.1: Suppose ||.#"'/*u,|| is finite. Then there is
a unique regular local solution of (3.2). If || £ /44| is suffi-
ciently small, then solution can be extended globally-in-
time.'®

Proof: We prove here that the estimate ||.2"y,, ||
<Kt~ % o<a <1 —6 (0 =1}, 6 = 1) holds with constant K
for all time if ||.%"“u,|| is sufficiently small. This is a crucial
step of our argument. The rest of the proof is similar to those
in Refs. 7-9, and therefore we omit it.

Suppose ||.£%u,, ||<K, . 7% o<a <1 — §forall
time. We will estimate K, ,, , ;. Apply Lemma 4.3 to get

||$‘5b(um,u,,,)||<C||$"u 1L *unll (p =}
<CK, . K, .t°"%~

am*>p,m
For technical reasons we need a trick for u,, . Since 4., is in
C> (2)from Remark 2.1, ||u, ||, + ¢ <C 'fore,0<e < 1. We
have ||t |0 4 o <C /2t < for £, 0<t< T (€) = 2"/, since
||#ex |20 + o is independent of time. Using Lemma 4.3, we get

(-2 % (ten st I <C Nttt 9 1277~ |
<C,C'K,_..t7%°" !, 0<t<Te)

for all 0 <€ <. Apply .27 to (6.2) to get

Lt = LUt + [ LS = N, ds
0
(6.3)

On the other hand, Lemma 4.1 yields ||.2* *2S (t — s) f ||
<C,(t —s)~*~°|| f||- Estimating (6.3) by this and the above
two estimates eventually imply

a,0 + CZ(Kaprm + CIK

Kam+l\ 7e.m)’

o<a<1 -6,

where C, is independent of m and e. This successive inequa-
lity yields

K, <K, o<a<l—§8 forallm,

2863 J. Math. Phys., Vol. 24, No. 12, December 1983

provided that K, , and C' are sufficiently small. In other
words, if || 7u,|| is sufficiently small, we get

|- %u,, || <Kt =<, 0<t<T (e).
Since K is independent of €, this implies
I “u,, || <Kz 775

which is the desired result.
Remark 6.1:If we use L -theory in Ref. 9, ||.Z"*u,|| in
Theorem 6.1 is replaced by L *-norm of u,,.

ml

t>0’ U<a< 1 - 5)

VIl. FINAL REMARKS

Below we list some additional remarks.
Remark 7.1 (Regularity): Since the solution u(¢)
= T,,(t Ju,constructedinSec. Visin L= (0,T:D (L)), u(t )is

the strong solution of the Ohm-Navier—Stokes system.
Eventually u(t )is in C* {(0,T)X#2); in other words (¢ )is a
classical solution,® and the statement (a.e., £>0) in (5.2) can
be replaced by (£0).

Remark 7.2 (Weak solutions): Duvaut and Lions'' and
Sanchez-Palencia'? construct a global but weak solution of
ONS. It is not known whether their weak solutions are regu-
lar.

Remark 7.3 (ONS with higher order dissipation): We
consider a dissipative operator — .%_ with higher-order
perturbation

—;’76 = -7 —eZ" O<e<l, azi

For a perturbed ONS
%: — Fu+ Vu (t20), wu0) =ueD(7,),

we can prove the existence of a unique and global-in-time
solution without assuming that the initial data is small. This
is because the higher-order dissipation gives an a priori
bound for || ?u].

Remark 7.4 (ONS with an ignorable coordinate): Here
we suppose that there is an ignorable spatial coordinate, viz.,
we consider a two-dimensional system. Then, without as-
suming that the initial data is small, we can prove the exis-
tence of a unique and global-in-time regular solution of the
two-dimensional ONS. We have an a priori bound for
|-#"'"*u|, where u is a solution of ONS. This give the above-
mentioned global existence; see Ref. 6.

APPENDIX: NONLINEAR SEMIGROUP THEORY

We briefly review the theory of nonlinear semigroups in
Hilbert space, which is due to Komura*?; see also Ref. 18.

Let % be a(nonlinear) operator from asubset D (% ) of a
Hilbert space H into H. We say % is dissipative if (£ — 7,
u —v)<0for all u, veD (%), Ee B u, neFBv. A dissipative
operator 4 is called hyperdissipative if the range of I-A Z is
equal to H for a certain A > 0, where [ is the identity opera-
tor. For simplicity let us assume here that 4 is single valued.
We have the fundamental theorem.

Theorem: Suppose % — wl is hyperdissipative for
some @ > 0. Then Z generates a nonlinear semigroup T'(¢ ).
Moreover u(t) = T (t Ju, for u,eD (4 ) is absolutely con-
tinuousin #>0 with value in H. And u(z ) uniquely and global-
ly solves
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du _ RBu
dt
where du/dt denotes the strong derivative of u. The function
u(t ) also solves

+
dru _ By
dt
where d *u/dt denotes the right derivative of 1. The semi-
group 7'(¢) satisfied estimates
|17 (¢)uo — T (thwoll<e™ |lug — woll, 20,
BT (t)uoll<e™ =N AT (s)uoll,

(a.e. £20), u(0) = u,,

(t>0)’ u(O) = Ug,

U WoeD (7)),

a.e. t>s>0.
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A systematic procedure ensuring the determination of all isotropy groups of a given
representation of a space group is presented for the first time. Isotropy groups play an important
role in various areas of theoretical solid state physics. For example, only isotropy groups may
occur in a structural phase transition driven by an order parameter belonging to a given
representation. The method uses the chain criterion directly on the image of the representation,
employing a labeling of the matrices by space group elements. A notion of a substar of a wave
vector associated with the representation is central to the method. Finally, as a detailed
illustration the method is applied to a structural phase transition in A15 systems driven by an X-
point order parameter. The result agrees with previously reported ones.

PACS numbers: 64.60. — i, 61.50.Em, 02.20. + b
I. INTRODUCTION

In calculating various physical quantities we often deal
not with the full symmetry of the physical system, but with a
specific representation of this symmetry. For example, if we
are calculating a perturbation of a certain energy level then
the wave functions, perhaps degenerate at that particular
level, span a representation of the full symmetry group of the
physical system under consideration. In such a case it is use-
ful to know some details about the action of matrices of the
representation on vectors in the space spanned by the wave
functions. This is even more apparent in another example
coming from solid state physics, namely, in the Landau' and
renormalization-group” theories of structural phase transi-
tions in crystals. Since the present work was mainly motivat-
ed by various applications of these theories, we will outline
their content here.

In the Landau theory symmetry of a crystal at a given
temperature (pressure, concentration, etc.) is determined as
the symmetry of an order parameter which minimizes the
Landau free energy. The Landau theory may be considered
as an approximate solution of a more general theory. In such
a theory the order parameter is given as an expectation value
over a certain distribution. The Landau theory replaces this
expectation value by the most probable one. This more gen-
eral approach is incorporated in the renormalization-group
method. However, symmetry results of the Landau theory
are also relevant to the renormalization-group method.
Thus, we will concentrate on the Landau theory.?

We will begin with a general outline of the Landau,
phenomenological approach.

The order parameter is a vector from a space C over
which a representation R of the high symmetry group G is
spanned. On the other hand, the free energy is a family (as
temperature is changed) of G-invariant polynomials on C. At
each given temperature, an absolute minimum of the free
energy is at a vector c in C. This vector is identified as the

* This paper is based on an earlier version which was available as a pre-
print of the Institut des Hautes Etudes Scientifiques in March 1982 (Pre-
print No. IHES/P/82/17).
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order parameter at the given temperature. The associated
(low-) symmetry group at that temperature is then the largest
subgroup L of G which leaves ¢ (the order parameter) invar-
iant. That is, L is the isotropy group (little group, stabilizer)
of ¢. Consequently, it would be beneficial to know the iso-

tropy groups L of G (for given R).

A representation R must first be chosen. R may be in-
ferred from some theoretical arguments, or partially deter-
mined from experiments or determined a posteriori, from the
requirement that theoretical predictions agree with experi-
ments. For example, an action of the group G on the atomic
displacements of a crystal, with some experimentally im-
posed periodicity, may be analyzed. The resulting represen-
tation can then be reduced and some of its irreducible com-
ponents R may be used as an order parameter. Conversely, if
R is given, associated displacement patterns may be deter-
mined using appropriate projection operators.

The next step is to construct a free-energy polynomial
on C (usually quartic) observing the requirement of G-invar-
iance. Then, in order to find the order parameter, the free
energy has to be minimized.* This step is highly nontrivial
since it involves solving a system of ¢ at least cubic equations
(c is the dimension of C). There is no general procedure for
solving such systems of equations exactly. However, after
sufficiently many trials and errors scientists usually find the
solutions analytically! This hints that there has to be a syste-
matic procedure for solving those equations. Such a proce-
dure could only be efficient, of course, for the cases of nontri-
vial G-invariance of the free energy.

This procedure we outline here for the first time.” All
the isotropy groups L of G and their subduction frequencies
i(L ) are found first. The subduction frequency i(L ) is equal to
the number of times the identity representation of L is con-
tained in the restriction of R to L. Geometrically, i(L ) is the
dimensionality of the subspace Fix{L ) of all vectors ¢ left
invariant by L. Due to the fact that the free energy is always
extremal at Fix(L )in all directions perpendicular to Fix(L ), it
is sufficient to minimize the free energy only within the sub-
spaces Fix(L ). Moreover, due to the maximality conjecture,
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an absolute minimum of a quartic free energy is associated
with a maximal isotropy group (among strict subgroups of
G ).%” Consequently, once the isotropy groups are deter-
mined, we choose the maximal ones. Then, using appropri-
ate projection operators, we determine associated subspaces
Fix{L ) where an absolute minimum should be found. Due to
the maximality, these subspaces are often one-dimensional
and the problem is reduced to solving a single quadratic
equation (having removed the origin, as the trivial solution
whose isotropy group is G itself). Therefore, we establish a
clear relationship between maximality and the solvability of
the Landau theory.

Even if the maximality conjecture is not to be found
valid, a knowledge of isotropy groups helps in systematizing
a search for absolute minima. Namely, if we know all iso-
tropy groups L, then we can, using projection operators, par-
tition the space C into the subspaces Fix(L ). Searching for a
minimum first in one-, then in two-, etc., dimensional sub-
spaces Fix(L ), i(L ) = 1,2,...,c, always removing previously
found solutions, the problem will again be often reduced to
solving a single quadratic equation.

After an absolute minimum has been found, and the
associated low-symmetry group has been identified, it only
remains to apply the associated projection operator to the
atomic displacements in order to determine the actual crys-
tal structure. This would complete within the above mean-
field approach the analysis of a particular transition.

In order to include fluctuations a renormalization-
group calculation would suffice. Fluctuations have an addi-
tional influence on low-symmetry phases emerging in a sec-
ond-order transition. However, such questions will not be
addressed here. Instead, we will concentrate only on the
problem of determining all isotropy groups L of a group G,
given a representation R, since, irrespective of whether fluc-
tuations are included or not, only such groups may occurin a
transition.

The above mentioned problem has been answered by
the chain criterion in general for discrete (countable)
groups.® The criterion states”: A subgroup L of G is an iso-
tropy group (given R}ifand only ifforevery L' DL, L 'CGit
follows (L ') < (L ) (where C denotes a strict subgroup rela-
tionship and < is a strict inequality). Thus, in order to apply
the chain criterion it is necessary to calculate and compare
subduction frequencies for all subgroups of G. A technical
interpretation of the chain criterion is that /(L ) is calculated
for all subgroups L of G. Then, foreach #{L ) = 0,1,2,...,¢, the
maximal subgroups are the isotropy groups.' However,
even when G is finite, the above proposed plan may be a very
elaborate task and several lemmas come to help (some of
them do not hold for continuous groups)*:

(i) If L is an isotropy group, sois every L ' conjugate to L
in G. Consequently, only subgroups up to a conjugationin G
need to be considered;

(ii) Kernel of G is the minimal isotropy group (see below
for a definition of the kernel);

(iil) If L ' has a strict supergroup L, L 'CLC G and
{(L) = (L"), then L 'isnotanisotropy group. Moreover, none
of the supergroups of L ', which are strictly contained in L, is
an isotropy group (thus the name chain criterion);
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(iv) If L and L ' are isotropy groups, then their intersec-
tion LnL ' is also an isotropy group. Moreover, i{(LnL ')
>iL )+ L") — {LL"), (LL" is the minimal subgroup of G
which contains both L and L ');

{v) It suffices to consider only irreducible R for if R is
reducible, then its isotropy groups are just intersections
between isotropy groups of its irreducible components;

(vi) If R is reducible, but physically irreducible,

R = 4 & 4 *, thenits isotropy groups are the same as those of
(either of) its irreducible components, and i(L; R) = 2i(L;
A)=2(L; 4 *).

In the following sections we will present a systematic
procedure designed to determine all isotropy groups of crys-
tallographic space groups. The presentation will be self-con-
tained. However, due to interests of most physicists some of
the mathematical rigor will be avoided. The rigorous proofs
of the theory require a separate paper which will be pub-
lished elsewhere. "'

The plan of the paper is the following. In Sec. I1 a gen-
eral method and notation will be established. The notation
related specifically to space groups and a review of some
elementary theory will be given in Sec. IIA. Section I1B will
deal with the image of a space group in general, while in Sec.
IIC some details of the representation theory of space groups
will be reviewed. Section III will be more concretely related
to the determination of the isotropy groups of space groups.
In Sec. ITIIA a notion of a substar and its associated transla-
tion group will be introduced. In Sec. IIIB a point group of a
substar will be defined and subsequent simplifications in cal-
culating isotropy groups will be also elaborated. In Sec. I11C
some additional technical details will be given. A step by step
algorithm for calculating all isotropy groups of a space
group will be given in Sec. IIID. In Sec. IV a detailed illustra-
tion of an actual application of the algorithm will be given.
The example will concern a nonsymmorphic space group
O (space group symmetry of A15 compounds) and its X-
point irreducible representations. The last section of the pa-
per will be devoted to the summary and discussions.

Il. METHOD AND NOTATION

For a finite group L, i(L ) may be calculated by the for-
mula

LS vieh (1)

'L l gel
where |L | is the order of the group L and y (g) are the char-
acters in R. In the case of crystallographic space groups,
most often (except for incommensurate transitions, that is,
for representations associated with wave vectors having at
least one irrational component) a relevant group L contains
nontrivial translations. Thus, L is discrete (countable) but
infinite and the above formula cannot be applied.'? In such
cases we must consider the group of matrices of the represen-
tation, also called the image, Im(G; R). When dealing with a
particular representation R, Ris often left out of the notation
for the image. We will also often use R to name interchange-
ably a particular representation, its actual matrix group (or

(L)
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any of its isomorphic groups; thus Im G = R), or the homo-
morphism defined by the representation.

The homomorphism

§—plg); (2)
where p(g) is a matrix in R representing an element g of G,
defines a normal subgroup of G, the kernel Ker(G;R). Again,
we will leave out R in the notation for the kernel."* Ker G
contains all the elements of G which are represented by the
identity matrix in R. The associated quotient (factor) group
G /Ker G is equal (isomorphic) to Im G = R. This means, in
particular, that a coset decomposition of G with respect to
Ker G,

G = g,°Ker G + g,°Ker G + - = RoKer G, (3)

provides a useful labeling of matrices in R by associated coset
representatives in G. That is, every matrix p in R may be
identified (labeled) by a coset representative g; in G /Ker G:

g:~=plg:). (4)
It is important, however, to stress that the coset representa-
tives g; form a group (isomorphic to R} only under a compo-
sition law which is the same as in G (i.e., ©), modulo Ker G.
Therefore, given a matrix group LC R it uniquely defines a
group LCG

= LoKer G, (5)

where elements in L are replaced by their coset representa-
tive labels according to Eq. (4).

Since we talk of isotropy groups of G relative to a given
representation R, it is clear that in order to find isotropy
groups of G one should first find isotropy groups in R. Asso-
ciated isotropy groups in G can then simply be found using
Eq. (5). Consequently, it suffices to apply the chain criterion
to subgroups L of R. Accordingly, Eq. (1) is replaced by

|L| ZLx(g) (6)

where L and L are related via Eq. (5), g is a coset representa-
tive (matrix) [cf. Eq. (4)] and y is its character (trace).

In all the relevant cases either all isotropy groups L of
R, except R itself, are finite (incommensurate transitions,
irrational wave vectors), or R itself is finite (commensurate
transitions, rational wave vectors). Thus, every isotropy
group of R, except Ruitself, is finite, and Eq. (6} is applicable.
On the other hand, since R is irreducible,

i(R)=1 (7)

if R is the identity representation (then R is the only one
isotropy group), or

iR) =0 (8)

in all other cases (R is then the isotropy group of the origin
¢ = 0). In what follows we will exclude the trivial case when
R is the identity representation.

In order to further motivate the use of coset representa-
tive labels, we note that even though Eq. (6) appears rather
simple a selection of subgroups of R may be very complex.
The matrix group R is sometimes a large subgroup of O(c) or
Ulc). In addition, c is often greater than three. Hence, it is
unlikely to find R and its subgroups listed somewhere in the

(L) =iL)=
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literature. On the other hand, direct manipulation of matri-
ces in R requires first their explicit construction and then a
construction of their multiplication table.

All this can be avoided by the use of coset representa-
tives whose composition law is simple (¢, modulo Ker G).
Additionally, instead of the complete matrices in R we need
only their traces (the characters). Finally, even if we had
known R and its subgroups L, the identification of the asso-
ciated subgroups L in G is most easily found using the coset
representatives via Eqs. (4) and (5).

We will develop below a systematic procedure (algo-
rithm) for calculating all isotropy groups of a crystallogra-
phic space group. The algorithm will be based on the use of
the chain criterion and the approach will be designed for the
use of the full-group representations.

In the next sections we will establish the notation and
we will review some elementary facts regarding crystallogra-
phic space groups and their representations. We will also
introduce a notion of a substar for an irreducible representa-
tion of a space group defining associated translation and
point groups.

A. Space group

A crystallographic space group G is an extension of a
group of lattice translations 7" (Bravais lattice) by a point
group P (crystallographic) class.'*'> The abelian group T'isa
normal subgroup of G, and P is the associated quotient
group,

P=G/T. (9)
We will adopt the (“inverted”) Seitz notation for the ele-
ments of G, T, and P. Furthermore, an action of the symme-
try elements on the configuration space will be assumed ac-
tive. Therefore, a general element g of G will be denoted by

={0]¢ 1, (10)
where ¢ is a rotation-reflection from the point group Pand 6
is a translation, not necessarily from 7. If 6is from T, that s,
8 is a lattice translation, then we will denote it by 4 or i

The action of g on a vector #in the configuration space is
given by
=(81¢}r="0+4% (11)
which means that a point 7 is first rotated by 3 and then
translated by 8. For the composition of group elements we
will use a symbol o, to be distinguished from .. Thus,
gog" =(6'14"3018"1¢"} = (6 + 88" |04}  (12)
and

=0} = —-06""016 ). (13)
The identity element ¢, for which we will usually reserve a
subscript 1, is

€=g= (0l2}, (14)

where 0 is the null vector (“no translation”) and € is the
identity rotation (“no rotation”). Hence, a general pure
translation 0 which may (6 = 7i) but need not be in G, is

(6 |8}=0 (15)

and

Marko V. Jari¢ 2867



600" =6'+6". (16)
Similarly, a general rotation-reflection by 3 which may

(symmorphic groups) but need not (nonsymmorphic groups)
bein G, is

{Ol¢ }=¢. (17)
Note the distinction between 8 rotated by ¢, ¢-6, and fol-
lowed by ¢, ¢o8,

406 = (8-6)04, (18)
where we employed the short notation of Egs. (15} and {17).
In the same notation, Eq. (10) reads

g = 60g. (19)
In order to associate the elements of P with particular

elements in G it is convenient, according to Eq. (9), to make a
coset decomposition of G with respect to T

G = To{0|2] + To(%,|4,} + - (20)

Pure translations 7 are not, in general, lattice translations (7
is called a fractional translation). Consequently, every pure
translation 6, occurring in Eq. (19), can be decomposed into a
lattice and a fractional translation,

6= +7 21)
Clearly, fractional translations are not uniquely defined. At
the beginning of any calculation, it is advisable to fix the
choice of fractional translations, for example as given in Ref.
16.

The point group P is conventionally given by [cf. Eq.
(20]]

P={(28, s ..) (22)

with the same composition law as in G. However, we will
identify P by the complete coset representatives (including
fractional translations). Quite generally, coset representa-
tives in a coset decomposition of a group G with respect to a
normal subgroup 7 will not form a group with respect to the
original law of composition (e.g., nonsymmorphic space
groups). However, since 7 'is a normal subgroup, it may hap-
pen that an appropriate choice of coset representatives can
be made in such a way that they indeed form a group (~P)
under the original composition law (e.g., symmorphic space
groups). Whenever such a special choice of coset representa-
tives is possible, it is usually advantageous from a point of
view of practical applications to adopt that particular
choice.

We will identify P, generally, by the coset representa-
tives

P= ({08}, (%16.), ). (23)

with the composition law the same as in G, modulo 7. A
general element of P we will denote by p,

p={#é} =74 (24)
Thus,
pi°p; = #op,, (25)

where p;, p;, p, €P and #icT. With this particular choice of P,
Eq. (23), in mind, we rewrite the coset decomposition of Eq.
(20) simply as
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G = ToP. (26)
Similarly, every element of G can now be written as

g =Hop =Ho(?|g ] = fioFe4. (27)

This concludes our description of the space group ele-
ments. In the following sections we will introduce further

definitions associated with a particular choice for the repre-
sentation R of G.

B. Image

It was shown in the introductory part of Sec. II that the
factor group of G with respect to Ker G, the image, is equal
to R. Also, a coset decomposition of G with respect to Ker G
was introduced in Eq. (3), where in the case of a space group
g, is of the general form Eq. (10). If we fix a choice of coset
representatives in Eq. (3), we can identify R as

R={g,g, -} (28)

with the same composition law as in G, modulo Ker G. That
is, for every g, and g; from R we can find an unique g, from R
and a g, from Ker G such that

8:°8; = & °8o- (29)
Therefore, we write the coset decomposition, Eq. (3), as
G = RoKer G. (30)

At this stage we identified matrices of R by the associat-
ed coset representatives, Eq. (28). Thus, in order to find sub-
groups of R, we do not have to multiply matrices of R expli-
citly. These matrices we need not even know. Instead, we can
multiply the associated coset representatives with the appro-
priate multiplication rule, cf. Eq. (29).

Until this point we only particularized a general theory
to a space group. Further simplifications in determining iso-
tropy groups of space groups are strictly due to a special
structure of a space group (e.g., existence of an abelian nor-
mal subgroup 7, etc.).

The group Ker G is a space group (which degenerates
into a point group for irrational wave vectors). Its translation
group (Bravais lattice) is the kernel of T under R,

Ker(T: R )=Ker T = {0, #i,, fis, ...}; (31)
Ker T consists of all translations in 7" which are represented
by the identity matrix in R. Ker T'is a normal subgroup of G

as well as of Ker G and, trivially, of 7. Therefore, we make
the following coset decompositions:

G = Ker Toe + Ker Tog; + -, (32)

Ker G = Ker Toe + Ker Top; + -, (33)
and

T = Ker 700 + Ker Tot, + -, (34)

where g’ and p’ are of the general form Eq. (10) andfisa pure
lattice translation. The associated quotient groups, with the
composition law the same as in G, modulo Ker 7, are [we
assume that a particular choice of the coset representatives,
Eqgs. (32), (33), and (34), has been made]

G/Ker T =€, g}, ..}, (35)
Ker P=Ker G/Ker T = {€, p;, ...}, (36)
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and
T=T/Ker T = {0, 1,, ...]. (37)

Lattice translations in Eq. (37) can be chosen as all the
lattice translations of T which belong to a single unit cell of
Ker T. (Incidentally, we note that it would suffice to use
Born-Karman boundary conditions at a single unit cell of
Ker T; there is no need to take a limit of infinite periodic-
ity—z_l,llﬁthg results associated with R are preserved.) There-
fore, 0, ¢,, t5, ... are fractional translations for the Bravais
lattice Ker T. Similarly, translations entering g; and p; [cf.
Egs. (35) and (36]] can be chosen to be sums of translations
from T and appropriate fractional translations 7 from Eq.
(23).

The quotient group Ker G /Ker Tisdenoted by Ker P
because it is isomorphic (equal, modulo T) to a normal sub-
group of Pand, furthermore, all of its elements are represent-
ed by the identity matrix in R. However, Ker P is not in
general the kernel since R is not in general a representation
of P.

In addition to the decompositions, Egs. (32), (33), and
{34), we can make now a coset decomposition of P,

P=€°TerP +77'20K—CI:P+"'9 (38)

noting that the equality is modulo T; that is, once the frac-

tionals in Ker P are chosen we can choose fractionals in P
so that the equality is exact (this is, of course, not necessary).
Elements 7 are of the general form Eq. (23).

We again construct an associated quotient group

P=P/Ker P= |, m) ..}, (39)

with the composition law the same as in P, modulo Ker P.
With the above identifications we can rewrite Egs. (33),
(34), and (38) as

Ker G = Ker To Ker P, (40)

T = Ker T°T, (41)
and

P =Po Ker P. (42)
Equations (41) and (42) are used to rewrite Eq. (26),

G = ToP = Ker ToToPo Ker P. (43)

Similarly, Eq. (40) and the fact that Ker T is a normal sub-
group of G are used to rewrite Eq. (30),

G = RoKer G = Ker ToRo Ker P. (44)
Comparing Eqs. (43) and (44) we arrive at a simple formula
for R,

R =ToP. (45)
Clearly, the resulting Eq. (45) is independent of whether we

made previously left or right coset decompositions (with re-
spect to a normal subgroup).

Thus, every element p of R can be identified as a pro-
duct of two elements in G:

p=rtom={1[€}°{7|¢ }, (46)
where ¢ runs through all elements of T and 7 runs through all
elements of P. Furthermore, T is a normal, abelian subgroup
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of R, and P is the associated factor group (it should be
stressed again, however, that the composition law in R is the
same as in G, modulo Ker G ).

Since P is finite and, for representations R associated
with a rational wave vector, T is finite, it follows that R is
finite and Eq. (6) is applicable. On the other hand, if R is
associated with an irrational wave vector then T, and thus R,
are infinite. However, it is then clear that the only lattice
translation in 7" which leaves a nontrivial vector in C invar-
iant is the identity (that is, ‘“no translation”). This is just
another way of saying that the intersection of two incom-
mensurate translation groups is the identity. Hence, in such
a case an isotropy group L, other than R itself, is a subgroup
of P only, thus finite, and Eq. (6) is again applicable.

Since T is a subgroup of R it follows that every subgroup
L of R will have the following structure:

L=T,°P,, (47)
where

T,CT (48)
and

P, CP (modulo F,). (49)
The quotient group F, ,

F, =T/T,, (50)

is identified by the coset representatives in the coset decom-
position of T with respect to T, . That is

T=T,oF,. (51)

Equation (47) implies that every element g, of L can be
expressed as

g =1.°m, (52)
where ?L is from T, and 7, is from P, . On the other hand,
Eq. (49) implies

Ty Z}Loﬂl Z}LO{?L|8L} = {}L + ?L|$L}’ (53)

where f, is from F, (that is, f; becomes an additional frac-
tional translation in T, associated with ¢, in P, ) and where
m; is an element of P;, P; = P, (modulo F,),

P, CP. (54)

Consequently, a systematic way of finding all sub-
groups of R would be first to find all subgroups T, of T and
all compatible subgroups P; of P (for example, P} must be
such as to leave the “lattice” T, invariant). Possible groups
L =T, oP, are then identified by making appropriate selec-
tions of additional fractional translations f; (one f; to each
7, !). Therefore, at no point is it necessary to consider expli-
citly matrices of R and their multiplication table.

Further simplifications will come from the fact that we
are looking for the isotropy (sub) groups only. These simplifi-
cations will follow from the representation theory of space
groups. However, before indulging in these intricacies, we
can state two immediate results regarding isotropy groups:
R(or G)and E (or Ker G ), E consists of the identity element
only, are isotropy groups having the subduction frequencies
(R is assumed irreducible, different from the identity repre-
sentation)
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iR)=i{G)=0, (55)
and
{E) = i(Ker G) =, (56)

where ¢, the dimension of the space C, is the degeneracy of
the representation R.

We will now briefly introduce the necessary notation of
the theory of space group irreducible representations. We
will, when possible, adopt the approach and the notation of
Ref. 14.

C. Irreducible representations

Irreducible representations of space groups are induced
from particular representations of their subgroups G (k).
G (k ) is the little group of a wave vector k from the first
Brillouin zone. That is, G (k ) contains all those elements in G
whose rotation-reflections ¢ leave k invariant, modulo a
reciprocal lattice vector #i. Under the action of all elements
¢ of Pon kl, a set of different wave vectors {k,, k'), e ki,
called the star of k and denoted shortly {1,2,...,s}, will be
generated. These wave vectors are in one- -t0-one correspon-
dence with the coset representatives {7 {*”|¢ 7)o =12,..5in
the coset decomposition of G with respect to G (k}:

=3¢k, + i, (57)
where 7 is a reciprocal lattice vector.

A little 1rredu01b1e representation D ™ kof G (k ), with
characters y *, satisfies

DFR(f) = e* 7], (58)
where 7 is a pure lattice translation and 7 is the ¢/s-dimen-
sional identity matrix (note that we use a plus sign conven-
tion in the exponential, like in Ref. 17, instead of a rr}inus sign
in Ref. 14). The representation R induced from D *'is given
in a block-matrix form,

Pasle) = D([7167) 'ogo(#167)) @, B=1,2,...5.(59)
The dotted matrix D (g) is
. D k, , eG I; ,
Dig) = &), 8eG k) (60)
0, g¢G (k).
Therefore, the full-group characters of R may be written as
Y@= > x.& (61)
o=1
where
=¥ (1716}~ ogo (716 7}), (62)
and the dotted character X (@) is
ki R G 7c R
0, g¢G (k).

Lattice translations 7 are represented by diagonal ma-
trices in R,

Pl = Bope™ . (64)
The associated character is
=53 & (65)
So=1

Similarly, the character of any element 7iog is
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Y. (8). (66)

s -
ik
2 e

o= 1

x (ficg) =

Consequently, in order to know characters of all elements in
G, it suffices to know only the partial characters y,, for the
coset representatives, Eq. (20), forming the group P.

These are all the results of the representation theory of
space groups that are required for further simplifications in a
calculation of the isotropy groups.

11l ISOTROPY GROUPS

Using the results established in previous sections, we
can simplify Eq. (6), which gives the subduction frequency.
By means of Eq. (61) we first rewrite Eq. (6) as

1

i(L) = — D

a\s 67
'L{ geLl oef1,2,..,s X (g) ( )

This can be further developed using Eqs. (47), {52), and (53):

W= S ——— 5 5 y,(.ohom) (68)

oef1,2,..,s5} |TL | |PL { €T, 7Py

The last equation, in conjunction with Eq. (66) gives

, 1 ikt 1 ik
i(L)= et e yL T}
( ) (7Y:|l§,:Y§|iTL| ;I;-, ][IPI_| n'LZP, X ( L)
(69)

If we introduce the notation

i (T,)= P 70

o(T7) T, % (70)
and

= 1 l '

(P )= S &y, (71)

L| meP,

then /(L) can be written in a simple, condensed form:

(L= Y 6L(T,

oef 1.2,

Ji (P, ). (72)

Particularly important is the meaning of i (T, ). It is
immediately seen that £, (T, ) is the subduction frequency of
T, for the irreducible representation £, of T, {or, more pre-
cisely,of 7, = Ker 7¢T, ). Thus, (T, )isequal tooneifk_,
belongs to the reciprocal lattice of 7, and it is equal to zero
otherwise:

) 1, /;aeTL,

i,(T,) = [0, b et (73)
where we denote the reciprocal lattice of T, by 7 .

The above result implies that the only LC R with
i(L)#0 [for i{(L) = O there is only one isotropy group, L = R]
are such that their T contain a nonempty subset

{k k ...} of the star {1,2,....s} (we will also use the short-
ened notation {a, B, ...] for these subsets). The same conclu-
sion may be reached in another way if we first realize that
i(L)> 0 implies i{(T, ) > 0. Then since

i(T.)= Z

oef1,2.....5]
we arrive at the same restrictions on T, . Therefore, it ap-

pears that “allowed” translation subgroups T, , that is, the
only translation subgroups which may occur as the transla-

i,(T,)%, (74)
s
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tion subgroups of isotropy groups, can conveniently be la-
beled by subsets {a, 3, ...] of the star {1, 2, ..., s}.

The above derivation hints that 7, (rather than 7’ L )isto
be determined in practice directly from nonequivalent sub-
sets {a, B, ...} of thesstar { 1,2,...,5]. Here we refer to P-equiv-
alence: (a',8, ...} isP—equivalentio {a",B",...} if, by defini-
tion, thereis a rotation-reflection ¢ in some peP (it suffices to
look for peP) such that

{¢'ka"¢.kﬂ” } = {ka” +’;Z’a"’ an +ﬁiﬁﬂi }v(75)

where #,,, , Mg, , ...Tand the equality is the equality of two
sets regardless of the ordering of elements. An immediate
consequence of this definition is that the two subsets can
only be P-equivalent if they contain the same number of
wave vectors from the star. It should be noted that this P-
equivalence is to be distinguished from a T-equivalence
which will be introduced in the next section.

A. Substar. Translation group

If we take a subset {a’, B, ...} then we can generate (it
suffices to stay in the first Brillouin zone of T') a reciprocal
lattice T, , in the following way. A general element 7%, of 7,
is given by

iy =m Lk, 41Ky 4 (76)
where 7 is a reciprocal lattice translation, me7, and
la,, ) o5 e ATE integers. Therefore, we will denote TL, the
intersection of TL and the first Brillouin zone of 7, symboli-
cally as

TL :T+{al9ﬁ,) } (77)
The lattice 'T‘L obtained in the above manner may contain
additional vectors k_,, k P which are from the star but

which are not in the original subset {@', 3, ...}. Insuch a case
the subset {a’, B, ...} may be enlarged by all such vectors
k.., kB,,, ... . The enlarged subset {a', 8", .., a", 8", ...}
={a, B, ...}, which is the intersection of TL and the star
{1,2,...,s}, may be used to uniquely label the allowed lattices
T,.""Suchasubset, {a,B, ...}, we will call a substar. In order
to distinguish a substar from a subset we will denote a sub-
star by [, 3, ...]. By definition

[@,B, ..1=T,n{1,2,..,s} = (T + [@, B, ...1)n{ 1,2,...,s}, (78)
which may in turn be taken as the defining relation for a
substar [a, 5, ...].

The existence of a substar leads naturally to a notion of
T-equivalence among subsets of a star: two subsets
{a',B’,...} and {a",B", ...} are T-equivalent if, by definition,
they generate the same reciprocal lattice T, . Therefore, a
substar may be defined as the maximal subset among T-equi-
valent ones. That is, a substar is the union of all 7-equivalent
subsets. In contrast to P-equivalent subsets, two 7-equiva-
lent subsets can have a different number of elements.

Each substar [, 3, ...], determines an allowed recipro-
cal lattice T, =Tl[a, B, ...],

Ta, B, ..1=T+ [a, 5, ...], (79)
whose reciprocal lattice T{a, 3, ...], equal to an allowed
translation group T, , is unique. It should be remembered
that an allowed translation group 7 [a, 5, ...] is always given
by
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Tla, B, ..] = Ker ToT[a, B, ...]. (80)

The following remarks should help us to choose a strat-
egy for determining all possible substars and associated lat-
tices.

Ifasubset {a', 3", ...} generates a substar [, 3, ...], then
asubset {a”, ", ...} which satisfies

{a, B’ ..} Cla",B", ..1Cla, 8, ..] (81)
needs not to be considered since it would generate the same
substar. Furthermore, if k, isin asubstar then — k,, belongs
to the associated ’f[a, B,ﬂ...]. Thus, yvhenever k,and —k,
belong to the star, then k, and — &, occur in the same
substars. Note also that the star {1,2,...,s} is trivially a sub-
star and

T[1,2,..,5]=E. (82)

We can also consider an “empty” substar, denoted [0], in
order to obtain

T[0] =T, (83)
which leads to L. = R.

An effective procedure for determining substars and as-
sociated translation subgroups is to work in an ascending
fashion from one vector subsets to the full star. Working in
an ascending fashion means that a subset should be exam-
ined before any other subset containing it has been exam-
ined. In this process the above-mentioned remarks, and in
particular Eq. (81), should be observed. Furthermore, one
needs only to consider non-P-equivalent subsets [see Lemma
(i) in Sec. I]. Following this procedure a set of all substars [a,
B, ...] and a set of associated translation subgroups
Tl[a, B, ...] will be found. We emphasize that these will be the
only possible translation subgroups of the isotropy groups.

Utilizing the above results the subduction frequency of

Tla, B, ...], Eq. (73), is
1, o€la,pB,...],

I.(,(T[ayﬂ) ])= 0 U&[a [)’ ]

As a consequence the subduction frequency of an isotropy
group, Eq. (72), is simplified to

(84)

iL)= 3% i,(P), (85)
oela, B....|
where
L=T[e,pB, ..]1°P, (86)

and[a, 3, ..]is a sybstar.
The quantity (P, ) needs to be calculated next. Thus,
any further simplifications will stem from an analysis of P, .

B. Substar. Point group

In the following analysis we will assume a substar
[a, B, ...] and the associated translation group T[e, 3, ...] to
be determined. This automatically restricts possible addi-
tional fractional translations f; associated with the elements
in P, . They must, cf. Eq. (50), belong to the quotient group
Fla,5,..],

Fla, B, .. 1=T/Ta, B, ...]. (87)

An obvious restriction on rotation-reflections :;; , of P,

is that they must leave the lattice T[a, 3, ...] invariant. Due to
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the maximality property of substars (with respect to T-equiv-
alence), this restriction on ¢, is equivalent to a requirement
that ¢, should leave the substar [, £, ...] invariant (modulo
T'). Therefore, we are naturally led to generalizing the notion
of a little group: the little group R[e, B, ...] of a substar

[a, B, ...] is a subgroup of R which consists of all elements
whose rotation-reflections leave the substar invariant. The
associated little space group is given after Eq. (5) as

Gla, B, ..]=Rla, B, ...]°Ker G. (88)
Similarly, the little point-group P[a, 83, ...] of a substar
[a, B, ...] is a subgroup of P which consists of all elements

whose rotation-reflections leave the substar invariant. Note
that

Pla,B,..] =Pla,p,..1o Ker P. (89)
Hence,

Rla, 3, ...] = ToP[a, 3, ...] (90)
(the set R[a, S, ...],

Rla, 8, ..]1=Tla, B, ..]°Pla, B, ...], (91)

which is included in R, 3, ...], is not in general a group).
With the above definitions established we see that an
isotropy group L must be a subgroup of R[a, 5, ...],

LCR[q, 5, ..], (92)
and P}, Eq. (54), must be a subgroup of Pla, £, ...],
P, CPla, B, ..]. (93)

The difference between P; and P, , Eqgs. (49) and (54), is
essential due to the possible additional fractional transla-
tions coming from Fle, S, ...].

The construction of a subgroup L proceeds by choosing
a subgroup P; of Pla, 3, ...]. P} is then amended by addi-
tional fractional translations from F[a, 3, ...] in order to con-
struct P, . A choice of additional fractional translations (sev-
eral different choices may be possible) must be made in such
a way that L = T[e, B, ...]oP, is indeed a group. If such a
choice is not possible, then another P; CP[a, 5, ...] must be
chosen. Consequently, a general element 7, in P, will be
given by Eq. (53) with

}‘,‘GF[a,ﬂ, e (94)
and
7, €P; CPla, B, ...]. (95)

With each 7 only one additional fractional translation is
associated.'®

Equation (85), with Eq. (71) and Eqgs. (86), (94), and (95),
represent a significant simplification in determining poten-
tial isotropy groups and in calculating their subduction fre-
quencies. These equations are the key to a systematic and
effective procedure for a determination of all isotropy groups
of R.

Before describing the aforementioned procedure we
will make several useful technical remarks.

C. Technical remarks

It was already mentioned that a choice of new fractional
translations f, must be made in such a way that the group
property is satisfied. That is, a composition of two elements
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> -
.y =fp, 07, and mp, = f;,0m;, from P, must givea
third element 7, ;, = f; ;°71 ; from P, . More explicitly,

-

Ty, Oy, = Aot oF  3)op, (96)
where ?L is a lattice translation from Tla, 3, ...], 7 is a lattice
translation from Ker T and p is from Ker P. This places a
severe restriction on possible choices of the additional frac-
tional translations. It is due to this restriction, for example,
that R[e, B, ...], Eq. (91), is not a group in general (this is a
particular choice, P; = Pla, 5, ...] and all f; = 0). A direct
consequence of Eq. (96) is that if {7, |¢, } isin P} and (¢, )

=€ (g is either 1,2,3,4 or 6), then the associated additional
fractional translations f; must satisfy

(fLO{?L|¢L})q:?IOIL’ (97)
where ;L €T[a, B, ...] and #icKer T. This simpler restriction
often suffices to make consistent choices of the additional
fractional translations.

Another, indirect check of the group property for a par-
ticular choice of the additional fractional translations comes
from a requirement that the subduction frequency shall be a
nonnegative integer. This requirement also eliminates some
of the choices for the point group P, .

The next remark regards the actual applications of the
chain criterion. Namely, from the formulation of the crite-
rion it is clear that subgroups L should be examined in a
descending fashion. That is, a group L should be considered
only after all of its supergroups have been considered. In this
fashion the subduction frequency #(L) of a subgroup L needs
to be compared with the subduction frequencies /(L) of pre-
viously examined subgroups L'. Ifit then turns out that there
is a supergroup L’ of L such that {(L') = (L), then L is not an
isotropy group; otherwise, L is an isotropy group.

This principle, proceeding in a descending fashion, is
useful to apply along two lines. One line is making a selection
of translation subgroups T, = T[a, £3, ...] in a descending
fashion (which is equivalent to selecting substars [«, 3, ...] in
an ascending fashion). The other line is that at any given
T[a, B, ...] aselection of point groups P; CP[a, S, ...] is made
in a descending fashion. This is convenient for the following
reason. If L' is a supergroup of L [L" and L are assumed to be
of the general form Eq. (86)], then there are two possibilities,

T, =T, =Tla,B ..] (98)
or

T, =Tla,B,..1CT,, =T[a, B, ...]. (99)

In the first case it is necessary that

P; CP;.CP[a,f,..], (100)
whereas in the second case
P, CP, . CPla, B/, ...]. (101)

Therefore, when the subduction frequency #(L) is calculated
it will be compared first with all the supergroups L' of L
(which will have all been already calculated due to the *“des-
cending” principle) with the same translation group
Tle,B,..] =T, =T, ,. Then, if there is no such supergroup
L’ with {(L') = i(L), L. may be an isotropy group. Otherwise,
L is not an isotropy group. In case L passes this test, /(L) has
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to be compared with J(L’) of its supergroups L’ with larger
translation groups T{a’, £’, ...] =T, , (that is, smaller sub-
stars [a', B, ...]) satisfying Eq. (101). These will have also
been already calculated due to the “descending” principle.
Then, if there is no such supergroup L’ with {(L’) = (L), L is
an isotropy group. Otherwise, L is not an isotropy group.

Suppose that in the second case discussed above there is
an L' with /(L) = i{(L’). Then we can always construct a group
L ! ’

T, =T, =T, 8", ..] (102)
and

P,.,=P, (103)

such that LCL” CL’ (that is, we break LCL’ into its equi-
translational, L” CL’, and equirotational, LCL", parts) and

i(L)=iL")=1{L"). (104)
On the other hand, Eqgs. (85) and (71) imply
(L) ={L") + D i(P.), (105)

oela B Tla. B, ]
where A \ B denotes elements in 4 but not in B. Consequent-
ly, {(L) = i(L') implies

i,(P,)=0. (106)
oela, B, ... I\a. B, ...]
Conversely, Eq. (106) implies {(L) = /(L") and L will not be
an isotropy group. Therefore, the second case is reformulat-
ed: if there is no such supergroup L’ [satisfying Eqgs. (99) and
(101)] with Eq. (106) fulfilled L is an isotropy group. Other-
wise L is not an isotropy group.

As a final remark we mention another merit of the “des-
cending” principle. Due to the chain property of the chain
criterion, we do not need to compare (L) and i(L) for all
supergroups L’ of L. It suffices to compare i(L’') and #(L) of
only those supergroups L’ of L which have already been
found to be isotropy groups. Furthermore, due to a similar
argument it suffices to check only the immediate isotropy
supergroups L’ of L. That is, an isotropy supergroup L” of L
needs not to be compared if there is an isotropy supergroup
L' of L which is a subgroup of L”. This general remark ap-
plies equally to equitranslational and equirotational exami-
nations of supergroups of L. We also note that a similar type
of an argument led to a conclusion after Eq. (106).

D. Algorithm

We are now in a position to formulate a systematic step
by step procedure for finding all isotropy groups associated
with a particular representation R of G.

Step 0: As a preliminary step, establish a particular
choice of P and find partial characters y,, Eq. (62), for ele-
ments of P. Then, from the character table, find all elements
#riop of Ker G which obey

=12, ..,s. (107)

This automatically gives the elements of Ker Tand Ker P.
Next, construct groups T and P, Egs. (37} and (39).
Step I: Proceeding in an ascending fashion determine

X.(op) = c/s,
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all substars [a, £, ...]. In the process construct all T[e, 5, ...],
Fla, B, ...], and P[a, B, ...] (Secs. IIIA and IIIB).

Step 2: Select a T[a, 3, ...] in a descending fashion.

Step 3: SelectaP; CP[a, B, ...] in a descending fashion.

Step 4: Select a set of compatible additional fractional
translations from Fla, £, ...] and form L. If no such set exists
proceed to Step 8. [In Steps 3 and 4 a group property must be
observed and, for L#R, (L) must be a positive integer].

Step 5: Calculate i(L).

Step 6: Check, at the same substar, whether there is an
immediate isotropy supergroup L’ of L such that i{(L') = i(L)
[equitranslational examination, Eqs. (98) and (100)]. If the
answer is no, proceed to the next step. If the answer is yes, L
is not an isotropy group; proceed to Step 8.

Step 7: Check if there is an immediate isotropy super-
group L’ of L at a substar [a', 8, ...] contained in [, 8, ...]
such that Eq. (106 is fulfilled [equirotational examination,
Egs. (99) and (101)]. If the answer is no, L is an isotropy
group; proceed to the next step. If it is yes, L is not an iso-
tropy group.

Step 8: Make the next selection at Step 4. If all selections
have been tested, make the next selection at Step 3. If all
selections have been tested, make the next selection at Step 2.
If all selections have been tested, all of the isotropy groups L
of R have been determined.

Step 9: Determine all isotropy space groups L, each one
associated with each one isotropy group L via Eq. (5).

The above procedure completely solves the problem of
determining isotropy groups L. However, several points
should be emphasized.

At various stages of calculations Lemmas (i) to (vi) of
Sec. I may be used as a help and/or as an independent check.

It is clear that only isotropy groups which are not equi-
valent under conjugation in R need to be considered. In par-
ticular, only non-P-equivalent substars need to be consid-
ered. In the case of a phase transition conjugated isotropy
groups are associated with different domains of the same
phase.'® However, in the case that the conjugation element is
an improper rotation, the two isotropy space groups may be
physically different (since an improper rotation changes the
handedness of the coordinate frame), having different space
group labels, and both should be listed.

In the case where R is small or its structure (the lattice
of subgroups, etc.) known, a direct determination of isotropy
subgroups may be feasible. Then Steps 1 to 8 are omitted but
an identification of complete matrices in R and their identifi-
cation with elements in G must be made in Step 0.

When an isotropy space group L has been found its
elements will be expressed in the same coordinate system in
which the elements of G have been defined. In order to iden-
tify L as a particular space group a different coordinate sys-
tem, such as given in Ref. 16, may be required. For example,
if the original coordinate system is translated by 7, and then
rotated by ¢, the elements of L expressed in the new coordi-
nate system are exactly the same as those of a conjugate
space group L,

Lo = {o|do} ~'oLo{7|d0), (108)
expressed in the original coordinate system.
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The isotropy groups L should be listed by their conven-
tional space-group name with an identification of their Bra-
vais lattices (in terms of the Bravais lattice 7') and with an
identification of the shigt of theﬂorigin 70, and of relative
orientation of the axes @, ({7,|d,} brings L into a standard
setting L, while G may be taken from the start in such a
standard setting). A standard setting may be taken, for ex-
ample, as given in Ref. 16. Additional useful informations to
be listed are the subduction frequency /(L ) and the number of
domains different but equivalent under conjugation in G,
excluding those with different handedness. The equivalent
space groups which are not conjugate in G should be clearly
distinguished (they would have {7;|d,} differing by an ele-
ment not in G ).

In the next section we will demonstrate on a concrete
example an effective application of the algorithm presented
above.

IV. APPLICATION

In this section we will present a detailed application of
the algorithm developed above. We will consider a space-
group O ;. This space group is interesting for several rea-
sons. For example, many compounds have a crystallogra-
phic structure compatible with this space group. Among
such compounds are much studied high temperature super-
conductors, like V,Si, which share A 15 structure. Further-
more, O; as a nonsymmorphic space group illustrates pecu-
liarities associated with such a more general case.

The group theory of O ; has been discussed by various
authors®® and the irreducible representations are known.
These representations may be obtained from several tables of
space-group representations.'>'"?!

We choose to consider the irreducible representation
X (3) (in the notation of Ref. 17). This representation is asso-
ciated with a nonzero wave vector and it is six-dimensional.
Thus, it offers generality and complexity sufficient for an
appreciation of the algorithm. On the other hand, this repre-
sentation is sufficiently simple that it can be presented in
some detail here. X-point representations have also been a
focus of interest in some theories of electronic structure of
A 15 high-temperature superconductors.”>*

The group O has a simple cubic Bravais lattice 7.**
Therefore, we fix the coordinate frame parallel to the axes of
the lattice and denote a pure lattice translation 7 by

(109)

where n,, n,, n; are integer components of 7 in the above-
mentioned frame. Generally, we will denote a vector in di-
rect space by its components relative to this frame in which
unit vectors correspond to a single lattice spacing.

The rotation-reflections,

b, i=1,2,..,48, (110)

occurring in O ; belong to the point group O, . Therefore, P
isisomorphicto O,,. We will use the following convention for

b
¢i+ 12 = ¢130¢i9

A= (nh n,, n})!

i=1,2,..,12, (111)

and
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bi e = b0y, i=1,2,..,24, (112)
where ;Z, is the identity, :;;1 3 is the inversion, and :535 is the
twofold rotation around the (1,1,0) direction (note 1= — 1).
This is equivalent to the following decomposition of O,,:

0, = {31’ Zzs}oTh = [%1:‘225}05‘21’%3}07: (113)
where T is the tetrahedral group (not to be confused with the

Bravais lattice).
In order to determine coset representatives

P i=1,2,..,48, (114)

forming P, we must make a choice of fractional translations
7,. The conventional choice (Refs. 16 and 17) is

. [6, i=1,2,..,24
7' s

' 1
T lr= 1Y), i=25,26,..,48. (115)
Therefore
6‘21’ » = 1, 2, veny 24,
’_: [{Jﬂ b -
{71, ], i=25,26,..,48.

For the coset representatives p, hold relationships similar to
Egs. (111) and (112):
Piy 12 = P13

i=12,..,12, (117)

and

Pivaa =pas®p; I=1,2,..,24 (118)
For the sake of completeness explicit forms of the rotation-
reflections ¢, and of coset representatives p, are given in
Table 1.

Since the Bravais lattice of O ; is simple cubic, its reci-
procal lattice will be also simple cubic. Therefore, the first
Brillouin zone is a cube. We will consider a representation
associated with the face centers (X-point). Therefore, let us
choose'’

k, =(0,3,0)

)4, (119)
(We will always express the vectors in the direct space in
units of the primitive lattice vectors, while the vectors in the
reciprocal space, whichincludes a factor 277, we will define in
units of primitive reciprocal lattice vectors.) Rotations ¢,

and ¢, generate the star [1,2,3] of &

ky=yk, = (0,0, 1), (120)
k=dyk, = (3,0,0) (121)

Using Eq. (66) we have immediately
x (fop) = (= 1)"x\(p) + (= D"y p) + (= 1)"¥s( p)s
(122)

where # = (n,, n,, n;) and p is a coset representative from
Table 1. Therefore, we need only to determine partial char-
acters y,, of the coset representatives p.

From Ref. 17 we determine partial characters associat-
ed with a particular representation X {3). These partial char-
acters are listed in our Table II. R

We note that the number of vectors in the star of k, is

s=3 (123)
and the representation X (3} is six-dimensional:
3
c= 3 x.{p)=6 (124)
o=1
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TABLE I. Rotation-reflections 3i of 0,, and the point group coset repre-
sentatives p; of O ;. We denote the identity by & By c,, (#) we denote coun-
terclockwise rotation for 277/m around # (as seen from the top of 7). o{#) is
areflection in a plane perpendicular to #. s,,, (A)=o1#)oc,, (7). The inversion
we denote by /. Superscripts denote powers. %, §, # denote unit vectors in
positive directions x, y, z, respectively. A bar over a number (a letter)
denotes minus the number (the letter). All operations &, leave the origin
invariant. For convenience we show also the result of actions of Js,, 3 P
and p; on a general vector (x, y, z). We also include notation A; of Refs. 17
and 21 corresponding to :p;,.. Finally, we explicitly show fractional transla-
tions 7, and the inverse p,”! of a coset representative p,. The fractional
translation # is equal to (},1,4).

i ;.- .v:-(x,y,z) h ‘w?-(x,y,z)?, p=iT, %) | p-(xy.2) p:‘
1 T (xy.z) [h, | (xy 2} G| (B1€} (x,y,2) P,
2| e N | (zxy) [y ] (y,2,x) | T |(@re, 01| (z.x.y) P,
e | (vzx) {h | (zxy) | § (81 | (y,2.x) P,
4, 0In ) (Zxy) |h, | (5.25) [ G [1Ble, 01D} (Z.5.y) P,
5[c2aIn| (w23 |h (Zxy) [T|@1 01| (7.2.5) P,
6 | c, (D] (nZ8) | h | (Zx§) | 0|, D} (y.23) P,
7 Taan| @y |h, | (n25 [ T 01i0any| (2x7) P,
8lc, D] 5.2%) [n,] (zx | T} @1c,00T0}H| (7,20 P
9 | 0| (2xP) [h [ Gz | T @cioim] (2x) P
0] &) [ (x3.2D) [h,| (52 [T @i, (R0} | (x3.2) P
N oG | Gy | h [ (Ry2) | 0|01, | Gy P,
2| (3 | (KR | h, | (x52) | O @i,z | (x§.2) P,
KT - (%,3.2) [h, | tx.5,2) | O (01} (£,5.2) P,
Wl ssaan [ Ry [h | (725 | 8 @s; ) | (2X3) Pis
15 (s, O0N [ (F,25) [hy | (Z5,§) | & 1s, 1IN [ (F.25) P,
18] 53000 | (23 |h | (v2.x) | § |01 01D} | (2.9 P,
7 1s (30| (r2x) |hy [ (20,9 | O [(G1s, 1DY | (v.20 P,
820D | Gz |n b zEy) |G [@ist ] (F.2.0) Py
19 s, )| (2xy) |h, | (F.2.0) | & s, 1D | (zX.y) P
20| 5,000 | vz [h, [ (Zxy) | T [181s] i} (v.23) P,
21| 5,010 | (Zxy) fhy | ty,23) | § [{31s, 0T0) | (Zx,y) P,
2| 0 (%) | (xyz2) |h) (Kyz) | TG0 )} | (xyz) P,
B3| 0§ | (72 |h,| (xF.2) { T {8lo ()] | (xF.2) N
24 0(z) (x,v,2) hogt (xy.2) 0| 81a (3)) (x,y,2z) P,
spe, 010 |[5x2) |nfE55 [T [T, 0Ten|ybx 2 b
26 [c, 11 [(XEF) [h, [ (RZF | T|Fie, D} [hxVo-z Y-y} b,
27{c, 001 [(ZF5.%) [h,| @35 |T|@1c, 10D} [h-2Yv Y] py,
Bl 2 ) | (xz3) [l (Ey) [T F1ed ()1 [(Yene2 Y -yoTep,
B ) [{Zyxd Il 2y 3) | T TI] (90} %52y, %)|(T10)ep,,
30 [, 000 | z¥.x) [h | (2500 | T |{Tic, 00} [(hez5-y.) wfloT)ep,,
31 e, (o0 [(xzy) [h| Gizy) | T{(The, (011 [(4ox ez wifoiTrep,
32f ¢, (§) [zy®) [0, [ (Ey0 |T] Fic, (901 [(hezlon 0 k0T Do p,
3 ¢, G) [(nZy) |ng| (2 ¥) [T] (T, () g Yzl ef(T0)0p,
3| e (E) |(yxz) [n | (Gxz) [T] (Fie2 (2)) [(honlpmxyem k0T Do,
3| (2) [(Txz) [h l(yX,2) |T| (Rie, (2)) [y lom e fioT)op,,
36 |, (100) | (v.x,Z) |0 | (y.x,2) | T [(TIc, (11,00 oov. yox, Vo 2)|(T10)0 p,
37 [0 010 | (y.xz) |hy | Cy,x,2) | T 110 (11,00} |(hey Yy on w2l (T D ep,
3810 (0x1) [(xzy) |h [(xzy) |T|{T10 (0111 [(hex Voez e [T D)ep,,
3|0 001 [(zy,x) [n | (zy.x) [T]T10 (00101 |0pez ey 0| e
“ls, (R [RZy) |h, [(Rz9) |T] (s, (30} [hxY-zen[010)0p,
s (9) |2y [ [(ZFx0 | T 1Ts, (501 [gez -y l-0j00Mep,,
42| o (1o [ (Zy3) |h,[(Zy. 30 | T [(T10 (Lo} [(h-24ev. ) -0 (030)ep,,
4310001 [(x,Z¥) [h, | (x,2.9) [T {{T1a (01,0} [hex,5-2.),-9)|00)p,,
418 (9) [@Fx) [hgl (2557 [T ]{Trs? (921 [(-zY-v +0)|T000ep,,
4505 (3) | (R23) |h,| (REY) [T|{71s] (30 [thxfpez.)-ml00Den,
46 s, (2) [ (Fx2) |hgl (y,32) | T{(T1s, ()} [s-v)yonls-2)(T00)ep,
47502 |y X2 | [ ) [T @182 (50 |Ggonls-xs-2)|(070)0ep,
)0 (110) [(FR.2) I | (7.5,2) | T [(T1o 00,00y -x 2|00 T)0p,,
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TABLE II. Partial characters'” of the coset representatives of Table I for
the X (3) irreducible representation of O ;.

P, Py | PRy | Py P, IR, | PytoR,
X, P 2 0 -2(-2| 2 0
x, Pl 2 0 21-2/-2 0
x,te )] 2 0 -212 -2 0

Therefore, elements of Ker O ; must have partial characters
equal to 2. By inspection we find from Eq. (122) and Table II
that
Ker T'= {(2n,2n,,2n5)}, n,=0, +£1, +2, ..,
(125)
which corresponds to doubling of the unit cell in all three
directions, and

E Oh = [ P (191’0)opl()’ (0,1,1,)0[)”, (l’o’l)oplz}’
{(126)

which is isomorphic to the point group D,. It is easily veri-
fied that Ker O, = D,, as given in Eq. (126), is indeed a
group with the composition law ¢, modulo Ker 7. For exam-
ple,

[(1’1’())0pl()]2 = (l»lvo)O(I’T)O)OP%O

= (Z’Oso)opl

which is “equal” to p,, since (2,0,0)eKer T.

Elements of T, cf. Eq. (37), can be obtained either from
the coset decomposition of T with respect to Ker 7 or more
readily as those vectors of T which belong to a single cell of

Ker T. We take this cell defined by the origin and the three
basis vectors

(2,0,0), (0,2,0), (0,0,2)
of Ker T. Therefore,

T = {0,(1,0,0,(0,1,0,(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}
(129)

(127)

(128)

and
IT| = 8. (130
In order to find the group P, cf. Eq. (39), it is easier to
find the quotient group O,, /D, in terms of ¢, and then simply

replace each ¢, by the associated p,. The coset decomposi-
tion of O, with respect to D, thus gives

P = {p,, ps D3, D13 P14 P15s P25s P26y Pas Pa7s Pags Pao)
and (131)

|P| = 12. (132)
P is isomorphic to D,,. In fact we have chosen coset repre-
sentatives ¢; in such a way that they indeed form a group
with the same law of composition as in P (°, modulo 7'} and
the requirement modulo Ker P is automatically satisfied.
We could have chosen, for example, p; in place of p,. Then
we would have had p,°p, = p; = ps°p,, and the condition

modulo Ker P would have had to be applied in order to
remove p,.
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IABLE II1. Multiplication table for coset representatives p, which are in
r=(1,1,1).

P, Eq. (131). The result is expressed modulo Ker T, Eq. (125). In this table

pJ p1 pZ p3 p13 p'lln p15 p25 p26 p27 p37 p38 p39
ARD
P, P, P P, Pis Py Pis Ps P2 Py Py Pig 3
P, P, P, ? Py Pys Py Py Pas P Py Py Pig
Py Ps Py P, Pis P Py, P P2 Pas Pig Pig Py
Pis Py Py Pis P, P, Py fe Py, to Pig T P to Pas fo P2 fo Py
Py, Py, Pis Py P, Py Py Top, | To Pyr | 1oPag [ 1°Py | 19Pys | 1°Py
Py Pis P Py Py P, P, topy, T”"39 T°p37 topyg | 1oPy | toPy
P2s Pas P2 P2 P37 Pis Pas Py P, Py Py P Pig
P P Py Pas P1g P3 Py Py Py P, Pis Pi3 P
Py Py P P P Py, Pag P, Py P, Py Pis P
Py P37 P3s P3g Pas P2s Pz o Py e Py Topw ;pl T"F’z i Py
P3s P3s P3s Ps P Py Pys I P & Py top, tep, | tep, T"Pz
P3g P3s Py; Pig P27 P2s P i Py to Pis To Py T"pz T"pa T"pw

We note at this point that the matrix group R is a group
of |T| [P| = 96 different 6 X 6 matrices.”* Therefore, a direct
handling of this group may be quite elaborate.

Before proceeding to the next steps it is useful to estab-
lish a multiplication table (multiplication ©) for elements of
P. This is done in Table III. A look at the table immediately
verifies that P is a group with multiplication o, modulo T.

Next we have to construct in an ascending fashion all
the substars. We start with the subset {k,}. We generate the
reciprocal lattice, cf. Eqgs. (76) and (119),

{(ml’ my, m3)+1 (0’ 2 0)} {(mhmz/z m3)2 (133)
where m,, m,, ms, and /, can be any integers. Taking the
intersection between Eq. (133) and {k,, kz, k ;] we obtain [cf.
Eq. (78)] the associated substar [1]. Clearly the direct lattice
is

T[1]= {(nlv 2"29 ’13)}1 (134)
which corresponds to the doubling of the unit cell in one ( )
direction (n,, n,, and n; are integers). The group T(1] is ob-
tained by factoring out Ker 7 from T'[1] (or, equivalently, by
selecting all lattice translations of 7°[1] from a single cell of
Ker T),

(1] = {6,(1,0,0), (0,0,1}, (1,0,1)}. (135)
Similarly, cf. Eq. (87),
F[1] = {0, (0,1,0)}. (136)

The group P[1] is obtained by selecting those elements of P
which leave k, invariant, modulo a reciprocal lattice vector.
These elements are easily identified using Table I. We find,
for example,

ki = —(0,4,0) =7 +(0,1,0)= (137)
since 7 == (0,1,0) is a reciprocal lattice vector. The group
P[1])is

P[1] = { py, P13 P27 P3s)> (138)

which is isomorphic to C,,,.
Subsets {2} and {3} need not be examined since they
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are P-equivalent to { 1]. Hence, the next subset to consider is
{ky, k,}.

Similarly to the previous case we find the associated
substar to be [1,2] and

T[1,2]= [(nlr 2n,, 2”3”’ (139)

which is the doubling of the unit cell in two ( y and 2) direc-
tions (n,, n,, n, are integers). Furthermore,

T[1,2] = {6 (1,0,0)}, (140)

F[1,2] = { {0,1,0), (0,0,1), (0,1,1)}, (141)
and

P[1,2] = {Pl’Pls’Pze»Pw}’ (142)

which is isomorphic to C,, . It is important to note that rota-
tion-reflections entering in P[1,2] only need to leave the set
[1,2) invariant, modulo the reciprocal lattice, independent of
ordering. For example,

back, = —(0,0,4) = 001) + k, =k, (143)
and

oty = —(0,1,0)= (0, T,0) + &, = ky; (144)
hence,

re[1,2] = [2.1] =[1,2] (145)

and p,¢ belongs to P[1,2].

Subsets { 1,3} and {2,3} are clearly P-equivalent to
{ 1,2} and need not be examined. Thus, the only remaining
subset is the whole star [1,2,3] which is trivially a substar.
We have

T[1,2,3] =Ker T, (146)

T[1,2,3] = {0 }, (147)

F[1,2,3] =T, (148)
and

P[1,2,3]=P. (149)
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TABLEIV. Substars [a, 5, ...] and the associated groups T[a, 5, ...), Fla, B, .1, P[2, B, ...], T {a, B, ..., P[a, B, ...] for irreducible representation X (3)of O ; .
Groups P[a, B3, ...] = P[a, B, ..]o Ker O, are denoted as the corresponding point groups. The point groups are also indicated for P[a, 8, ...]. n,, n,, and n,

are arbitrary integers. Ker 0,, modulo T[a, B, ...], is also given.

laf,..] (1] 1,21 11,2,3]
Tlap, ] {0,(1,0,0),(0,01),(10,1)} (0,(1,0,0)} {0)
. - {0.(10,0),0,1,0),(0,0,1),
1
Flag, .1 {0,(0,1,0)} {0,(0,10),(0,0,1),(0,1,1) } (1100 1000 ANATAN | =T
{p,p,.p,
p13'p\b‘p15’
Plap... ] 1Py iPy3:PyyPye} = Cyp, (P Py PogiPig } = €y
Pu5+PygiP oy
P37 PygPyg 12Dy =P
Tla,B,..) {(n,,2n,.ny)} {{n,,2n,,2n,)} Ker T= {(2n,,2n,,2n,)}
Plaf, ..l Dn D,n 0y
Ker o, {p, 0,10)0p,(010)ep, P, ] |{p, .(010)ep,(0,1)ep, .(00op )} [{p, (110)ep, (0,1,1)e R, (10M)ep,,)

The results of the first two steps are collected in Table
IV. The first substar to be examined is [1]. The point and
translation groups of this substar are given in Table IV. In
the same table we find the group of additional fractional
translations.

Next, we have to select subgroups P; of P[1]. The possi-
ble subgroups are easily identified since P[1] is isomorphic to
C,,. These subgroups are

Con = {P1, P13 P21 P3o}s (150)

C, = {p1, P2l (151)

Ci = {py,puls (152)

C, = {p1, P2r}, (153)
and

Ci={m} (154)

We have already arranged these groups in a descending
fashion (note that C,, C;, and C, may be freely permuted
without violating the descending ordering), and they will be
examined in this order. »

Although all groups, Eqs. (150}—(154), are groups with
the multiplication © modulo T they need not be groups with
respect to © modulo T[1]. For the later to hold a proper
choice of additional fractional translations from F[1] must
be made.

We start with P; = C,,. Then from the characters, Ta-
ble II, we see that in P[1] only p, has nonzero characters
XYo{P1) = 2. Therefore, regardless of the fractionals chosen,
cf. Egs. (71) and (85),

(L) =i,(P,) = 2/|P|. (155)

Since /(L) must be a positive integer and |C,, | = 4=i(L) = |,
we conclude that it is impossible to choose additional frac-
tional translations compatible with C,,. Now we can pro-
ceed with the next P; = C,. However, we want at this point
to demonstrate explicitly the above-mentioned incompati-
bility.
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From Table III we see in particular that (modulo 7°[1])
P =(0,1,0)0p,. (156)

The group property requires that an additional fractional
translation f;, from F[1] be added to p,, in order that (modu-
lo T[1))

(f169P39) = 1. (157)
Equations (156) and (157) imply
Fro+ B3030 + (0,1,0)T[1], (158)

but f15€F[1] implies f, = 0 or (0,1,0) which gives the left-
hand side of Eq. (158) as (0,1,0) or (0,3,0) which are not in
T'[1]. This shows explicitly, that in accordance  withasimple
argument based on integer valuedness of (L), f,,€F[1] can-
not be chosen in such a way that Eq. (157) is satisfied.

Now we proceed to the next Py, P; = C,, Eq. (151).
However, the previous analysis demonstrated that a consis-
tent f3, cannot be found. This eliminates all groups contain-
ing ps, eliminating in particular C,.

Next, we analyze the group C,, Eq. (152). Since p, can-
not have a fractional translation it is sufficient to determine
compatible additional fractional translations f,,eF[1] asso-
ciated with p,,. The only group requirement is

(fisopisPeT (1], (159)

which is satisfied for both choicesj'l ;€F[1]. Therefore, there
are two possible isotropy groups whose point groups are

PQ’={pl,p13} (160)
and

P(Z)z {Pn (Oslso}opB}’ (161)
both with the same subduction frequency i = 1 [cf. Eq.
(155)]. The full space-group point groups which determine
the crystallographic class are

P ={ PuPis}o{ p1 (0,1,0090,6,(0,1,0)0p,4, pyp} (162)

and
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Pg) ={p, (O,I,O)OPB}O[ P1,(0,1,0)0p 4(0,1,0)0p,,,p,51,
{163}

where Ker O,, given in Eq. (126), is written modulo T[1].
The crystallographic class is immediately determined as C,
°D, = D,, . Therefore, the two point groups Egs. (162) and
(163), and also the two associated space groups, we denote
DY) and D), respectively.

At this point it is useful to check if D)) and D) are
equivalent in O ;. For this it suffices to look for the equiv-
alence of PY!' and P'?, since Ker O} is an invariant sub-
group of O ;. In other words, we are looking for

geF[1]°P[1] (164)
such that
Pl =g 'oPjlog, (165)

modulo Ker O ;. In Eq. (164) a requirement that g should
leave T[1] invariant was utilized together with a fact that
elements of P, necessarily leave T[1] invariant (for a gen-
eral substar the requirement Eq. (164) is replaced by

geFla, B, ...]1°P[a, B, ...]). (166)

Additionally, if it is found that g must be an improper oper-
ation, then the two space groups P} and P?' will have a
different handedness.

The condition of Eq. (165) when applied to Egs. (160)
and (161) reduces to

Pz =8 '°(0,1,0)°p,5°, (167)

and a possible g is p,, which is a proper operation. Indeed,
using Tables I and III, we find

Pa7'0(0,1,0)9p130p2; = p27°(0,2,0)°p30 = p13. (168)
Therefore, the isotropy space group D ) is equivalent to
D)) and need not be separately analyzed.

The next possible choice for P; is P; = C,, Eq. (153).
The associated crystallographic class is D, and the subduc-
tion frequency is 1. Similarly, like in the previous case, we
find that both additional fractional translations are allowed
leading to

DY = { Py Pariol iy (0,1,0)0p,4, (0,1,0)0p,,, P2} (169)

and

D = { p\(0,1,0)0p5;}°{ py, (0,1,0)9p,4, (0,1,0)0p,,, Pra}-
(170)

This example offers an illustration of a point made earlier in
the text: it is easily checked that D 2 and D | are equivalent
in0;,

DQ)=P1451°D{42'°P13’ (171)
but since the conjugation element (e.g., p,,) must be an im-
proper rotation, the two space groups will be different and
both must be considered.

The last possible choice at this substaris P; = C,, Eq.
(154). The associated crystallographic class is D, and the
subduction frequency is 2. There is only one possibility:
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TABLE V. Substar [1]. Point groups P; (P; CP[1]), corresponding crys-
tallographic class (P} © Ker 0,),” point groups of isotropy groups P, (P,

=P, © Ker 0,), associated subduction frequencies /, and numbers of do-
mains § (halvesindicate conjugated groups but with different handedness).
The translation group, Bravais lattice, is T'[1} = {(n,, 2n,, n;)} where #,,
n,, n, are integers.

PL’ class R ild
Con=1p, P13 Pyr.P ) D, - -
Cs ={D1,p39} D?d - -
C =lp,.p,) D, | Dy =lp,.p,teKer0, 1|2
C, ={p,.p,,} D, D,"=1p,.p,,} * Ker O, 1|2

Di”={p1.(0,1,0)°p27} ° R;Oh ' 122_
c, =ip} D, 0{'’= Kero, 2 |2

@ Ker0, = {p,.(010)°p ,(010}+p .p,)

Dy'= Ker 0, = { p1, (0,1,0)0p,0, (0,1,0)0p,y, py2}-
(172)

The same conclusion could have been reached immediately
using Lemma (iv) of the introductory section.

In the above cases the checks of Steps 6 and 7 are triv-
ially passed due to Eq. (155).

Isotropy groups so far determined are DY), D", D,
D whose point groups are given in Eqs. (162), (169), (170},
and (172), respectively. The Bravais lattice is T'[1], given in
Eq. (134). These results are summarized in Table V.

Since we exhausted substar [1] we proceed (Step 2, etc.)
to analyze substar [1,2]. The point and translation groups
of this substar are given in Table IV. In the same table we
find the group of additional fractional translations.

Possible subgroups P; and associated crystallogra-
phic classes at substar {1,2] are shown in 1st and 2nd co-
lumns of Table VI.

We start with P; = C,,, the class D,,, Table VL. An
analysis similar to the one previously described gives as the
only possible fractionals

i =(0,1,0) or (0,0,1) (173)
and

Frs = (0,0,0) or (0,1,1). (174)
Equations (173) and (174) provide four possible point
groups
Dﬂt]}l = { pl’ (01170)°P13’ P26) (O’O»I)OPSSXO K‘E; 0h7 (175)
Dﬂ = { p1, (0,0,1)0p,3, ps, (0,1,0)0psg )0 Ker 0,, (176)

DY, = { p1,(0,1,0)0p,5,(0,1,1)0p,,(0,1,0)0p5 0 Ker O,
(177)

D) = { p1(0,0,1)9p,3,(0,1,1)9,4,(0,0,1)9ps5} 0 Ker O,.
(178)

Groups in Egs. (175)-(178) can be checked for equivalence
in F[1,2]oP[1,2]. For example, we look for geF[1,2]oP[1,2]
such that
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TABLE VI. Substar [1,2]. Point groups P; (P; CP[1,2]), corresponding crystallographic class (P} © Ker 0,),% point groups of isotropy groups P, (P,
=P, o Ker 0,), associated subduction frequencies /, and numbers of domains 8. The translation group, Bravais lattice, is T'[1,2] = {(n,, 2n,, 2n,)} where

n,, n,, N4 are integers.

P class P, i 5
L L
- (M _—
czn~ {p1 ’p13'p26'p38) D/.h DAh - (p1.(0,1,0)° pwa‘pzs'(0'0'1 )e p38}°Ker0h ! 12
() - —
D, = (p1,(0,0,1) ° p13,p26,(0,1,0) ° p38}° Ker Oh 1 12
- ay_ vy
C, -(p1,p3e) D,, DM-{p1,(o,1,0)°pm)‘*KerOh 2 24
- () _ b
C| —{p1,p13) Dzn Dzn-(pwpn}"KerOh 2 24
(2) _ —
Dzn'(p1'(o'1'0)°p13)° KerOh 2 24
(3 —
Dzn - (p1 {00,1)° P } o Ker Oh 2 24
- () . b
Cz‘{pwpzs) Da Dz. _{p1'pze}°KerOh 2 24
_ M. 7=
C1-(p1} D2 D2 = Keroh 4 48

' Kero, = {p, (0.1,0)ep (0} ep, (0,01 ep,,}

Dy =g 'oDicg. (179)
We find here g = (0,0,1)eF[1,2] which illustrates that g
need not be strictly from P[1,2], as might have been in-
ferred from another example, Eq. (168).

Similarly, we find D) to be equivalent to D ).

The “subduction frequencies” 7 (D} are found, us-
ing Table I, to be

LD =5DY) =1, (180)
implying
(DY) =1 (181)

Since D} has no supergroups at substar [1,2], the condi-
tion Step 6 is trivially satisfied. On the other hand the con-
ditions Step 7 and Eq. (106),

LD =0, (182)
are, according to Eq. (180), not satisfied. Consequently,
D) passes both Steps 6 and 7, implying that D)) is an
isotropy group.

The examination of other subgroups at the substar
[1,2] offers no new insights into the method; hence we only
summarize the result in Table V1.

We proceed to the last substar [1,2,3], the complete
star. The point and translation groups of this substar are
given in Table IV. In the same table we find the group of
additional fractional translations.

Like at the previous substars, we first determine all
possible subgroups P, of P[1,2,3]. At the same time we
determine associated crystallographic classes (P}

o Ker O,). These are summarized in columns 1 and 2 of
Table VII.

From the characters, Table I1, we see again that the

only contribution to the subduction frequency comes from
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p,- Consequently,
i(L)=6/{P} (183)

each partial character giving a contribution 2/|P; |. Since
(L) must be a positive integer, groups P; = D,, and P}
= (,, are automatically eliminated (|P} | = 12 and 4, re-
spectively).

The above groups are also eliminated by virtue of the
fact that no additional fractional translation f3, can be cho-
sen so that the square of f3,0p;, is equal to p,, modulo
Ker T. A similar conclusion can be made for p;5 and ps,.
Consequently, all groups P containing these elements are
eliminated. These are, in addition to D, and C,,, C;, and
C,.

Using the multiplication table, Table III, and consid-
ering squares of elements p, s, p,¢, and p,,, we can find possi-
ble additional fractional translations:

’

- -

frs =0, (0,0,1), (1,1,0}, (1,1,1), (184)

Fre=0,(1,0,0), (0,1,1}, (1,1,1), (185)
and

F,=0,(0,1,0), (1,0,1), (1,1,1). (186)

Similarly, the cube of]pp2 must give p,, modulo Ker 7.
This implies possible £,
7, =0,{0,1,1), (1,0,1), {1,1,0). (187)
Analogous considerations of p,, p,,, and p, 5 bring no
restrictions on their additional fractional translations.
Further restrictions arise from multiplications of dif-
ferent group elements. For example, in the case P}
=8, = C;, the following relation must be satisfied:
(f13°P13)°0/2°P2) = ( f20P2)°1 f13°P 1) (188)
This restricts fi5 to
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TABLE VIIL Suibstar [1,2,3]. Point groups P, (P; CP[1,2,3]), corresponding crystallographic class (P, © Ker 0,)," point groups of the isotropy groups
P, (P, =P o Ker O,), associated subduction frequencies /, and numbers of domains § (halves indicate conjugated groups but with different handedness).

The translation group, Bravais lattice, is T'[1,2,3] = {(2n,, 2n,, 2n,)} where n,, n,, n, are integers.
P’ class R [ 6
D =1pp, Py 0y - _
p\a'pu'pws’
Pys Py Pyt
Ry Py Pt = P
~ m_ o 6
D, =P, P, P, Py Py Py b | O 1 0'={P, Py, P, P, Py, ) o KerO, 1 %
; _
0% =P, PP, (LD ep, (11100 py (1110 ep, o Kero, | 1 | %
Gy TP P, Py Py Pl Py ) Ty I
- M _ T
56 {px‘pz'pa‘pla’pu.'pls} Th Th —{pw,pz,pa,p‘a,p“',pws}°Ker0h ! 16
Con =Py Py PPy ) Dun - - -
C, ={p,.p,.p,} T Tm={p1,p2,p3}°Ke-rOh 2 32
C, :{pw‘pw) Do - - -
- . —
C =1ip.py! D, | Oyn= Py Py ke Ker Oy 3 48
(2) _ —
DM—{p],(0,0,1)«=pm}DKr:\rOh 3 48
- I B 48
¢, (p1 ' pZS] o, b, {p| . pzs} Ker O, 3 /2
0{7 ={p,.(001) e p, JoKer O, 31,
_ O Evres
¢, =ip,} D, D, =KerO_ 6 96

Ker O, = (p1 ,(1,1,0)°pm,(0,1,1)opﬂ ,(110,1)op12}

fi3=0,(1,1,1). (189)

A similar treatment gives all possible choices of additional
fractional translations and of associated point groups P, .
Since the actual manipulation does not bring any new in-
sights into the technique we omit it and we only give the
results in Table VII.

However, we note that all subgroups so obtained are
isotropy groups; that is, they pass Steps 6 and 7. This can be
seen from Eq. (183). For example, at the same substar, P,
CP,, implies |P, | <|P; | and i(L,)> i(L,), and Step 6 is
passed. Similarly,

2 4
= or
Pl [P

.l:a (PL )

oe[ 1,230 [a',.. ]

£0, (190)

and Step 7 is passed.

Also we emphasize that again groups equivalentin O ;
but different space groups occur due to equivalence by an
improper operation (only). These are 0"’ ~0® and D |’
~ D7 which are in both cases equivalent under conjuga-
tion by the inversion p,;. Note also that in these cases the
number of the domains & is actually a half of its usual val-
ue.'”

The last step which remains to be performed is an actu-
al identification of conventional space-group labels for all
isotropy space groups associated with point group coset
representatives given in Tables V-VII.

Given T, and P, we have already given full transla-
tion 7, and point P, groups in Tables IV and V-VII, re-
spectively. Then the first step in the identification is to ex-
press all fractional translations in terms of the new Bravais
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lattice. After this is done, a translation of the origin and
renaming of the axes may be required before the identifica-
tion can be made. These steps are best illustrated in an ex-
ample.

Let us take the group L given by T, = T[1] and P}
= C,. In Table IV we find

T, =T[1}={(n,2ny,n3)}, n, =0, +£1, +2,..,

(191)

which determines the new Bravais lattice. In Table V we
find

P, =D\ ={p,pn}°l 215(0,1,0)99,0,(0,1,0)9p1,p 124
(192)
where we have chosen D ' as an example. Now, we have to

reexpress all fractional translations in terms of the new
Bravais lattice. Therefore,

P2 = {5 5 1)d27} (193)
in the old lattice, becomes
Py = {4 4 27} (194)

in the new lattice. Similarly, (0,1,0)°p,, becomes (0,4,0}0p,,
etc.

Next, we choose to make an identification according
to Ref. 16. There we find that for the crystallographic class
D, the unique tetragonal axis is chosen to be the 2 axis.
Therefore, we must take an equivalent group to D}, name-
ly, we rotate the coordinate frame:

1 —1 1
th’~P3 °D£)°P3

= { P, P2s}°f P1s P10 (0,0,1)°(0,0,4)0p,)  (195)
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and

DPas = {(%’ %’ }s)"ﬁzs}- (196)
At this point it is important to note that the new translation
group is now also rotated,

T, = {(n, ny 2n3)}, n,=0+1, +2,.... (197}

Finally, we make the shift of the origin in the old lat-
tice to (4,0,1) [in the new lattice, to (4,0,1)]. This results in

DY ={x, 2,32+, X »2,Xyz+1)
(7, X2+ (nXz+(Fhxz+3)
(y, %2+ )} (198)

where we expressed the elements of D ' as the coordinates
of a vector into which a general vector (x, y, z) is trans-
formed. These are nothing else but the coordinates of equi-
valent positions of a general vector as given in Ref. 16 for
the space group D ;. Therefore, we complete our identifica-
tion

D'~ Dj. (199)

Identifications of other space groups follow the same
pattern. The result is summarized in Table VIIL. With this
we have completed a determination of all isotropy space
groups of O ; associated with its irreducible representation
X (3). The results here agree with those of Ref. 23.

We conclude that in a phase transition driven by an
X (3) order parameter the symmetry may change from O
only to one of its isotropy groups given in Table VIII.
Further restrictions on simple continuous transitions come
from the maximality conjecture®’ and/or the actual mini-
mization which also require the utilization of the results
presented in Table VIII. This additional analysis will be
explained elsewhere.’

We also note that an experimentally observed low-
symmetry group C3, (doubling in x and y directions)*® in
A15 superconductors is not among those listed in Table
VIII implying that O} to C}, transitions are either not
driven by an X (3) order parameter, or an additional order
parameter plays an important role in the transitions.

V. DISCUSSION

In the preceding sections we have developed an algo-
rithm for systematic calculation of isotropy groups for irre-
ducible representations of space groups. Such calculations
are necessary in the Landau theory of structural phase tran-
sitions in crystals. Therefore, both from a physical as well
as mathematical point of view, it is needed to calculate iso-
tropy groups for all irreducible representations of all space
groups. Our algorithm has been designed for such a task:
we have formulated the algorithm in such a way that it may
be adopted for use on computers. At the present stage such
a general calculation is not attempted. However, success of
various computer applications in group theory is encourag-
ing?” and we believe that our algorithm will prove useful. In
the meantime some improvements of the algorithm may be
sought. Firstly, it might be advantageous to reformulate
the algorithm in such a way that it uses only generators and
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TABLE VIII. All isotropy space groups L of the space group O for the
irreducible representation'” X (3). Associated Bravais lattices T, are given
in terms of primitive translations of the Bravais lattice of O } (n,, n,, n; are
integers). Vector 7,, expressed in terms of primitive translations in O3,
denotes the shift of the origin necessary to transform elements of L, Table
I, into a frame in which they coincide with the corresponding ones of Ref.
16. The last two columns give the subduction frequency /(L ) and the num-
ber of domains which occur in a corresponding transition {halves indicate
equivalent space groups but with different handedness).

L T T, i(L) b
N {(n, n,,n)} —_ 0 1
oih {(n,,2n,.n)} _ 1 12
o; {(n,,n,.2n )} (4.0, 1 %,
D} {(n .n,,2n)) (5.0,) 1 2,
b t(zn.2n,n,)} (%.0,7) 1 2
0} {(2n,2n,,0.)) (%,0,.) 1 12
of {(2n,.2n,,2n,)} —_— 1 %2
o’ {(2n,,2n,.2n,)} — 1 %,
N {(2n,,2n,,20,)} — 1 16
D? {{n,,n,,2n)} _— 2 24
D3, {(2n,, 2n,,n )1t (2,0, 2 2%
D) {(n,2n,,2n)} — 2 2%
03, {(2n,.2n,.n,)) (7.0.0) 2 2%
o {(2n,.2n,,n,)} (%,.0.0) 2 2%
D¢ {(2n,,2n,,n, )} (.0, %) 2 2
1" t(2n,.2n,,2n)} — 2 32
oy {(2n, 2n,,2n,)} — 3 48
o {{2n,, 2n,.2n,)} (0,07 3 48
o? {(2n,, 2n,,2n,)) (/2.0 3 “/
DY {(2n,, 2n,,2n,)} (%.0,%) 3 %
0; {({2n..2n,,n,)} (%,,0,0 ) 4 48
0; ((2n,.2n,,2n)} — 6 96

relations. Secondly, the last step of the algorithm, the iden-
tification of space group labels has to be systematized.?*!"

Until the analysis of all space groups is made the algo-
rithm can be readily used for the analysis of a particular
group and the representation at hand. The merit of the al-
gorithm is that it requires only knowledge of partial char-
acters of the representation. Furthermore, it gives a syste-
matic procedure ensuring that a// isotropy groups will be
determined.

In conclusion we would like to emphasize again the
relevance of isotropy groups in the theory of phase transi-
tions: Isotropy groups are the only possible low-symmetry
groups occurring in a transition driven by an order param-
eter belonging to a given representation of the high-symme-
try group. The transition may be continuous, multicritical
or even a “symmetry induced” discontinuous one.?° This is
a group theoretical conclusion independent of a particular
theory used (e.g., Landau theory or renormalization group
theory). Consequently, group theory alone cannot decide
on the type of a transition. For this we must resort to a
particular physical theory.

In the case of the Landau theory it has been conjec-
tured that only maximal isotropy groups (other than G )
may occur in a simple continuous transition.®” Still, in or-
der to know exactly in which of the maximal isotropy

Marko V. Jari¢ 2881



groups the symmetry will actually break it is necessary to
minimize the Landau free energy.

Minimization of the free energy reduces to a solution
of a system of nonlinear equations. However, these equa-
tions transform as a vector under R. Hence, the knowledge
of the isotropy groups may be used via projection operator
techniques to solve the equations.’ Therefore, the know-
ledge of isotropy groups does not only give all the possible
low-symmetry groups but it also facilitates a systematic cal-
culation of actual minima of the Landau free energy.

Note added in proof: Counterexamples to the maxima-
lity conjecture have been found recently’” adding to the
importance of the general method developed here.

After the submittal of this paper, a paper by Deonarine
and Birman®' has appeared. The results of the present pa-
per and its preprint contain and go beyond the results of
Ref. 31.

ACKNOWLEDGMENTS

I am thankful to Professor L. Michel for reading this
manuscript and the hospitality at the Institut des Hautes
Etudes Scientifiques. I acknowledge an Alexander von
Humboldt research fellowship and partial support from the
Deutsche Forschungsgemeinschaft.

'L. D. Landau and E. M. Lifshitz, Statistical Physics {Pergamon, New
York, 1958).

2See, for example, A. Aharony in Phase Transitions and Critical Phenom-
ena, edited by C. Domb and M. S. Green {Academic, New York, 1976),
Vol. 6, p. 358 and references therein; M. V. Jari¢ and J. L. Birman, Phys.
Rev. B 17, 4368 (1978).

A group theoretical formulation of Landau theory may be found in G.
Ya. Lyubarskii, The Application of Group Theory in Physics (Pergamon,
London, 1960).

“The work on group theoretical aspects of minimization of the Landau
free energy has been recently reviewed by M. V. Jari¢, Physica A 114, 550
(1982).

SM. V. Jari¢, Phys. Rev. Lett. 48, 1641 (1982).

°E. Ascher, Helv. Phys. Acta 39,40 and 466 (1966); E. Ascher, Phys. Lett.
20, 352 (1962).

L. Michel, Preprint TH. 2716-CERN (1979), gave a rigorous statement
of the maximality conjecture.

*Development of the chain criterion has been traced in Ref. 4.

M. V. Jarié, Phys. Rev. B 23, 3460 (1981).

'“However, this should not be confused with the maximality conjecture,

2882 J. Math. Phys., Vol. 24, No. 12, December 1983

Refs. 6 and 7, which selects the maximal isotropy groups among all
isotropy groups excluding G itself, i.e., for all {L) = 1,2,...,c.

""M. V. Jarié and M. Senechal (to be published).

"*The space group may be finitized using Born-Karman periodic bound-
ary conditions, Eq. (1) may be evaluated, and the limit of infinite period
may be taken. This elaborate and nonrigorous procedure is, as we will
show, unnecessary.

"*Use of images and kernels for space groups was emphasized by L. Michel
and J. Mozrzymas, Lecture Notes in Physics 79, 447 (1977).

'“J. L. Birman, Theory of Crystal Space Groups and Infrared and Raman
Lattice Processes of Insulating Crystals, Handbuch der Physik 25/2 b,
(Springer-Verlag, Heidelberg, 1974).

'*C.J. Bradley and A. P. Cracknell, The Mathematical Theory of Symme-
try in Solids (Clarendon, Oxford, 1972).

'"N. F. M. Henry and K. Lonsdale, International Tables for X-ray Crystal-
lography (Kynoch, Birmingham, 1969).

'7S. C. Miller and W. F. Love, Irreducible Representations of Space Groups
and Co-Representations of Magnetic Space Groups (Pruett, Boulder,
1967).

""Consequently, |P, | = [P} |.

'“Note that two different domains may have the same isotropy groups.
The number of domains (number of equivalent absolute minima of the
free energy) is § = R|/|L| = |T||P|/|T_ }{P, i.

*See, for example, W. Gorzkowski, Phys. Status Solidi 3,910(1963); L. F.
Mattheiss, Progress Report, Solid State and Molecular Theory Group,
M.I.T. QPR 51, 54 (1964) (unpublished); M. Weger and 1. B. Goldberg,
in Solid State Physics, edited by H. Ehrenreich, F. Seitz, and D. Turnbull
{Academic, New York, 1973}, Vol. 28; L. F. Mattheiss, Phys. Rev. B 12,
2161 (1975).

210, V. Kovalev, Irreducible Representations of the Space Groups (Gordon
and Breach, New York, 1965).

2’L. P. Gor’kov, Zh. Eksp. Teor. Fiz. 65, 1658 (1973} [Sov. Phys. JETP 38,
830 (1974)]: L. P. Gor’kov Progress in Low Temperature Physics, Vol.
VIIIb, edited by D. F. Brewer (North-Holland. Amsterdam, 1978), pp.
517-589.

Al isotropy groups for all X- and R-point irreducible representations
have been calculated by M. V. Jari¢, Phys. Rev. B 25, 2015 (1982).

**The notation here follows M. V. Jari¢, Ph.D. thesis, CUNY, 1977 (un-
published), where some of the relevant group theory of O} is given.

**In fact, R is isomorphic to the space group D $, with Born—-Karman
periodic boundary conditions, period being two lattice spacings in all
three directions.

**G. R. Johnson and D. H. Douglass, J. Low Temp. Phys. 14, 576 (1974);
V.M. Pan et al., Zh. Eksp. Teor. Fiz. Pis’ma Red. 21, 494 (1975) [JETP
Lett. 21, 228 (1975)].

*"For a review see B. L. Davies, Physica A 114, 507 (1982).

**From a practical point of view special care must be taken when identify-
ing a space group with nonprimitive (conventional) Bravais lattice.

29P. Tolédano and G. Pascoli, Ferroelectrics 25, 427 (1980).

*M. V. Jarié {to be published); D. Mukamel and M. V. Jari¢, Preprint No.
WIS-83/16 April-Ph (to be published).

*'S. Deonarine and J. L. Birman, Phys. Rev. B 27, 4261 (1983).

Marko V. Jari¢ 2882



	JMP, Volume 24, Issue 12, Page 2695
	JMP, Volume 24, Issue 12, Page 2706
	JMP, Volume 24, Issue 12, Page 2722
	JMP, Volume 24, Issue 12, Page 2734
	JMP, Volume 24, Issue 12, Page 2745
	JMP, Volume 24, Issue 12, Page 2751
	JMP, Volume 24, Issue 12, Page 2762
	JMP, Volume 24, Issue 12, Page 2764
	JMP, Volume 24, Issue 12, Page 2770
	JMP, Volume 24, Issue 12, Page 2776
	JMP, Volume 24, Issue 12, Page 2780
	JMP, Volume 24, Issue 12, Page 2783
	JMP, Volume 24, Issue 12, Page 2786
	JMP, Volume 24, Issue 12, Page 2793
	JMP, Volume 24, Issue 12, Page 2800
	JMP, Volume 24, Issue 12, Page 2809
	JMP, Volume 24, Issue 12, Page 2820
	JMP, Volume 24, Issue 12, Page 2823
	JMP, Volume 24, Issue 12, Page 2828
	JMP, Volume 24, Issue 12, Page 2847
	JMP, Volume 24, Issue 12, Page 2855
	JMP, Volume 24, Issue 12, Page 2860
	JMP, Volume 24, Issue 12, Page 2865

